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PREFACE. 



Trigonometry is an important branch of the niather 
niatical sciences; the speculative parts, like the Elements of 
Euclid, habituate the mind to close and demonstrative reason-' 
ing; and the practical parts are of extensive use in the com- 
mon concerns of life. 

By Trigonometry we determine the magnitudes of the earth 
and planets, and the positions of the fixed stars with respect 
to each other, by which we are enabled to depict the appear- 
ance of the heavens in a small compass. 

The distances of the planets from the sun, their motions, 
eclipses, and other phaenomena, are calculated by Trigono- 
metry ; as are likewise the distances and positions of places on 
the earth, with their latitudes and longitudes ; it may, therefore, 
justly be considered as the basis of Astronomy andXjeography. 

Navigation, with all its modern improvements, depends 
entirely on Trigonometry, which is likewise the foundation of 
maritime surveying, and of almost every branch of practical 
mathematics ; accordingly we find this subject has been studied 
in the earliest ages of mathematical learning. Among the an- 
cients were Hipparchus^ Theodosius^ MeneU^is^ Ptolemy^ &c. 
who contributed to the advancement of this science. 

The improvements in Astronomy, Navigation, and Trigo- 
nometry, nearly kept pace with each other. The invention of 
Logarithms by Baron Napier was an invaluable acquisition to 
these sciences ; and the improvements made by this illustrious 
person, in Spherical Trigonometry, will be a lasting monument 
of his penetration and judgment. From this period the his- 
tory of Logans ~ '^nd that of Trigonometry are closely con- 
nected^ and there rcely a writer on one of these subjects, 
who has not Ukewiw ntroduced the other. 
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The first authors of note, after the invention of Logarithms, 
were Briggs and Gellibrand. — Dr. Charles Huttoii, in the 
Introduction to his Logarithms, has given a v^ery complete ac- 
count of the different writers on that subject, which likewise 
includes the principal authors on Trigonometry; to this 
valuable work the Reader is, therefore, referred for further in- 
formation in the history of the science. 

The authors on Trigonometry may be divided into two 
classes, theoretical and practical ; for none of them have com- 
bined the theory with the practice, in such a manner as to 
render the subject plain and intelligible to a learner : the most 
valuable and scientifical are, in general, too abstruse, and the 
practical scarcely furnish the student with the rationale of a 
single rule or operation. 

The object of the ensuing treatise is to simplify the theory, 
yet to retain a methodical and accurate mode of investigation, 
and to exemplify this theory by a variety of important and 
useful examples. 

The demonstrations are frequently founded on principles 
strictly Geometrical, especially where those principles can be 
rendered very plain and perspicuous by the assistance of simple 
diagrams ; and sometimes the process of demonstration is con- 
ducted by algebraical signs, particularly where the Geometrical 
method would require a complicated figure, or a long and 
tedious process. 

In the construction of various formulae the algebraical mode 
of deduction tends greatly to simplify the subject; yet the de- 
finitions and the elementary parts of the science must be ac- 
quired from Geometrical principles illustrated by diagrams ; 
otherwise a student will never obtain a clear and satisfactory 
knowledge of the subject. Should any person attempt to teach 
the elementary principles of the science by the assistance of 
algebraical characters, and algebraical formulae alone, without 
the aid of Geometry, he would most assuredly deceive both 
himself and his pupils. 

It appears then, if the above observation^ be correct, that 
Trigonometry cannot be learnt expeditiously and completely, 
either from principles purely geometrical, or purely algebraical, 
without sacrificing utility to the uniformity of system. 



PllEFACE, V 

By way of illustration, let us compare some parts of the Tri- 
gonometry at the end of Dr. Stmson's Euclid, with similar parts 
of the Trigonometry at the end of Lege?idre*s Geometry, 

First, Where the three sides of a spherical triangle are 
given, tojind an angle. 

In Prop, xxviii. of Dr. Simson^s work, the process is con- 
ducted from principles purely Geometrical, and the demon- 
stration is long and tedious ; whereas in Legaidr^s Geometr}', 
aiticle Lxxviii, page 389, 6th edition, (where the demonstra- 
tion is similar to that given at page 185 of the ensuing ti^eatise,) 
it is short and perspicuous. 

Secondly, in article lxxvii, page 387 di Legeyidre^ Geo- 
metry, where he has shown that the sines of the sides of a sphe^ 
rical triat^le are directly proportional to the sines of their op^ 
posite angles : the demonstration, which is purely algebraical, 
is complicated, unnatural, and almost incomprehensible to a 
young student ; whilst that given by Dr. Simson in Prop, xxiii, 
from Geometrical principles, is simple and obvious.* See like- 
wise page 176 of the ensuing work, where the rule is deduced 
from Baron Napier. 

These remarks are not introduced with a design to criticise 
the works of either of these eminent authors, but to show the 
insufficiency of the Geometrical yid of the Algebraical mode 
of demonstration independent of each other. 

The following work may perhaps, at first view, appear to be 
too much extended for an introductory treatise, but a little at- 
tention to the subject will soon correct this supposition. The 
student is here supplied with three distinct treatises, which 
are all essential towards his future progress in the science. 
Firstly, A treatise on Logarithms and the necessary tables. 
Secondly, A treatise on practical trigonometry ; and thirdly^ a 
theoretical treatise on the subject A work which is deficient 
in any one of these three dependent parts, will oblige the stu- 
dent to have recourse to different authors, whereby the want 
of uniformity of reference, and of regularity of composition, 
will considerably retard his progress at the con^xnencement of 
his studies. 

* It may be proper to remark that Legendre has given a Geometrical demonstration, 
at page 3S5 of hu treatise, which is equally as plain as that given by Dr. Sitnton. 
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<* An Introduction" (says Lord Bacon) " ought to have two 
properties ; the One, that of a perspicuous and clear method t 
the othetj that of an universal latitude and compreliension ; 
where the student may have a little pre-notiott of every thing, 
like a model towards a great building." 

Convinced of the propriety of these remarks, the author has 
employed much time and attention, in the arrangement and 
execution of the subject; bearing constantly in mind the pur- 
pose for which he was writing, viz, tke Imtniction of young 
HtuderiU* 

The Work is divided into Four Books. 

Book I. Contains the nature and use of Logarithms, the 
explanation of the Tables, the construction and use o( Gunner's 
Scale, and some preparatory Geometricah Problems. 

Book IL Comprises the principles and practice of Plane 
Trigonometry, illustrated by a variety of useful examples in the 
liiensumtion of distances, heights, &c* 

The substance of this book is the s^me as timt of Book I. of 
the first edition, with the exception of some additions, and an 
alteration in the arrangement of the SjBvcral chapters. The 
^y parts are here placed together, and the demonstrations of 
the rules are separated from their practical applications ; so 
that the student who wishes jo acquire the practical parts only, 
may omit the demonstrations and proceed regularly with those 
parts which are the sole object of his pursuit; whilst the theo- 
retical reader may, if he thinks proper, omit the practical 
parts, and continue the theory without interruption. 

The greater part of the fcmrth Chapter was added to the 
second edition, and will l)e found to contain information which 
will be useful on several occasions. 

The^^A Chapter is nearly the same as Chap^ L Book L of 
the first edition, except that the formulae have been somewhat 
extended. The substance of the two general Scholia frcMn 
pages 6th attd 1 1th of the second edition of Mr» Etnersoti^s 
Trigonprnetry^ (which were noticed in the 11 th page of the first 
edition of thi^ work,) has been introduced, and commodiously 
arranged according to the notation of Mauduit, Legendre^ Sco^ 
This chapter likewise contains a variety of formulae, exclusive 
of those already mentioned^ tc^etlier with series for finding the 



sine$f cosing S^. of a)fc», %^^ t^e co^ft^^i^^iiw pf % ^hl^ pf 
sines by the continual bisection of an arc. This methqclpf ^o^ 
serndipB Wfia i»fr(l€> use pf an ft<?CQmit of it$ ^impjp sipd pi^vi- 
OU3 primpip]^ w4 i§ ^imll^r to tbftt giyei^ in tbe Tvigp«aimft(y 
of tfikkm mA S(m^f^y in^p^ctprp pf th^ Iipp^w} Ac<^4w>3f 

at Cronstadt, and to the method used by the late Dr. If^^f^t 
Bushpp 1^ Si. Asftph, i|t page 1^7 o{ )iis, trei^tis^ 

Book Hi, CQ^p?eb^«ds th« Theory aiy} Pr§qtic§ of Spl^^ 
rU»l Tr^g^ftPW^ry, ^ th^ l^t^repgf^bjc Prqipc^jb^ pf' ib^ 
Sphere. 

Th^Jlrft Cf^ptfr cpptaii^ Sp^ierj^^l (J^i^etfy, ij^cluding 
vsjriwsi prqaertles pf gpUeric^l Angles, Ari?;^, §q4 Trimigi^ 
damonstmted i^ 4 pl^ip mA ea^y in^miar. 

The $^4^^^ Ch^fii^ \^ wl^oHy qcci^pie^ wUb th^ Steyeqgri^. 
pbicul Prpj^op pf ^ Sphev^ wbich w^^ placed at the e^d 
qf Spherk»l Trigp^ppnptry \n the first edition j it b^ l^^^ 
bnQug^t ferw^j4» in tik}^ ediU^H^^ ip^ Pr4er thiit the cpQstnictio^f 
of tbodiffm*(^tpri^$(^fd cas^ of sphfiHca^ triangles i|iay ^ppe^' 
vith tbfi cftlfHiUtiqnp* TH^ only §lter^tipp ber^ is ip (bie ^fr 
mngement, 

. Tbfi tkiy4 Vhf^vt^ i^Q^\^m ^. ipvestigation pf gemer^ 
wite» fcr pftJculatiflg jt^e sieves and Wgles pf rigbt-^ng}^ 
i^pbpric%l Xri^Bgl^- The :?:5^ind proposition, pgge 167| 
which is partly derived from the general figure page 15|, is 
yery ^^{|^ve ip its ^plieatiop. The original construction of 
^is figure is aj5C|il?ed, by Dr- fforseli^^ to Cop^rniais, the cielp-. 
br^tf^ f^\f<inom&c. The demoqst rfitioi; pf J^aron Napier^ s rule 
if d^ve4 from the ^md proposition. This rule^ i3 the most 
simple and comprehensive that ever was invented, for solving 
t^ difkv^^ c^es pfrigbt-^ngled spherical triangles, but )ias 
g^^r^Uy been explained in ^ confu^ aq4 unintelligible man* 
ner. Valuable as this rule is, it has been censured as ^^ Tqo 
artifici^ ^nd restricted to be g^n^erally emj^oyed in the present 
^YfiQ^p^ ^t^te of the science." It is, notwithstanding this ^- 
p^Tiion, |9^l^ceptible of general application, and the species pf 
tb^ 4ii^&:0ul cases may be as accurately ascertaiqed from its 
eqii^i^ffi^i ^ from any rules, or fprmnlas, hitherto invented| 
in ^Q^pqpp^e of i^rbich, it will, UJQ4oubt£^dly, continue to he 
uf^dj J^ ^§e ^ho know bow to appreciate its merit, wheo the 
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works of the author who has presumed to censure it shall be 
forgotten. 

The Jburth Chapter shows the manner of applying Bairm 
Napier^s rule to the solutions of the different cases of oblique- 
angled spherical triapgles, from which several useful rules-are 
derived. 

The Jifth Chapter is, in substance, the same as the IV th 
Chapter of Book II. in the first edition, but the mode of de- 
monstration has been varied. In this edition the method used 
by Lagrange and Legendre has been adopted, as being more 
simple than that used in the first edition. This chapter con- 
tains the whole of the formulae given by Legendre, from 
page 386 to 399 of his Geometry, besides several others. These 
formulae, however, are not copied from Legendre, each suc- 
ceeding step being regularly deduced from the preceding, or 
from di£Perent propositions, to which references are given. 
These particulars, so essential to a learner, are entirely disre- 
garded by Legendre : for illustration, compare article lxxxviii. 
page 398 of Legendre" s Geometry, with U. 192. and W. 192. 
of the succeeding work, &c. At page 193, &c. the various 
formulae relating to Spherical Trigonometry are concentrated, 
and classed under their appropriate heads. Some of these 
formulae are the same with those given by Delambre in his 
preface to Borda*s trigonometrical tables. 

The formulae, where auxiliary angles are introduced (Q. 1 90, 
&c.) are, in effect, analogous to those which may be deduced 
from Barofi Napier* s rule, by drawing a perpendicular from 
the vertical angle of a spherical triangle upon the base, as in 
proposition xxv, page 173, &c. 

The sixth, seventh, eighth, and ninth Chapters contain the 
logarithmical solutions of the various cases of Spherical Tri- 
gonometry. 

The tenth, eleventh, and twelfth Chapters include the sub- 
stance of Book III. of the first edition, though the matter has 
up-dergone a considerable change ; the original examples were 
all adapted to the year 1796, but in this edition those which de- 
pend on the Nautical Almanac are carried forward to the year 
i 822. The Nautical Almanac for that year can easily be pro- 
cured. This necessary alteration has been attended with con- 
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siderable labour, and, it is presumed, will be of much advan- 
tage to the young student The method of finding the cor- 
rect distance between the sun and the moon, or between the 
moon and a star, by having the apparent distance and the ap- 
parent altitudes of these objects given, is shorter than any that 
has hitherto appeared, where the common tables only are used, 
besides having the advantage of being perfectly correct; for it 
is not liable to those inaccuracies which frequently arise from 
taking the logarithmical, or natural, sines and cosines out of 
the tables ; as the observed distance is never very small, nor 
ever near 180 degrees. 

The Nautical Almanac was first published in the year 1767 ; 
from which time, no treatise on Trigonometry had appeared, 
containing astronomical examples adapted to tliat work, until 
the first edition of the following treatise ; wherein the author, 
with great labour and attention, suited all his examples to the 
year 1796, and corrected the situations of all the stars to the 
same year ; the whole of these examples^ with the rules and 
observations upon them, were copied* and republished, without 
a single acknowledgment, in less than five years after their first 
appearance. 

The thirteenth Chapter contains the fluxional analogies of 
spherical triangles, with a few examples showing their use. 
This subject was first considered by Mr. CoteSf of Trinity Col- 
lege, Cambridge, in a treatise entitled De ^stimatione Erro- 
rum in Mixta Mathesi, which was published by Dr. Robert 
Smithy in the year 1722, six years after the author's decease. 
This branch of the science has hitherto received very little 
improvement, either from the English or foreign mathema- 
ticians, although a century has nearly elapsed since the first 
publication of Mr. Coteis Treatise. 

* In a teamd edition of the work into which these subjects were copied, it is 
stated that *' nearly all the practical questions before given, many of which had 
** passed f in the saine state, Jrom one work to another, for more than a century past, 
*' are here reproposed with new data,** &c. This insinuation will not have the 
effect intended, with those who are capable of examining the matter. However, in 
consequence thereof, I think it proper to state, that several of the rules, and 
likewise examples, stand in that second edition without alteration ; they are, of 
course, precisely the same as those in ^e first ^edition of my work, and some of 
tliem are incorrect. The data will show how long they have been in use. 



The substance of all the dijffrential equation^ given by 
Cagnoit^ La Landt^ Deiembre^ &c. is ineluckd in tb^ Xlllth 
Chapter ; these difierential equations may readily be dfi<luct4 
fiom Simpsmis Fluxions^ 

The fourteenth Ckc^er consists of MisceUaneous Proposi*^ 
tionsy which could not easily be classed under different beads* 

The first comprehends the French division of the circto. 
The sexagesimal division of the circle^ which is ascribed to the 
Egyptians, has often been objected to by mathematicians, aa 
by Oyghtredf WaUis, &c. who recommend a decimal, or c^n-* 
tesimal division. Several tables have been eonitnicted €}en<* 
tesimally, particularly one by Dr. Jo/in Nekton. Sr* Charles 
Hutton^ in a memoir published in the Philosophical Tran^ 
actions for 1788, proposed to divide the quadrant into equ;$l 
decimal pai1;s of the radius; by whidi means the degr^9f Qf^ 
the divisions of the arc, would be the real leng^ of the arcSf 
in terms of the radius. 

The French have lately adopted the centesimal divi9iQn pf 
the circle in their calculations, and tables of greater extent than 
those by Dr. Newton have been published^ as the tables oS 
Hobert and Ideler^ printed at Berlin, in the year 17&9i the 
tai)les of Borda, printed at Paris, an. IX, with a prefai?^ by 
Delambre^ &c« 

The advantages of this new division of the circle^ ahpuld jt 
be generally adopted in practical calculations, are few and 
trifling, when compared with the confusion and perples^ity it 
would occasion. It is true that degrees, &c. would be ^or^ 
readily turned into minutes or seconds, et vice tiersi^ and soffie 
other advantages of minor importance would be obtained, wer^ 
the new division to be universally adopted ; at the same tiine 
all our valuable tables would be rendered useless ; the many 
well-established trigonometrical and astronomical works, which 
from time to time have been published, would be little better 
than waste paper; the most valuable mathematical instru- 
ments, which have be^i constructed by cdiebr^ted 0rti$ts» must 
be considered as lumber in the different observatories of Eu<9> 

m 

rope ; the latitudes and longitudes of places must be changed, 
which change would render all the different works on Geo- 
graphy useless ; or otherwise the Astronomers^ and those in 
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the babit of making trigonometrical calculations^ must be per- 
petually turning tbe old division of the circle into the new, or 
the new into the old. 

The best instruments in the obserTatories of Paris, Palermo^ 
and of tbe different capitals of Europe^ have been constructed 
by British artists, viz. by Ramsden, Troughion^ &c and are 
graduated according to the sexagesimal division of the circle; 
it is plain, therefore, that all observations made with these in- 
struments must be reduced to the centesim^ division of the 
circle before they can be used in calculation. Again^ The lo- 
garithmical tables of sines, tangents, &c. which were originally 
constructed by the British mathematicians, have passed through 
so many hands, and have been so often examined, that they 
maybe depended upon as correct ; whilst the new tables would 
require great caution in using them. 

In devising short -methods of constructing tbe new tables, 
foreign mathematicians have, however, discovered several for- 
mula^ which may be useful in examining or extending the old 
tables, and in some astronomical calculatbns. These formulae, 
domprehend the most beneficial parts of their labours, as their 
new division of the circle will doubtless, ere long, share the 
same fate as their new calendar; unless the works, which may 
hereafter be framed according to that model, should possess 
extraordinary and continued merit 

From an attentive investigation of this subject, it will ap- 
pear, that, if any merit can be attached to tlie new division of 
the circle, the invention cannot, with any degree of justice, be 
ascribed to the French mathematicians, and that their anxious 
desire for its univbrsal adoption is the natural result of the 
French revolution, the general tendency of which has inva- 
riably been to depreciate the merit of every subject which has 
not the glory of the French nation or the praise of Frenchmen 
for its basis. 

The improvements made by the French in tbe various 
branches of mathematics, though highly extolled, will be found, 
ih many cases, to be more specious than real; the modern 
analysis so unvbersaUy adopted (and which in some instances is 
certainly illogical, if not unscientifical) has contributed greatly 
to vitiate the taste and explode that solid and accurate method 
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of reasoning which is so conspicuous in the writings of the an- 
cients. A flimsy mode of demonstration, grounded on a dexter- 
mous management of algebraical characters, has frequently been 
substituted for perspicuity and logical exactness. By making 
these remarks, the author does not mean to insinuate that the 
French have made no improvements in the mathematical 
sciences, he is convinced that they have made several, and that 
in a variety of instances their method of demonstration is neat 
and perspicuous ; but his opinion is, that the value of those 
improvements has been greately over-rated. 

After considering the French division of the circle, the re- 
mainder of the fourteenth Chapter is occupied with problems 
which have been frequently applied in extensive* trigonometrical 
surveys. 

Book IV. treats of the Theory of Navigation, a subject 
intimately connected with Trigonometry, and immediately 
derived from thfi sphere. 

The work concludes with a table of the logarithms of all 
numbers from an unit to ten thousand; a table of natural sines; 
a table of logarithmical sines and tangents to every degree and 
minute of the quadrant ; with some other tables useful in the 
solutions of the different astronomical problems. These tables 
occupy only fify pages, and will be found a valuable acquisi- 
tion both to the teacher and the learner, as they will save the 
expence of a large set of tables, and answer evey purpose of 
instruction with equal advantage. 



THE FOLLOWING OBSERVATIONS ARE CONTINUED FROM THE 
i SECOND EDITION, 

After the foregoing developement of the nature and design 
of the work, and of the improvements which this edition con- 
tains, I feel myself compelled, however reluctantly, to notice 
the injustice done me by a contemporary author. 

Mr. Bonnycastle, a gentleman well known from his various 
mathematical works, published a treatise on Plane and Sphe- 
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rical Trigonometry in the year 1806, into which he copied, 
without the least acknowledgment! a very considerable portion 
of my work. 

In consequence of this I waited upon his bookseller, Mr. 
Johnson, and expressed my displeasure with the transaction; 
He assured me verbally (and by letters which are now in my 
possession) that no steps whatever should be taken, by adver- 
tisements or otherwise, to dispose of Mr. Bonnycastle's pub- 
lication until he (Mr. Johnson the proprietor of the work) had 
indemnified me ibr the injury which I might sustain. 

I stated that I should be satisfied by his agreeing to cancel 
such parts of Mr. Bonnycastle's book as I could prove to be 
copied from mine. This demand, so just and reasonable in 
itself did not Appear to meet with that approbation which 
might have been expected, and several letters passed between 
Mr. Johnston and myself on the subject ; the last (excepting 
one) was dated the SOth of November 1806, which repeated 
the assurance that the work should not be advertised either 
directly or indirectly. 

Notwithstanding these repeated assurances, a partial review 
of Mr. Bonnycastle's work appeared in the Philosophical Ma- 
^zine for November 1806, evidently drawn up with the design 
of counteracting the effects of any unfavourable impression 
that might have gone abroad respecting it, and of paralizing 
the efforts I might make to enforce my demand. The parts 
copied could not be cancelled without destroying nearly half 
of the work. 

In the same Magazine for January 1807, I made some re- 
marks upon this review, wherein I stated that " Exclusive of 
detached matter (which is very considerable) there are upwards 
oi seventy pages (of Mr. Bonnycastle's treatise) in which there 
are scarcely ten lines in any one page which are not directly 
copied firom my work; and in many pages not a single line nor 
figure but what is copied." The truth of which I illustrated 
by pointing out some errors in my book, which Mr. Bonny- 
castle had copied most minutely. My remarks produced a reply, 
in February, which clearly convinced me that the feelings of 
Mr. Bonnycastle and those of his reviewer, were so strictly in 



imisaQy tbat the slighest imtatioa of the ni^vv^ of tbe one^ 
lin»isdiately i$8uaed tho$;e of tb« otjier tp yibiral^ 

There was not a sentence) or a word, in my ohservatioosj 
ativhich this remwer (uitconnected wi|Ji Mr« Bonnyctistle) 
oould possibly be oifeaded, yet bis f ^ly wa^ not only intem- 
fierate but illiberal* I m9de some observations upon ibk reply, 
ia ci letter to tb^ Editor of the Philosophical Magazine (dated 
iHh March 1807); part of whi<^ letter was inserted in the suc- 
ceeding Magadne, but several of the most essential passages 

were suppressed. 

The jeviewers 5ay$, "The charges which Mr. Keith has ad- 
duced «£^gai42St Mr^ Bonnjcastle it is not ny immediate business 
Xq xie&te." I would ask, for what purpose then did he make 
Jbis i:eply ? He makes a most ridiculous conunent on the words 
pCjpyingp and coUectixig &om the Nautical AUnanac. Notwith- 
standing which, my observations yvi^^ perfectly correct, for 
Abe tables cf the sun's right ascension and declination inserted 
inioy BooJc, were collected from the differ^enl; pages of the 
Nautical Almanac, with the alteration of the last figures, and 
the xu'rai:\gement was my own ; whereas Mr. Bonnycastle's 
tables were espactly copied from my work. Now, why did Mr. 
Sonxtycastle cqpy these tables &om my treatise ? The answer 
is obvious^ they were copied for the express purpose of solving 
the various astronomical problems which he had taken from 
my work, for they were of no other use whatever* 

TJie reviewer next makes some remarks on ^^o diagrams 
noticed in my first letter to the Editor of the Maga2(ine ; and 
here, it appeaas| he has carefuJly measured the figures to the 
.,greiatest nicety, and exults at the {supposed) advantage which 
he has obtained over me. In consequence of whidi, like sl 
coD<j[ueror of true pourage and humanity, he assumes a milder 
tone in the next sentence, and ^ays, "Tliei'e is in general only 
one Wjajr of constructing these fig^mes; so that the cry of pla- 
jgiatism on such an occasion is perfectly ridiculous, a$ J have 
no doiibt Mr. iKeith very well knows." 

I feel highly flattered that this learned reviewer willaUow me 
to know any thiifg, and in return for this fnarkof his condeacen- 
siowi I beg leave to refer him to the 150th page of the ^cpnd 
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volume o£ Hodgeson^s System of Mathematics, printed in the 
year 1 723, wherein he will find that a right-angled or quadran- 
tal spherical triangle may be stereographically constructed, not 
only one way, but one hundred and twenty different ways ! 

"How far Mr. Bonnycastle may judge it right" (says the re- 
viewer) *^ to enter into any altercation with Mr. Keith, in con- 
sequence of the liberties he has taken with his character, is 
not for me to decide." 

If what I have charged Mr. Bonnycastle (in the Philosophical 
Magazine) with copying from my work, has really not been 
copied, and can be found in any other treatise, prior to the first 
publication of mine, then, indeed, I have accused him unjustly, 
and shall, undoubtedly, meet with that contempt, which so base 
a conduct would merit. But if, on the contrary, my charges 
are well founded, and the matter in question cannot be found in 
any other publication (however insignificant br unimportant 
the subjects which are copied may be) ; I stand upon a found- 
ation not to be shaken by the false assertions and illiberal 
insinuations of this, or of any other critic. 

The reviewer concludes his letter, by paying a handsome 
compliment to his own superior talents and acquirements, with 
which he seems to be highly pleased ; and, as it is my fixed 
determination never to notice him again, I shall take my leave 
of him whilst he remains in that happy state of mind. 

With regard to Mr. Bonnycastle, who now holds one of the 
first mathematical situations in the kingdom, if he can conscien- 
tiously acquit his conduct of reprehension, I envy not the hap- 
piness of his disposition, but leave him in quiet possession of 
the honour and emolument which he may have acquired. 

Thomas Keith, 
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Xhis edition of the ensuing work has been carefully revised* 
All the astronomical examples which depend on the Nautical 
Almanac, are adapted to the year 1822, and they may be 
solved either with or without the Almanac ; because the several 
articles necessary to be taken from that work are given at the 
end of the different examples. By these means the students 
will readily learn the use of the Nautical Almanac, and in a 
school where several are studying the same subject, their pro- 
gress will not be retarded by waiting for the Almanac. The 
examples will be found sufficiently numerous and appropriate 
for the purpose of instruction. They might easily have beea 
extended, witA different dates^ by a selection from various 
authors ; but such examples are perfectly useless to a studenty 
who has not in his possession a Nautical Almanac correspond- 
ing with each date. 

No» I, Tark-buildingt, Ntw-r^ttd, 
St, Marjf-U-bonCt Lfidm, October, IStO. 
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E;|j:PUINATION of toe characters or mark« 

USED IN THE FOLLOWING WORK. 



+9 Plvs or inore, the siga of addition ; as ad + dc, signifiev 

liMit the line ad is to be increased hy tks 
line DC ; and 4-f 3 signifies that tb^ number 
^ is to be inca^easad by thenumber B* 

— , Minus or less^ the sign of subtraction, and shows ihat tber 

secMond qufintity is to be taiken from the 
fir$t; es cb«-'GB sh^s that the line cb ia to 
be diminished by the line cb. 
• x^ IfUo or InffH^d sign jof multiplication ; aa bd x do sig^ 

nifies the rectangle formed by the lines ed 
and DC, and ax h expresses the product of. 
the quantity a by the quantity b. Also a*& 
or ab sigqifi^ the^ame thing. 

-5-, Divide Ig/i af» pb-tCS, or— ;^igmfies that pb is (a be 

divided by cs. 
AB% AB^, signify the square and the cube of ab ; also 

li^^ signifies that 14 is to be involved to 
the third power, and then the fourth root 
is to be extracted. 

iv/ A or a"^, 3 ly a or a % express the square and cube root of A* 
=, Equal to^ as ab=:cd, shews that AB is equal to CD. 
'^j Dijfferencef as A '^ b, shews that the difierence between 

A and B is to be taken. 
A vinculum or parenthesis, serves to link two or more quan- 
tities together, as a+b x w, or (a+b) . »?, 
signifies that a and b are first to b^ added 
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together, and then to be multiplied by the 
quantity m, 
. ^^ . . . 1 Proportion^ A : b! Jx; : tr signifies that Alias 

/to B the same ratio which b has to d, and 
IS usually read A ui to b as c is to d. 
%• Therefore^ 

•L AngUy^A L A, signifies the angle A. 
rri Qreater thatifSS a "^b, shows that A is greater than b. 
XT 'Less thaitj as actb, shows a to.be less than b. 

The other characters are explainedamong the definitions in 
thefWotk. 

• N..B. rHie letters within the parentheses, at the beginning 
cf the difierent paragraphs of the work,, are for references. 
Thus, (C. 2.) refers to the article miarked (C) at page 2. ; 
(H. 25.) xefers to the article marked (H) at page 95y and so on. . 
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ERRATA. 

^ ' pBge 93 and 94, in the motet fir Cha^. XI. read Chttp. XIV. 
Page 505, h'ne 10. for 5th of October, read 5th of August. 
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BOOK L 



CHAPTER I. 

THE NATURE AND PROPERTIES OF LOGARITHMS. 

{A) D^nitioTU LOGARITHMS are a series of numbers 
contrived to facilitate arithmetical calculations; so that by 
them the. work of multiplication is performed by addition^ 
division by subtraction, involution by multiplication, and the 
extraction of roots by division. 

. They may therefore be considered as indices to a series of 
numbers in geometrical progression, where the first term is 
an unit* Let 

1 . r* . r* . r^ . r* • 7** . r*^ , &c. be such a series, increasing 

from 1; or 1. — .--..--.. — . — . — > &c. decreasing from 

r T^ f^ r^ r^ r^ 

I ; which last series, agreeably to the established notation in 
algebra, may be thus expressed, 1 . r-i • r—^ . r-^ • r-* , 
r-r-5 . r-^, &c. Here the common ratio is r, and the indices 
1.2. 3, &c. or— 1 .—2 .— S, &c. are logarithms. Hence 
it is obvious, that if a series of numbers be in geometrical pro- 
gression, their logarithms will constitute a series in arithme- 
tical progresssion. And, where the series is increasing, the 
terms of the geometrical progression are obtained by multipli- 
cation, and those of the arithmetical progression, or logarithms, 
by addition ; on the contrary, if the series be decreasing, the 
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terms of the geometrical progression are obtained by division, 
and those of the arithmetical progression by subtraction. 
The same observations apply to logarithms when they are 

1 1 

fractions, thus if r^ denote any number, then will 1 . r» . 

^ i. 1. £ 1 
rn . rn . rn , rn . r^f &c. constitute an increasing series of 

numbers in geometrical progression, of which the indices 

. -L . — . — . 1. . — . — , &c. are the logarithms, or 

n n n n n n 

1 . JL . — . JL . _ , _ . .— , will constitute a decreasing 
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, &c* are the logarithms* 

(B) Considering logarithms as indices to a series of nuhi- 
bers in geometrical progression, where r and n may repi*esent 
any numbers whatever, it follows that there may be as many 
different kinds of logarithms as there can be taken difierent 
sorts of geometrical series : numbers in very different pro- 
gressions may likewise have the same logarithms, and on the 
contrary, the same geometrical series may have different series 
of logarithms corresponding to them, but in every case the 
logarithm of 1 is 0. ' 

(C) The tables of logarithms in common use are constructed 
upon a supposition that r=: 10; hence it appears that the 
logarithm of any pumber whatever is the index of some 
power of 10. _ 

Thus, the logarithm of 10 is 1, being the index of 10^; the 
logarithm of 100 is 2, being the in^ex of 10'*^ ; the logarithm 
of 1000 is 3, being the index of 10^; the logarithm of 10000 
is 4, being the index of 10% &c. Hence the logarithms of 
all numbers between 1 and 10 will be greater than and less 
than 1, that is, they will be decimals; between 10 and 100 
they will be greater than 1 and less than 2, that is, they will 
be expressed by 1 with decimals annexed; between 100 and 
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1000 the logarithms are expressed by 2 with decimals an- 
nexed ; between 1000 and 10000 they are expressed by 8 with 
decimab annexed. 

Again) the logarithm of jj^j^ is— 1, being the index 

of 10 ; the logarithm of jQQ^jji is— 2, being the index 

— s I 1 

of 10 ; the logarithm of ][^=^ is— S, being the index 

—3 

of 10 9 &€• Hence the logarithms of all numbers decreas- 
ing from 1 to *1 will be expressed by— 1, with decimals an-> 
nexed ; decreasing from *1 to *01, they will be expressed by 
— 2, with decimal annexed; decreasing from *01 to '001, by 

— 3> with decimals annexed, &c. ^ 

- And, universally f if 10* ::= «, then x is the logarithm of as 
where a may be any number from 1 to 10^1,000, the extent 
of our best modem tables. 

If 10'*=2, then 47=0'30103 the log. of 2. 

If 10* =3, then j:= 0-4771 2 the log. ofS. 

If 10* =4, then ^=0-60206 the l^. qf^. 

, If 10* =50, then 47= 1*69897 the log. of 50. 

If 10* =94261, then 4?=4-97433 the log. ^94261. 

The logarithm of 9*4261 = •9743$ = .r, viz. 10* =s 

'974S3 

IQ =9*4261, multiply by 10. 

-«- x+l 1 '97433 

Then 10^ =10 =94-261. 

Multiply again by 10, 

. - ar + 2 2'97433 

And 10 =10 =942-61. 

Multiply a third time by 10, 

— „ a-t-S S-97433 

Then 10 =10 =9426-L 

Multiply once more by 10, 

' v4*4 4*97483' 

Then 10 =10 =94261 and so on. If instead of 

multipying by 10, we divide by 10 in the equation 
10*=9-4261, then will 

«— I •97433-1 -1»97433 

10 =10 =10 =-94261; 



* The dengn of this chapter is to show the natuN and propptiet of logaritbzDt, 
and not the diffineut iimiIkxU of constructmg them. 
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. Divide again by 10, 
Then i0'-'=10-'-''''''-' = 10-''''''= -094261. 
Divide a third time by 10, 

Then 10'-' = 10-'-'''''-' = 10-'''''' = -009*261, &c. 
as far as you please. 

(D) Hence it appears that all numbers whatever, whether 
they be whole numbers, mixed numbers, or decimals, have 
the decimal part of their logarithms the same, the only diflFer- 
cnce being in the index or whole number ; and that the index 
to the logarithm of a whole number is affirmative^ and the 
index to the logarithm of a pure decimal is negative; but, in 
ctvery case, the decimal part of the logarithm is aflSrmativ^. 



CHAP. II. 

THE USE OF THE TABLE OF LOGARITHMS. 

PROPOSITION I. 

(E) To ^nd the logarithm of any nahole number, or mixed 
decimal, consisting of one, two, three, or four Jigures. 

This proposition will appear plain from the following ex- 
amples, observing that the decimal parts only of the logarithms 
are put down in the tables ; because the index, or whole num- 
ber, of the logarithm is always an unit less than the number 
of figures contained in the natural whole nmnber to which it 
belongs. (C. 2.) 

Required the logarithm of S* 
, Look in the table in the column marked No. for 5, and 
against it in the column log. stands '69897. The natural num- 
ber containing but one figure, the index is therefore 6. 

Mequired the logarithm of 74. 

Look for 74 in the column marked No. and against it stands 
•8692S. The natural number containing two figures, the 
index is 1, therefore the logarithm of 74 is 1*8692S. 

Required the logarithm of 743. 

Look for 743 in the column marked No. and against it 
stands '87099. The natural number containing three figures, 
the index is 2, therefore the logarithm of 743 is 2*87099. 

Required the logarithm of 7438. 

^ Look for 743 in the column marked No. as before, and 
directing your eye to th^ numbers in the top column of the 
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table, find the remaining figare 8, guide your band down tbat 
column till you come in tbe same line with 743, against which 
you will find *87146. Tbe natural, number containing four 
%uies, the index b 3. Hence the logarithm of 7438 is 
8-87146. 



No. L(^. 

£raj»p. 37 =1*56820 

4=0*60206 

91*6=1-96190 

9-J6=0-96190 



No. Log* 
3754 =3-57449 
375-4=2-57449 
37-54=1-57449 
3-754=0-57449 



I 



No. I^« 
4980=3-69723 
7986=8-90233 
3700=3-56820 
4000=3-60206 



PROPOSITION II. 



(F) To Jind the logarithm of any *ahole number^ or mixed 
decimal^ to Jive or six places ofjigures. 

Rule. Find the logarithm to the first four figures as above, 
then take the difference between this logarithm and the next 
greater in the table. Multiply this difference by the figures 
you have above four, and cut off so many figures from the right 
hand of the product as you multiply by, the rest must be added 
to the logarithm first taken out of the table. 

Required the logarithm of 59684. 



Logarithm of 5968 is 77583 
The next greater is 77590 

Diff. 7 



7 diffi - ^ 

4 remaining figure 

2*8 product =8 nearly. 



Then 77583 + 3=77586. The natural number consisting 
of five figures, the index is 4, therefore the logarithm of 59684 
is 4-77586. 
Examples. No. Log. No. Log. 

59-684 = 1-77586 65-439 = 1-81584 

94268 = 4-97436 27863 = 4*44503 

785920 = 5-89538 131755 = 5-11977 



PROPOSITION III. 

(G) Tojiryd the logarithm of a pure decimal. 
£uLE. Find the logarithm corresponding, to the significant 
figures, as if they were whole numbers. Then if the first sig- 
nificant figure be in the place of tenths^ the index will be — 1 ; 
if in the place of hundredths it will be —2; if in the place of 
thousandths it will be —3, and so on. 

Thus, the logarithm of -3754 is — 1*57449 
The logarithm of -03754 = - 2-57449 
The logarithm of -003754 = - 3*57449 
The logarithm of -0003754 = - 4*57449, &c. 

B 3 



6 THE USE OF THE TABLE BoOK I. 

PEOPOSITION IV. 

(H) To Jind the logarithm of a vulgar Jractimi. 

IluLE. Reduce compound fractions, mixed fractidns, &c. 
to simple fractions. Then subtract the logarithm of the de- 
nominator from the logarithm of the numerator; if you carry 
1, add it to the index of the logarithm of the denominator; 
then take the difference of the indices for the index to the 
logarithm of the fraction. For a proper fraction this index 
will be—, for an improper fraction it will be + • 

Required the logarithm qf-f^. 

The logarithm of 5 = 0-69897 
The logarithm of 18 r= 1*2'S527 

The logarithm of ^V = - 1.44370 

In the same manner the logarithm of |^ r= — 1*99535; the 
log. of fl = — 1-88303; the log. of i = — 1-77815; the log. 
pff|4» = + 0-72870,^ &c. 

PROPOSITION V. 

(I) To Jtnd the number an$mering to any logarithm to four 
places of figures. 

Rule. Look in the column of logarithms marked at the 
top of the table, if vou do not find your logarithm there, take 
the nearest less to it which you can* find in that column; the 
first three figures in the natural number will stand in the co- 
lumn marked JVb., and looking in the same line from the lefl 
hand towards the right, you will either find your logarithm or 
the nearest less to it in the table, the fourth figure of the natural 
number will stand at the top of the table. 

Required the natural number an^mering to the logarithm 
S-90233. 

Rejecting the index 3, I look in the column 0, where the 
first three figures of the logarithm are 902, and against 90200 
I find the natural number 798, and looking along that line, 
under 6, 1 find 90233 the given logarithm, therefore the natural 
dumber is 7986, and the index being three, the natural humber 
is a whole number. 

Examples. Log. No. 

1-7634.3 = 58 
2-77056 = 589*6 



Log. No. 
2*85775 = 720-7 
3-86682 = 7359 



PROPOSkTION VI. 

(K) To Jind the number an^isiering to any logarithm^ to Jive 
or six places of figures. 
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Rule. Find the nearest less Ic^rithm in the tables to the 
given one, and 'take out the four figures answering to it as 
before^ Take die difierenoe between this logarithm and the 
next greater in the tables, and also between this logarithm 
and the given cme ; divide the latter di£Perence, with ciphers 
annexed to it> by the former, and place the quotient to the 
right hand of the natural number already tbund. 

Reqtiired the natural number ansfwering to the log. 4*59859. 



Given log. 59859 

Next less 59857 nat. numb. 3968 



nearest less log. 59857 
next greater 59868 



diff. 2 annex ciphers. diff. 1 1 

then 200, &c. -7-11=18, 8&c. the natural number is therefore 
39681*8, the index being 4, there are five whole numbers. 



Examples. Log. No. 
4*97436 = 94267 
2*97436 = 942*67 
4*89538 = 78592 



Log. No. 

2*50181 = 317-55 
4*81584 = 65440 
5*87081 = 234861 



PROPOSITION VII. 

(L) To Jind the product of two whole or mia:ed numbers."^ 

Rule. Add the logarithms of the numbers together, the 
natural number answering to the sum will be the product re* 
quired. 

When several numbers are to be multiplied together, some 
pf which are less than an unit, add the logarithms of the num- 
bers together ; when you come to the indices, add the affirma- 
tive indices and what you carry into one sum, and the negative 
indices into another. Take the difference betweeti these sums for 
the index of the product, prefixing the sign of the greater sum. 

Required the product qfS4f and 56. 

Logarithm of 84 = 1*92428 
Logarithm of 56 = 1*74819 

Product 4704 Log. n 3*67247 

'Require^ the product g^76*5 hy 6'5. 

Logarithm of 76*5 = 1 '88366 
Logarithm of 6'5 = 074036 

Product 420-75 Log. = 2*62402 



•Let 10*' =a; lO"'*^*; 10 ""^^c; 10*»d,&f. Then 10*^ ■"*"^"^* 
^abcdf&c. Where v is the logarithm of a ; — « the logarithm of 6 ; — y 
the logarithm of c ; 2 the logarithm of d, &c. And v— 7— y + x is tha logaritlim 
of abed. (A. 1. and C. 2.) 
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Required the product of •S^ x '056 x 37. 

The logarithm of -84 = - 1*92428 

of '056 = — 2*74819 
of S7 = -f 1 •66820 



Sum of the decimals aiid \ , S*24067 

affirmative index / 
Sum of the negative indices — S» 

Logarithm of the product = 0'24067 
The number answering to which is 1*7405, the product re- 
quired. 

Required the product qf*S7 x 426 x '5 x '004 x '275 x 336. 
jlnswer 29'12S. 



PROPOSITION VIII. 

(M) To divide one number ly another.^ 

Subtract the logarithm of the divisor from the logarithm of 
the dividend, and the remainder will be the logarithm of the 
quotient. 

If any of the indices be negative, or if the divisor be greater 
than the dividend, change the index of the divisor: then if 
the indices have unlike signs take their difference, and prefix 
the sign of the greater; if they have like signs take their sum» 
and prefix the common sim. When there is an unit to carry 
from the decimal part of the logarithm of the divisor, subtract 
it from the index of that logariUim if it be negative, otherwise 
add it, before the signs are changed. 

BiiAde S450 hy 23. 

Logarithm of 3450 =: 3*53782 
Logarithm of 23 = 1-36173 

Quotient 150 Log. = 2-17609 

Bivide 420-75 hy 76-5. 

Logarithm of 420-75 = 2-62402 ^ 
Logarithm of S*5 = 0*74036 

Quotient 76-5 Log. == 1*88366 

* Let 10 = a^ and 10^ = Ct then x is the logarithm of a, and ^ is the lo- 

joaf «— y a a 

garithmofc. Now — = 10 =»— , where a; —'vis the logarithm of—. 

loy c " c 
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Divide •00375 Jy •0678. 

Logaritmn of '00375 = — 3'5740S 
Logarithm of .0678 = — 2*83123 

Quotient •05531 log. = — 2 •74280 

Divide ^ by 987-1- 

Logarithm of -J- = — 1*74473 
Lc^arithm of 937*5 = + 2*97197 

Quotient -0005926 log. = — 4-77276 



PROPOSITION IX. 

(N) To involve a number to any power ; that is to square^ 
cvibe^ and number^ 8^c^ 

Rule. Multiply the logarithm of the number by the num- 
ber expressing die power, viz. by 2 for the square, 3 for the 
cube, 4 for the biquadrate, &c. ; and the proauct will be the 
logarithm of the power required. 

Kthe index to the siven logarithm be negative; multiply ^ 
this index and the decimal part of the logarithm separately by 
tbe index of the given power, and subtract the former product 
from the latter ; when you come to the indices, or whole num* 
bers of these products, their difference must be taken, but if 
there be an unit to carry from the decimal part of the lower 
product, it must be added to the index of that product before 
you take the difference. The result will in every case be 
negative. 

Required the cube of 1*2. 

Logarithm of 1*2 =: 0*07918 

3 



The cube is 1*728 Log.=0-2S754 

Required the square of 25* 

Logarithm of 25 =: 1.39794 

2 



The square is 625 Log. = 2*79588 



. ♦ Let loF «s a, and n » tlfe index of the power, then 10*** = a**, where x 
is the logadthm oia^ and nx the logarithm of a\ 
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Required the third power qf*0725> 

The logarithm .<rf -0725 is — 2'86034. * 

Then -86034 x 3 = 2-58102 product of the decimal, 
and 2x3=6- product of the indices. 

Power -000381 log. n — 4-58102 

Required the 6-25 jxmer of -0032. 

The logarithm of '0032 is -r 3*50515. 

Then -50515 x 6-25 z:: 3^571 9/ Pf^^"?* ^^ 

(^ the dec. 

Power-00000000000000025538log. — = 1 6*4071 9 

PROPOSITION X. . 

(O) To extract the square or cube root, 8^c. of arty number* 

Divide the logarithm of the number by 2 for the square- 
root, 3 for the cube-root, 8ic. and the quotient will be the 
logarithm of the root. 

if the index to the logarithm be negative, and does not exr 
actly contain the divisor, increase it by such a number as will 
make it exactly divisible, and increase the logarithm also by the 
same number before you begin to divide. 

T^hat is the square-root of 3*24 ? 

Logarithm of 3*24 is 0-51054, which divided by 2 gives 
0-25527, the number answering to which is 1*8. 

What is the cube-root of 10648 ? 

Logarithm of 10648 is 4*02726, which divided by 3 gives 
1-34242, the number answering to which is 22. 

Vl^at is the cube-root of -00038 11? 

The logarithm of -0003811 is— 4-58104 = —4 + 0-58104 ; 
and by adding 2 to each part, it is=:— 6 + 2-58104, divide by 
3, then — 2-86034 is the logaritThm of the root, the number 
answering to which is -0725, the root sought. 

What is the -72 root of '096 ? 

The logarithm of -096 is — 2-98227 =—2 + 0-98227, and 
by adding -16 to each part (in order that the negative index 
may divide even by -72) it becomes — 2-16 + 1*14227, divide 

L 1- 

• Jjet 10* =s «, and n = the index of the root. Then 10 = a , where ar 

l_ 

it the logarithm of a, and f-is the logarithm of ^'^. 

n 
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by *72 thm — S* + 1*58648 r= — 2*58648 is the logarithm of 
the root; hence the root sought is *0S859. 

PROPOSITION XI. 

(P) Tojindihe value of a quantity having a vulgm* fraction 
Jor iU exponent. 

Rule. Multiply the logarithm of the given number by the 
numerator of the exponent, and divide the product by the 
denominator ; the <)iiotient will be the logarithm of the quan- 
tity required. 

The multiplication must be performed as directed in the 
9th Proposition, and the division according to the directions 
given in the 10th Proposition : for, the numerator denotes 
the power to which the given number is to be raised, and 
the denominator shows what root of that power is to be ex- 
tracted. 



What is the value of '09Sv^ ? 

The logarithm of -096 = — 2*98227 which multiplied by 25 
(Prop. IX.) produces —26-55675; this divided by 18 (Prop. 
X.) ^ves — 2'58648,' the number answering to which is-0S859. 
Answer. 

PROPOSITION XII. 

(Q) To find a fourth proportional to three given numbers i or 
to work a question in the rule cf three by logarithms. 

Rule. Add the logarithms of the second and third terms 
together, and from the sum subtract the logarithm of the first 
term, the remainder will be the logarithm of the fourth term. 
What is the fourth proportional to '75 ; S6 ; and '008 ? 
Logarithm of 36 = 1*55630 
Logarithm of -008 = — 3*90309 

Sum = — 1*45939 
Logarithm of '75 = — 1*87506 subtract. 

— 1 -5843 3 the number 



answering to which is *384 the fourth proportional required* 
For, -75 : 36 : : -008 : •384. 

PROMISCUOUS EXAMPLESj EXERCISING ALL THE PROPOSITIONS. 

(1.) Find the logarithm of^. Ans. - 1*88303. 

(2.) Required the logarithm of *56 3' or •56^-. y4«5.— 1*75076 
(3.) Required the logarithm of *06'28803'. Ans. - 2*7975] 
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(40 Find the logarithm of •0084.'97133'. -Aw.— 3-92927. 
(5.) Required the product of 56}^ x '7 X fg^ x ^ x li* 

Ans. Logarithm of the product is 1*34 735) and the product 
= 22*251% 

(6.) Reqmred the product of •05'94405' x 'SSS' x '0322916' 
X •4'28571' X a'S'. Ans. Log. of the product is — 5-94075, 
and the product = '000087247. 

(7.) Divide -0565 by •25. QMOliera c: -226. 

(8.) Divide '00375 by •0678. Quotient = '05531. 

(9.) Divide 54498 by ^093. Quotient = 586000. 

(10.) Divide -Hi by ifj^. Quotient = ^0041963. 

(11.) Involve 1'05 to the 40th power. Ans. 7'0399. 

(12.) Required the 3'75 power of 14^795 or find the value 

of 14^79l^. Ans. 24399'5. 

(13.) Required the •34'54' power of 94'75'; or find the 

value of 94-7il^^^. Ans. 4'8 1 736. 

(14.) Involve '09475' to the '34'54' power. Afis. '44307. 

(15.) Find the cube-root of '00038 1078. Ans. '0725. 

(16.) What is the -625 root of -027588 ? Ans. -0032. 

(17.) Find a fourth proportional to 58'. 13"; 11'^'75; and 
24 hours. Ans. 4'.50"'6. 

(18.) Find a fourth proportional to 23^ . 12' . 37''; 24 
hours; and 7** . 59' . 34". Ans. S^ . Iff . 5S\ 

CHAP. IIL 

THE USE OF THE TABLES OF SINES AND TANGENTS.* 

PROPOSITION I. 

(R.) Tojlnd the natural sine or cosine of an arcy also the 
hgarithmical sine^ tangent^ secant^ Sfc. 

Rule. If the degrees in the arc be less than 45, look for 
them at the top of the table, and for the minutes (if any) in 
the left hand column marked m, against which, in the column 
signed at the top of the table with the proposed name, viz. 
sine^ cosine^ &c. stands the sine, cosine, &c. required. If 
the degrees are more than 45, they must be found at the bot- 
tom of the table, and the minutes (if any) must be found in 
the right hand column. The name in this case, viz. sine^ 
tangent, &c. must be taken at the bottom of the table. To 
find the secants see the first page of Table III. 

* The construction of these tables will be found at the end of Book II. 
Chap. y. Before the student reads this and the following chapter, it will be pro- 
per for hSm to read the definitions, &c. in Book II. Chap. I. 
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Hie natond sines must be looked for in the taUe entitled 
ludurtd sines i and the Ic^^thmical sines in the table entitled 
logaritkmical sines and tangents. . 

Bequirtdthe naiurtd and logarithm, sine and cosine of $9^.4^2". 
Natoral sine of 39^ . 42^ = •68877, cosine = •76940. 
Logarithmical sine of S9^ 42^ = 9*80584, cosine = 9*88615. 
Beqtdred the natural and logarithm, sine andcosineqf7S^.27K 
Natural sme of 73° . 27' = -95857, cosine n -28485. 
LMarithmical sine of 73°. 27' =,9-98162, cosine = 9-45462. 
tf the sine, tangent, Si^c. be wanted to any number of de- 
grees above 90; subtract those degrees from 180° and find 
the sine, tangent, &c. of the remainder: or subtract 90° firom 
the given number of degrees, and find the cosine^ co-tangenty 
&c of the remainder, which is the same thing. 

Beqtdred the logarithmical sine^ tangent^ secant^ cosine^ co^ 
tangent^ and co^secant ^137°29'. 
180° 
187° .29' * 



rem. 42°. 31' sine == 9-82982, cosine = 9*86752, tangent = 
9-96231, co-tangent = 10-03769, secant = 10-13248, co- 
secant =: 10-17018, and these are respectively -eaual to the 
cosine^ sine, co-tangent, tangent, co-secant, and secant of 
47° . 29' = 137° . 29' - 90°. 

PROPOSITION II. 

(S) Tofifid the logarithm sine, cosine, S^c, of an arc to seconds* 
Find the logarithm to the degrees and minutes as in Propo- 
sition I. take die difference between this logarithm and the 
next greater or less in the same column, according as you 
want a sine or cosine, tangent or co- tangent, &c. multiply 
this difference by the number of seconds given, and divide 
the product by 60 ; add the quotient to the given logarithm if 
it be a sine, tangent, or secant, but subtract the quotient from 
the given logarithm if it be a cosine, co-tangent, or co« secant, 
and the sum, or remainder, will be the logarithm required. 

Bequiredthe logarithm sine, tangent, and secant o/'S5 .44'.24*. 
Log. sine35°.44' = 9-76642 tang. = 9'85700sec. = 10*09058 
v^xi greater sinews 9*76660 tang. = 9*85727 sec. =: 10-09067 

diff. 18 diff. 27 diff. 9 

24 24 24 



60 I 432 
Add the propor. part 7 
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Then, sine 85^.44'. 24«" = 9*76649. tan. = 9-85710, seers 
1 0-0906 !• 

In the same manner the natural sine is found, being "58410. 

Required the logaritkmical cosine^ co-tangent^ and co-secant 
o/'S5''.44'.24^ 

Log.cos.35^44'=:9'90942co-tan.r:10a4800co-sec.=10'23558 
next less cosine=:9*90983co-tan.=10-14273co-s€C.=:10*23340 

"diffi 9 difF. 27 diff. 18 

24 24 24 



60 I 216 eo I 648 60 | 439 

-•••■■waw^ ^^ni^MIW m^mm^m^mm 

iSttJ/mc^ prop, part 3 10 7 

Then cosine 35"^ . 44' . 24" = 9*90939, co-tan. = 10-14290, 
co-secant = 10-23351. 
In a similar manner the natural cosine is found, being *81 167* 

, PROPOSITION III. 

(T) To Jind the degrees^ minutes^ 07' degrees^ minutes^ and 
seconds^ corresponding to any given logarithm^ sine, tangent j 8fc. 

Rule. Find the nearest logarithm to the given one in dbe* 
table, and the degrees answering to it will be found at the 
top of the column if the name be there, and the minutes on 
the left hand ; but if the name be at the bottom of the table, 
the degrees must be found at the bottom of the table, and the 
minutes on the right hand. To find the arc to seconds, take 
the difference between the two nearest logarithms to the given 
one which you can find in the table, also the difference be- 
tween the given logarithm and the nearest less. Multiply the 
second difrcrence by 60, and divide the product by the first 
difierence, the quotient will giye a number of seconds, which 
must be added tp the degrees and minutes corresponding to 
the nearest less number in the tables, if your given logarithm 
be a sine, tangent, or secant ; but if your given logarithm be 
a cosine, co-tangent, or co-secant, the number of seconds 
must be subtracted from the degrees and minutes correspond- 
ing to the nearest less number in the tables. 

Find the degrees^ minutes^ and seconds^ corresponding to the 
logarithmical sine 9-43299. • 

Nearest sine less than the given one 9-43278 21 

Nearest sine greater than the given one 9-43323 60 



First difference 45 45 1 1260 

Given sine 9-43299 « 

Nearest less 9*43278 answering to 15^.43' 28quot 

Second diff. 21 "~" 

Therefore the required arc is 15° . 43' . 28^ 



Chap. III. 



SIHSS, TANGENTS, &C. 



IS 



The same manner of proceeding must be observed in find* 
ing a tangent, secant, or natural sine. 

Find the degrees^ minuUs^ and seconds^ cotresponding to tie 
logaritknuad cosine 9'4>3297* 

Nearest cosine less than the given one 9*4>S278 
Nearest cosine greater than the given one 9*43323 



First difference 45 



19 
60 



Given cosine 9*43297 45 | 1140 
Nearest less 9'43?78 answering to 74^.17'. — 

25quot 

Second di£&rence 19 -'>— ^ 

Therefore the required arc is 74^ • IG' • 34". 



PROPOSITION IV. 

(U) To find the natural or logarithmical 'oersed sine of an 
arcs ^ the help of a taUe of natural or logarithmical sines* 

To find the natural versed sine; subtract the natural cosine 
from an unit if the arc be less than 90^, but if greater tlion 
90, add it to an unit. 

To find the logarithmical versed sine ; find the logarith- 
mical sine of half the arc, double it, and subtract 9*69897 
from the product. 



Required the natural versed 
sine of&5^A5\ 

Radius =1' 
Nat. cosine 65^45' = -41072 



versed sine 6S°.45'. = -58928 



Required the logarithm, versed 
^ sine g/[72M4'. 
Logaritlimical sine of 36^.7^ 
half arc = 9-77043 

2 



19-54086 
9-69897 



Required the natural versed 

sine of US'". ^5\ 
Natural cosine 1 1 5^.35'' or 

cosine 64^.25' = -43182 
To which add 1- 



vers.sineofl 15°.35''= 1-43182 



Required the log. versed sine of 

Here half the arc is 1 S''.56i' 
Log. sine 18^56'=9-51 1 1 7 
Log. sine 18^.57'= 9-5 1154 

doublesinel 8^.56i « 1 9-0227 1 

9-69897 



Log.vers.sine72°.14''=9'84189 \ 



Log.vers.sine37^.63'— 9-32374 
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CHAP. IV. 
THE CONSTRUCTION AND USE OF THE PLAIN SCALE. 

(W) The Plain Scale is a mathematical instrument of ex- 
tensive use. The scale generally used at sea is a ruler of two 
feet in length, having drawn upon it equal parts, chords, sines, 
tangents, secants, &c. These are contained on one side of 
the scale, and the other side contains their logarithms. 

(X) Describe a semicircle with any convenient radius cb 
(Fig. I. Plate II.) ; from the centre c draw cd peri^endicular 
to AB, and produce it to f, &c.; draw be parallel to CF, and 
join AD and bd. 

(Y) Rhumbs. Divide the quadrantal arc ad into eight 
equal parts, with one foot of the compasses in a, transfer the 
distances a1, a2, a3, &c. to the straight line ad, and it will be 
a line of rhumbs containing eight points of the compass, or 
one-fourth of the whole ch-cumference of the compass. By 
subdividing each of the divisions a1; 1, 2, &c. into four eooal 
parts, and transferring them in the same manner t6 the line 
AD, it will contain the points, and half and quarter points. 

(Z) Chords* Divide the arc bd into nine equal parts, with 
one foot of the compasses in b and the distances bIO, b20, 
bSO, &c. ; transfer them to the straight line bd, which will be 
a line of chords constructed to every ten degrees. The single 
degrees are constructed by subdividing the arcs, bIO; 10, 20; 
&c. into ten equal parts, and transferring the divisions in the 
same manner to the line bd. 

(A) Sines. Through each of the divisions of the arc bd 
draw lines parallel to cd, such as 80, 10; 70, 20; &c. and 
the lii)e cB will be divided into a line of sines reckoning from 
c to B (for CG IS the cosine of the arc b80, or the sine of the. 
arc dSO, which is ten degrees) ; if this line be numbered from 
B towards c, it will become a line of versed sines. 

(B) Tangent. From the centre c draw straight lines 
through the several divisions of the quadrantal arc bd, to 
touch the straight line be, which will become a line of tangents. 

(C) Secants. Transfer the distances between the centre c 
and the divisions of the line of tangents, to the line df, and 
it will become a line of seqants which must be numbered from 
D towards f, as in the figure. 

(D) Semi-'tangents. From a draw lines through the severil 
divisions of the arc bd, and they will divide the line cd into 
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semi-tangentSy which must be marked with the corresponding 
figures of the arc 10, 20, &c. 

The preceding are some of the principal lines on the plain 
scale, and to render them convenient for practice, they are 
transferred from a general figure, such as fi^re the 1st, to a 
plain scale or ruler, such as figure 2d, and arranged in the 
same order. 

Besides the liues already mentioned, there are, on several 
scales, other lines derived from the circle, such as 

(E) MUes of Longitude. Divide the line ac into 60 equal 
parts, through each of these draw lines alOib 20, &c. parallel 
to DC, and every tenth of them will cut the arc ad in the 
points Ojb^c^dj &c ; from a as a centre, the several divi- 
sions of the arc ad may be transferred to the line ad, which 
will give the divisions of the line of longitude. If this line be 
laid upon the scale close to the line of chords (as in Fig. III.) 
both inverted, so that 60 on the scale of longitude be against 
on the chords, &c. and any degree of latitude be counted on 
the choixls, there will stand opposite to it, on the line of 
longitude, the miles contained in one degree of longitude in 
that latitude, a degree at the equator being 60 miles. 

Tliese liues are generally drawn to a larger radius than the 
lines above described^ and consequently are applied to a larger 
scale of chords, as appears by Fig. III. 

(F) Equal Parts^ The divisions of the line ac to form the 
miles of longitude may be considered as a scale of equal parts, 
and on some plain scales are laid down as such, marked Leag. 
viz. Leagues or equal parts. 

Some scales are divided into equal partSf as in Fig. IV. 

. The outer one is generally a scale of inches. The othera 

are divided similar to those marked a^ b^ c, &c. The scale 

A contains 4^0 equal parts to an inch, the scale b 35, c 30, 

&c But the most useful scale of equal parts is 

(G) The Diagonal Scale. Draw eleven lines parallel to, and 
equidistant from, each other, as in Fig. V. ; cut them at right 
angles by the lines bc; ef; 1, 9; 2, 7, &c. then will hg, &c. 
be divided into ten equal parts, divide the line op into ten 
equal parts, also the line m 7i. From the points of division on 
the line m », draw diagonals to the points of division on the 
line OP, viz. join m and the first division on op, the first di- 
vision on m 7Z, and the second on op, &c. 

The chief uise of such a scale as this, is to lay down any line 
from a given measure, or to measure any line. In doing 
which, the units are counted from m towards 0, the tens from 
tt towards n, and the hundreds from m towards h. 
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Thus, for example, to take off the number 242, extend the 
compasses from m to 2, towards h : with one leg fixed in the 
point 2, extend the other till it reaches 4 in the line mri; move 
one leg of the compasses along the line 2, 7, and the other 
along the line 4, till you come to the line marked 2 in bc^ and 
you will have the number required. 



OF THE LOGARITHMICAL LINES, OR (^UNTER's SCALE. 

Mr, Edmund Gunter was the first who applied the logarithms 
of numbers, and of sines and tangents to straight lines drawn on 
a scale or ruler ; with which, proportions in common numbers, 
and trigonometry, may be solved by the application of a pair 
of compasses only. The method is founded on this property, 
That the logarithms of the terms of equal ratios are eqiiidiffireni. 
This was called Gunter's proportion, and Gunter's line; hence 
the scale is generally called the Gunter. 

The logarithmical lines, on Gunter^s scale, are the eight 
following : 

(H) S.IUiumb, or sine rhumbs, is a line containing thelogar- 
rithms of the natural sines of every point and quarter point of 
the compass, numbered from a brass pin on the right hand 
towards the left with 8, 7, 6, 5, 4, 3, 2, 1 . 

(I) T. Rhumbj or tangent rhumbs, also corresponds to the 
logarithms of the tangents of every point and quarter point of 
the compass. This line is numbered from near the middle of 
the scale with 1. 2, 3. 4 towards the right hand, and back 
again with the numbers 5, 6, 7 from the right hand towards 
the left. To take off any number of points below four, we 
must begin at 1 and count towards the right hand; but to take 
off any number of points above four, we must begin at four 
and count towards the left hand. 

(K) • Numbers, or the line of numbers, is numbered from 
the left hard of the scale towards the right with 1, 2, 3, 4, 5, 6, 
7, 8, 9, 1 which stands exactly in the middle of the scale; the 



* This line being the principal one on the scale, has been contrived various 
ways. Gunter first applied it to the two feet rulers, or rather to the cross-stafT. 
Wingate drew the logarithms on two separate rulers sliding against each other, to 
save the use of compasses. Oughtred applied the logarithms to concentric 
drcles. Mr. William Nicholson proposed another disposition of them on con- 
centric circles ; (vide Philosophical Transactions 1787, page 251 ;)• his instru- 
ment consists of three concentric circles engraved and graduated on a plate of 
brass : fVom the centre, two legs proceed as radii, having straight edges ; these 
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numbers then go on 2, 3, 4, 5, 6, ?» 8, 9, 10 which stands at 
the right hand end of the scale. These two equal parts of the 
scale are divided equally, the distance between the first or left 
hand 1, and the first 2, 3, 4, &c. is exactly equal to the dis- 
tance between the middle 1 and the numbers 2, 3, 4, &c. 
which follow it. The subdivisions of these scales are likewise 
similar, viz. they are each one-tenth of the primary divisions, 
and are distinguished by lines of about half the length of the 
primary divisions* 

These subdivisions are again divided into ten parts, where 
room will permit ; and where that is not the case, the units 
must be estimated, or guessed at, by the eye, which is easily 
done by a little practice. 

The primary divisions on the second part of the scale, are 
estimated according to the value set upon tlie unit on the left 
hand of the scale : If you call it one, then the first 1, 2, 3, &c. 
stand for 1, 2, 3, &c. the middle 1 is 10, and the 2, 3, 4, &c. 
following stand for 20, 30, 40, &c. and the ten at the right 
hand is 100: If the first 1 stand for 10, the first 2, 3, 4, &c. 
must be counted, 20, 30, 40, &c. the middle 1 will be 100, 
the second 2, 3, 4, 5, &c. will stand for 200, 300, 400, 500, 
&C. and the ten at the right hand for JOOO. 

If you consider the first 1 as -^q of an unit, the 2, 3, 4, &c. 
following will be -^^ -j^, iV, &c. the middle 1 will stand for an 
unit, and the 2, 3, 4, &c. following will stand for 2, 3, 4, &c. 
also the division at the right hand end of the scale will stand 
for 10. The intermediate small divisions must be estimated 
according to the value set upon the primary ones. 

(L) Sine^ The line of sines is numbered from the left hand 
of the scale towards the right, 1, 2, 3, 4, 5, &c. to ten; then 
20, SO, 40, &c. to 90, where it terminates just opposite 10 on 
the line of numbers. 

(M) Versed Sine. This line is placed immediately under 
the line of sines, and numbered in a contrary direction, viz. 
from the right hand towards the left 10, 20, 30, 40, 50, to 
about 169; the small divisions are here to b^ estimated ac- 
cording to the immber of them to a degree. 

(N) Tangent The line of tangents begins at the left hand, 
and is numbered i, 2, 3, &c. to 10, then 20, 30, 45, where 



legs or rulers are moveable about the centre either singly or together, so that if 
one be placed at the first term of any proportion, and Uic other at the second, 
and they be then fixed at this angle and moved together till the leg which was 
fixed at the first term coincides with the third, the other leg will point out thr 
Courth. 

c2 
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there is a little brass pin jiist under 90 in the line of sines; be* 
cause the sine of 90° is equal to the tangent of 45°. It is num- 
bered from 4f6^ towards the left hand 50, 60, 70, 80, &c. The 
tangents of arcs above 45° are therefore counted backward on 
the line, and lare found at the same points of the line as the 
tangents of their complements. 

Thus, the division at 40 represents both 40 and 50, the 
division at 30 serves for 30 and 60, &c. 

(O) Meridional Parts. This line stands immediately above 
a line of equal parts, marked Equal PL with which it must al- 
ways be compared when used. The line of equal parts is 
marked from thfe right hand to the left with 0, 10, 20, 30, &c.; 
each of these large divisions represents 10 degrees of the equa* 
tor, or 600 miles. The first of these divisions is sometimes 
divided into 40 eqtial parts, each representing 15 miles. 

The extent from the brass pin on the scale of meridional 
parts to any division on that scale, applied to the line of equal 
parts, will give (in degrees) the meridional parts answering to 
the latitude of that division. Or the extent from any division to 
another on the line of meridional parts, applied to the line of 
equal parts, will give the meridional difference of latitude be- 
tween the two places denoted by the divisions. These degrees 
are reduced to leagues by multiplying by 20, or to miles by 
multiplying by 60. 

THE CONSTRUCTION OF THE LOGARITHMICAL LINES ON 

GUNTER*S SCALE. 

(P) The line of numbers on which most of the others depend, 
sometimes called the UneqfLineSf is constructed thus: Let a 
line equal in length to half the line of numbers be divided into 
1000 equal parts, then since the logarithm of 1 is 0, the distance 
of 1 from the beginning of the line is 0, viz. 1 stands at the 
beginning of the line. And because the logarithm of 2 is '301, 
when the logarithm of 10 is 1, or, which is the same thing, the 
logarithm of 2 is 301, when the logarithm of 10 is 1000; there- 
fore the distance between 1 and 2 is 301 equal parts taken from 
a plain scale of equal parts; the distance 477, the logarithm of 
3, must be set off from 1 to 3; and 602 equal parts, the loga- 
rithm of 4, must be set off from rto 4, &c. Thus are all the 
primary divisions on the line formed : And the intermediate 
divisions are formed in a similar manner, by taking the loga- 
rithms of the intermediate numbers, as for example, the loga- 
rithm of l-yV> is 41, the logarithm of 1-,^ is 79, of l^^^ is 114, 
&c. These numbers set off in a successive order from 1 , will 
divide the primary divisions into ten parts, &c. 
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(Q) The line qfsinesis constructed by taking the * arithme- 
tical complements of the logarithmical sines from the same scale 
of equal parts which the line of numbers was constructed from, 
and setting them off from 90 backwards, or towards the left 
hand; thus the arithmetical complement of the logarithmical 
sines of 80°, 70% 60% 50% 40% 30% 20% 10% (or, which is the 
same thing, their cosecants rejecting the indices,) are 7, 27, 
116, 192, 301, ^66y 760, and these taken from the same scale of 
equal parts with which the line of numbers was constructed, and 
set off from 90 towards the left hand, give the sines of the above- 
mentioned degrees, respectively. The reason of setting off these 
numbers thus is obvious, for the sine of 90^is equal to the radius; 
and the several arithmetical complements are what ihe sines of 
the arcs want of radius, viz. their distances from radius or 90^. 

In the same manner the intermediate degrees, and divisions 
of the degrees are found. 

(R) The line of sine rhumbs is constructed in a similar manner 
to the line of sines, by taking the arithmetical complements of 
the logarithmical sines of the degrees and minutes which are 
. contained in the several points, and quarter-points of the cqm- 
pass : and setting them off from the right hand end of the 
scale, towards the left. 

(S) The line of tangents is constructed in the same manner as 

that of the sines, by setting off the arithmetical complements of 

the tangents under 45% backward from 45° towards the left 

hand. For the tangent of 45° is equal to the radius, and the' 

arithmetical complement of any logarithmical tangent under 

45% is what that tangent wants of radius. It has been observed 

that the division at 40 serves both for 40 and 50, that at 30 for 

SO and 60, &c. The reason of this will appear if we consider 

that the tangent of any arc is to the radius, as the radius to th^ 

, . , . , , . tans^ent radius 

co-tan&:ent; or, which is the same thmg, — ^~. — = , 

° ° radius co-tangent 

or logarithmically speaking, the difference between the tangent 
and radius is equal to the difference between the radius and co- 
tangent. But the tangent of 45° is equal to the radius, there- 
fore the difference between the tangent of an arc (below 45°) 
and 45% is equal to the difference between* the co-tangent of 
that arc and 45°; viz. they are both equidistant from 45°. 

(T) The line of tangent rhumbs is constructed in a similar 
manner as the line of tangents, by taking the arithmetical com- 

* The arithmetical complement of any logarithm is what that logarithm wants 
pf 10; or what a sine, &c. wants of the logarithmical radius. Thus the arith- 
metical complement of 2-56820, the logarithm of 370, is 7'43180; the arithmeti- 
cal complement of 9*53405, the logarithmical sine of 20, is -46595. 

c3 
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plements of the logarithmical tangents of the degrees and mi- 
nutes contained in the first four points of the compass, and 
setting them from the end of the line towards the left hand. 

(U) The line of versed sines is constructed by the help of a 
table of logarithmical versed sines extending to 180^. Take 
the logarithmical versed sines of the supplemaits of the arcs, 
and subtract the logarithm of 2 from them, the arithmetical 
complements of the remainders, taken from the same scale of 
equal parts as the other lines were constructed from, and ap- 
plied from the right hand towards the left, will give the divi* 
sions of the line of versed sines. 

(W) The nature and use of this line are, I believe, very im- 
perfectly understood ; and in order to explain them clearly, 
we must have recourse to the inventor, viz. Gutvter; he says^ 
p. 231, Leyburn's edition 1675, that he contrived this line 
" for the more easy finding of an angle having three sides, or 
** a side having three angles of a spherical triangle given." 
He then gives the following proportions : 
As radius As this fourth sine 

Js to sine of one of the sides Is to sine of half the sum of the 
containing any angle; so is three sides; -so is the sine of this 
the sine of the other contain* half mm diminished hy the side 
ing sidey to a fourth sine. opposite the given angle^ to a 

I seventh sine. 

The mean pro}x>rtional between this seventh sine and the 
radius, gives the sine of the complement of half the angle re- 
quired. — By the scale, 

(X) Extend the compasses from the sine of 90 to the sine of 
one of the sides containing any angle; that extent applied the 
same way will reach from the sine of the other side to 2l fourth 
sine. From this fourth sine extend the compasses to the sine 
of half the sum Of the three sides, and this extent applied the 
same way will reach from the sine of the difference between 
the half sum of the three sides and the side opposite the angle 
taken, to a seventh sine; immediately ninder which, stands the 
angle required in the line of versed sines. 

It is for this reason that the line of sines and versed sines are 
placed so close together. This is * Gunters Rule, and it is more 

* As Gunter* 8 Yrorks are merely practic&l, perhaps an investigation of these pro* 
portions will be acceptable to some readers. 

Let Asc be any spherical triangle whatever, it is (; 

demonstrated in Spherical Trigonometry that sine ab 

X sine bc : square radius : : sine ^ (ab' + bc + ac) x 

sine ^ (ab + bc + ac) — ac ; square cosine J b* But J^ 

radius x versed sine supp' b 
square cosine J b — r ^^ — , hence 
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simple in its application than that which Robertson has f;iven 
in his Navigation, without demonstration (Art 29, Book IX.), 
for working an Azimuth. 

(Y) The line of meridional parts is constructed by the help 
of a table of meridional parts. Take the meridional parts 
correspondent to the several degrees of latitude from the table, 
and divide them by 60; take these quotients from the scale 
of equal parts, already described under the article meridional 
parts, and set them off on the line of meridional parts from 
the right hand towards the left. 



THE USE OF THE LOGARITHMICAL LINES ON GUNTER'S 

SCALE. 

By these lines and a pair of compasses, all the problems of 
Trignometry and Navigation, &c. may be solved. 

(Z) These problems are all solved by proportion : Now in 
natural numbers, the quotient of the first term by the second is 
equal to the quotient of the third by the fourth: therefore loga- 
rithmically speaking, the diffei'ence between the first and 



sine AB X sine bc ; square nid. : : sine \ (ab -I- bc + ac) x sine \ (ab + bc + ac) 

rad. X Vers, sine supp^B . . , ' \ r . 

—AC : — ■■ S-2- — , or, sine ab x sine bc : rad. : : sine \ (ab + bc 

... vers, sine supp^ b . .^ r n *u * 

+ ac) X sine J (ab + bc + ac)-ac: --^—^ hence it follows that 

sine AB X sine bc vers, sine supp' b .,, x •«i/'«.»«j^. 

— ■■ -— X Ol— =3 8ine4(AB+Bc + Ac) X sineA(AB + bc -«- 

rad. 2 '^ 

ac) — AC. 

Now Gunter*8 proportions are 

rad. : sine ab ; : sine bc : = 1 tnejounn sine, 

racL 

^^sineABxsincBC^ sine i (a» + "c + ac) : : sine i (ab + bc + ac)-ac 

rad. 
Tcrsea sine supp b^ ^^ ^^^ ^^^ ^^ multiplying the extremes and means, we 

have the equation tha^e. The mean proportion between the 7th sine, and the 
radius, gives the cosine of half the angle required ; for, square cos. | b» 

rad. X versed sine supp^B . . , « / j versed sine supp* b 
^-^-—, hence cosine J B=» \/ rad, x ^ ^ 

^ rad. X 7th sine, the mean proportioiftd* *' But because the finding the mean 
'* proportional between the radius or sine of 90^ and the 7th sine, is somewhat 
** troublesome," says Gunter, ** I have added this line of versed sines, that hav- 
** ing found ihe 7th sine, you might look over against it and there find the angle.'* 
Gunter has neither shewn the construction of the line of versed sines nor given 
the investigation of the above proportions; but he has illustrated them by a prac* 
tical example, wherein the three sides of a spherical triangle are given to find 
an angle. 

C 4 * 
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second term is equal to the difference between the third and 
fourth; consequently on the lines on the scale, the distance 
between the first and second term will be equal to the distance 
between the third and fourth. And for a similar reason,, be-* 
cause four proportional quantities are alternately proportional^ 
the distance between the first and third terms, will be equal 
to. the distance between the second and fourth. Hence tb^ 
fi^owing 

(A) General rule. The extent of the compasses from 
the first term to the second, will reach, in the same directimiy, 
from the third to the fourth term. Or, the extent of the com- 
passes from the first term to the third, will reach in the same 
direction^ from the second to the fourth. 

By the same direction is meant that if the second term lie 
on the right h^nd of the ^rst, the fourth will lie on the right 
hand of tne third, and the contrary. This is true, except the 
first two or last two terms of the proportion are on the line of 
tangents, and neither of them under 45^; in this case the ex- 
tent qn the tangents U to be made in a contrary direction : For 
had the tangents aboVe 45° been laid down in their proper 
direction, they would have extended beyond the length of the 
scale towards the right hand ; they are therefore as it were 
folded back upon the tangents below 45^, and consequently lie 
in a direction contrary to their proper and natural order. 

(B) If the last two terms of a proportion be on the line of 
tangents, and one of them greater and the other less than 45°; 
the extent from the first term to the second, will reach from 
the third beyond the s,cale. To remedy this inconvenience^ 
apply the extent between the first two terms from 45* back- 
ward upon the line of tangents, and keep the left hand point 
of the compasses where it falls ; bring the right hand point 
from 45^ to the third term of the proportion; this extent now 
in the compasses applied from 45° backward will reach to the 
fourth term, or the tangent required. For, had the line of tan- 
gents been continued forward beyond*45*', the divisions would 
have fallen above 45° forward ; in the same manner as they fall 
under 45° backward. 

CHAf. V. 

GEOMETRICAL DEFINITIONS, AND INTRODUCTORY PROBLEMS. 

DEFINITIONS, &C. OF ANGLES. 

(C) An angle is the inclination or opening of two straight 
lines meeting in a point as A. Ar 
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(D) One angle is said to be less than another, when the lines 
which form it are nearer to each other. Take 
two lines ab and bc meeting each other in 
the point b ;conceive these two lines to open 
like the legs of a. pair of compasses, so as 
always to remain fixed to each other in b. While the extre- 
mity A moves from the extremity c, the greater is the opening 
or angle abc ; and, on the contrary, the nearer you bring 
them together, the less the opening or angle will be. ' 

(E) The magnitude of an angle does not consist in the length 
pf the lines which form it, but in the extent of their opening or 
inclination taeach other. Thus the 
angle abc is less than the angle aBc, 
though the lines ABand cb which form 
the former angle, are longer than the 
lines OB and cb which form the latter. 

(F) When an angle is expressed by three letters, as abc, 
the middle letter always stands at the angular point, and the 
other two letters at the extremities of the lines which form the 
angle ; thus the apgle abc is formed by the lines ab and cb, 
and that of aBc by the lines cb and CB, &c. 

(G) Every angle of a triangle is measured by an arc of a 
pircle described about the angular point as a centre, thus the 
arc ac is the measure of the angle anc and the arc de is the 
pleasure of the angle abc. 

(H) The circumference of every circle is supposed to be 
divided into 360 equal parts called degrees, each degree into 
60 equal parts called minutes, each minute into 60 equal parts 
called seconds. The angles are measured by the number of 
degrees cut from the circle by the lines which form the angles ; 
thus, if the arc de contain 20 degrees, or the 18th part of the 
circumference of the circle, the measure of the angle abc is 20 
degrees. Degrees, &c. are thus marked, 44° 32' SI'' 14"^ &c# 
and read 44 degrees, 32 minutes, 21 seconds, 14 thirds, &c. 

(I) When a straight line cd standing 
upon a straight line ab, makes the angles 
CDB and CDA on each side eqtial to one 
another, each of these equal angles is said 
to be a right angle, and the lin^ cd is per- 
pendicular to AB. The measure of a right -^ 
angle is therefore 90®, or a quarter of a circle. - 

(K) An acute angle is less than a right angle, or 90% as edb* 

(L) An obtme angle is greater than a right angle, or 90®, 
as ade. 

(M) If ever so many angles are formed at the point p, on the 
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same side of the line abj they are altogether equal in measure 
to two right angles, or 180^ 



PROBLEM I. 



»A. 



D 



b: 



Ml 



(N) To erect a perpendicular from a 
given point d in a given line gh, or to 
make a right angle. 

On each side of d take the equal 
distances ad and bd. I 

With any extent of the compasses 
greater than ad, and centres a and b, describe arts crossin^g; 
each other in c ; a line cd, drawn through c and d, will bethe 
perpendicular required. 

(O) Otherwise. When the point d is at 
the end of the line gh ; with the centre d 
and any opening of the compasses describe 
an arc ; set off the distance ad from a to b ; 
with B as a centre, and the distance ab in your 
compasses describe another arc ; through a 
and B draw the line abc, cutting the second * -^ ^ 
arc in c ; lastly^ through c and d draw the line cd, and it will 
be the perpendicular i*equired. 






/- 
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PROBLEM II. 



G^ 



B 









B 
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(P) From a given point c, not in the straight line gh, to dram 
a staight line cd perpefidicular to gh. 

Take any point eon the contrary side of 
GH to which the point c is, and with the 
distance ce and centre c describe an arc 
cutting GH in a and b ; with a and b as 
centres, describe arcs crossing each other 
in £, a line cde drawn through c and £ 
will be the perpendicular required. 

(Q) Otherwise. When the point c is 
near the end of the line gh. Take any 
points A and g in the line gh, with the 
centres a and g, and the distances ac and 
Gc, describe arcs crossing each other in £, 
the line cde- drawn through c and £, will 
be the perpendicular required. 



A/ 3 
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Take the ex- 



PROBLEM III. 

(R) To make an angle of any proposed number of degrees upon 
a given straight line^ by the scale of chords. 

Upon the line db to make an angle of 30^* 
tent of 60° from the line of chords, with 
which and the centre d, describe the arc ef* 
Take 30* from the same scale of chords and 
set them off from ^ to c ; through c draw the 
line DC, then cdb is the angle required. 

7h make an angle of 150^. Produce ^)< 
the line bd to e* with the centre n : 
and the chord of 60° describe a semi- <?"" 
circle, take the given obtuse angle from 

180° and set off the remainder, viz. 30® from e to c, through 
C draw CD, th^n cdb is the angle required. 




PROBLEM IV. 




(S) jln angle being given, to Jind how many degrees it con-- 
tains, by a scale of chords. 

With the chord of 60** in your compasses 
and centre d describe an arc ef, cutting db 
and DC in e andy. Then take the distance 
efixx your compasses, and setting one foot on 
tjbe brass pin at the beginning of the c 
chords on your scale, observe how many [y^ 
d^rees the other foot reaches to, and / 
that will be the number of degrees con- 'g' 
tained in the arc ef, or. angle cdb. 

If the extent ef, reach beyond the scale, which will always 
be the case when the angle is obtuse, extend the line bd from 
D towards^, and measure the arc ^y* in the same manner, the 
degrees it contains deducted from 180^, will give the measure 
of the angle cdb. 



J) 



bFFINlTlONS, &C. OF TRIANGLES. 

(T) A plane triangle is a space included by three straight 
lines, and contains three angles. 

(U) Triangles are of various kinds, but in trigonometry 
only two kinds are considered, viz. right angled triangles, and 
obhque angled triangles ; which indeed include the whole. 
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( W) A right angled triangle* is that which 
has one right angle in it, as p. The longest 
side AG, or that opposite to the right angle b, 
is called the hypothenuse; the other two ab 
and BG, are called thje legs, or sides, or the 
base and perpendicular. Ba<r^ P 

(X) The sum of the three angles of every plane triangle is 
equal to 180% hence in a right angled plane triangle, if either 
licute angle be taken from 90% the remainder will be the other 
acute angle. 

(Y) The complement of an arc, or angle less than 90*^, is 
what that angle wants of di. quadrant, or 90^. 

(Z) If one acute angle of a right angled triangle be 45% or 
half a right angle, the other acute angle will also be 45° or half 
a right angle ; and the base and perpendicular will be equal to 
each other. 

(A) If two right angled triangles abc and ^C 
a5c, have the angle a common, they are equi- 
angular and similar ; that is, the sides about 
the equal angles are proportional, viz. 

ab : bg::a6: icand ab: bg::ac: a^, &c. 

A 

Hence if a straight line be drawn parallel to qne of the sides 
of a plane triangle, it will cut the other two sides propor- 
tionally. 

(B) An oblique ar^led triangle is that which 
has not a right angle in it ; hence two of its 
angles must necessarily be acute, or each less than 
a right angle, but the remaining angle may be 
either [greater or less than a right angle ; as a 
andB. 

(C) Any one angle of an oblique plane triangle subtracted 
from 180% leaves the sum of the oth^r two angles. Or the sum 
of any two angles subtracted from 180% leaves the third angle* 

(D) The supplement of any angle is what that angle wahts of 
180% Hence the supplement of any one angle is always equal 
to the sum of the other two. 

(E) Any two sides of a triangle added together are greater 
than the third side. The greatest side of any triangle is oppo- 
site to the greatest angle ; and the contrary, the greatest angle 
is opposite to the greatest side. 



* An equilateral triangle has three equal sides ; an isosceles triangle has two of 
its sides equal ; an acute an^ed triangle has three acute angles ; and an obtiise angled 
triangle has two acute angles^ and one obtuse. 
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(F) Every triangle has two of its angles acute, and if the 
third angle be either a right angle, or an obtuse angle,^ it is op- 
posite to the greatest side. 

(G) If a perpendicular bd be 
drawn upon the Longest side of any 
triangle, from the opposite angle, it 
will fail within the triangle; and the 
greater segment ad, will meet the 
greater (ab) of the other two sides 
and the less segment dc, will meet the less of these sides (bc). 

(H) In an equilateral or isosceles triangle a perpendicular 
BD drawn from the vertical angle, will bisect both the base and 
the vertical angle. 

(I) If any one side of a plane triangle be produced, or ex- 
tended beyond the angular point, the outward angle will be 
equal to the two inward angles, 
opposite to the angular point where 
the side is extended. Thus in the 
triangle abc, if the measure of the 
angles be as expressed in the tri- 
angle, and the side ab be produced A B I) 
to D ; then will the angle cbd, be equal to the angles bac and 
bca together. 

(K) In a right angled plane triangle, the hypothenuse is 
equal to the square-root of the sum of the squares of the base 
and perpendicular : and the square-root of the difference of 
the squares of the hypothenuse and either of the other sides, 
is equal to the remaining side« 

(L) Each of the angles of an equilateral triangle is 60 de- 
grees* 

(M) Each of the angles at the base of an isosceles triangle 
b equal to half the supplement of the vertical angle, or to the 
complement of half the vertical angle. 

(N) If two straight lines intersect each other, the vertical 
or opposite angles will be equal. , 

(O) If a stright line intersect two parallel straight lines it 
makes the alternate angles equal to each other, and the exte- 
rior angle equal to the interior and opposite on the same side 
of the line. 

(P) AH angles in tlie same segment of a circle are equal to 
each other. 

(Q) An angle at the centre of a circle is double to an angle 
at the circumference when they both stand on the same arc. 

(R) Every angle in a semicircle is a right angle. 
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CHAPTER I. 



DEFINITIONS OF PLANE TRIGONOMETRY, WITH THE INVES- 
TIGATION OF GENERAL RULES FOR CALCULATING THE 
SIDES AND ANGLES OF PLANE TRIANGLES. 

(A) PLANE TRIGONOMETRY is the art of measur- 
ing and calculating the sides and angles of triangles described 
on a plane surface, or of such triangles as are composed of 
straight lines. It likewise includes the relation between the 
radius of a circle and certain other straight lines described in 
and about a circle* 

(B) The theory of triangles is the very foundation of all 
"" geometrical kqpwl^ge, for all sttraight lined figures may be 

reduced to trangles. The angles of a triangle determine only 
its relative speciesi and are measured in degrees^ mintUeSi and 
seconds (H, 25) ; but the sides determine its absolute magni- 
tude, and are expressed in yards, feet, chains, or any other 
lineal measure^ 

(C) A circle is a plain figure contained under one line 
called the circumference, to which all lines drawn from the 
centre are equal. Thus abdbha is the circumference ; c the 
centre, and ca, cd, cb, cb, cf, are all equal to each other. 

(D) The distance from the 
centre of a.circle to the circumfer 
ence is called the radius, thus cAf 
CB, CD, &c. are radii. 

(£) A straight line drawn 
through the centre of a circle to 
touch the circumference in two 
points, is called a diameter, and b 
is always double the radius* 
Thus AD and b6 are diameters, 
and are each of them double of 
AC or of be. 

(F) The exact ratio between 
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the radios and the circumference of a circle being unknown, 
mathematicians were at a loss to form a comparison between 
the sides and angles of a triangle, since they could not com- 
pare a straight line with any part of the circumference of a 
circle. They were therefore under the necessi^ of deter- 
mining the relation between the radius of a circle, and certain 
other straight lines described in and about a circle, called 
chords^ sinesj tangents, &c. 

(G) The chord of an arc is a straight line drawn from one 
extremity of the arc to the other. Thus ba is the chord of 
the arc ^h, or of the ai*c hafbd&. 

The chord of an arc of 60^ is equal to the radius of the circleJ^ 

(H) The complement of any arc is the difference between that 
arc and a quadrant. Or it is the difference between any an^e 
and 90^. Thus the arc af is the complement of the arc bf, 
or the angle acf is the complement of the angle fcb. 

(I) The supplement of any arc is the difference between that 
arc and a semi-circle. Or it is the number of degrees which 
any angle wants of 180^. Thus the arc bf is the supplement 
of the arc FAH&, or the angle fcb is the supplement of the 
angle Fci. 

' (K) The sine of on arc is a straight line drawn from one end 
of that arc, perpendicular to a diameter passing through the 
other end of the same arc* Thus fg is the sine of the arc bf, 
ox it is the sine of the supplemental arc fah6. 

The sine of an arc of 90^ is equal to the radius, for AC is the 
sine of the arc ba. The sine of an arc of 30° is equal to ha^f 
the radius.\ 

(L) The tangent X of an arc is a straight line drawn from 
one extremity of the arc, perpendicular to the diameter, and 
is terminated by a straight line drawn through the centre of 
the circle and the other extremity of the arc. Thus bt is the 
tangent of the arc bf, or of the angle bcf. 

The tangent of any arc is equal to the tangent of the supplement 



* For (Eudid 15. of lY.) the side of a hexigon, which it the chord of tfOS is 
equal to the radius of the circumscribing circle. 

t The sine of any arc is equal to half ike chord ofdoulle that arc; thus let ar 
and BH (Plate I. Fig. i.) be equal arcs, then foh is the chord of the douUe arc 
FBH ; aod roH is bisected in a (Euclid S. of III). Therefore if fb be an arc of 
SO^y TO its sine will be half the chord of 60^, and the chord of 60^ has been shewn 
to be equal to the radius, therefore the sine of SO*' is equal to half the radius. 

i TTie semiUangent of an arc is the tangent of half that arc. Let sr be any arc 
(Ilate i. fig. 1.) then mc is the semi tangent of that arc. For the angle wcm is 
double the angle rbB (Euclid 20. of III.) consequently the arc oc, of which em k 
the tangent, is the half of the arc bf. 
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^ihat arc.* The tangent of 45° is equal to the radius^\ and 
an arc of 90^ has no tangent. 

(M) Tke secant of an arc is a straight line drawn from the 
centre of the circle, and produced till it meets the tangent. 
Thus CT is the secant of the arc bf, or of the angle bcf* 

The secant of any arc is equal to the secant of the supplement 
of that arcX The secant of 45° is equal to double the sine of 
45°,§ and an arc of 90° has no secant. 

(N) The versed sine of an arc is that part of the diameter 
which is contained between the sine and the arc. Thus bg is 
the versed sine of the arc bf, and ba is the versed sine of the 
supplemental arc fah&. 

The versed sine of the supplement of an arc, is the difference 
between the versed sine of that arc and the diameter* 

For Ag i= in — gb; or, gb =: Jb— 6g. 

(O) The cosine of an arc is the sine of the complement of 
diat arc ; or it is that part of the diameter contained between 
the centre of the circle and the sine. Thus fe is the cosine of 
the arc bf, being the sine of af, which is the complement of 
bs ; or CG is the cosine of bf, because cg = fe. 

The cosine of an arc is equal to the cosine of its supplement. . 

The cosine of an arc, less than a quadrant, is equal to the 
radius diminished by the versed sine. For cg = cb — gb. 

(P) The co-tangent of an arc is the tangent of the complement 
of that arc Thus ak is the co-tangent of the arc bf, being 
the tangent of the arc af, which is the complement of bf. 

The co'tangent qfan~arc is equal to the co-tangent of its sup' 
plement. 

(Q) The co^secant of an arc is the secant of the complement 
of that arc. Thus ck is the co-secant of the arc bf^ being the 
secant of the arc af. 



* The supplemental tangent will fall on the contrary side of the diameter. Let 
BF be any arc, (Plate I. fig. 1.) its supplement is fa/6, bt is the tangent of the 
supplement^ and it is equal to bt. For -the right angled triangles cbt and cbt are 
equi-angular, and have the side cb equal to cb. 

f For in this case the angle bct, measured by the arc bf ( Plate I. fig. 1.,} will be 
half a right angle ; consequently the angle btc will be half a right angle; the triangle 
is therefore isosceles, and bc^^bt. 

^ Though the secant of an arc, and the secant of its supplement, be the same in 
quantity, they have contrary directions like the tangents. For bt (Plate I. fig. 1.) 
has been shewn to be the tangent of the supplemental arc fa/6, and equal to tb ; 
it is plain therefore that ct = c2. 

§ For if the arc bf = 45°, bc = bt ; and (Euclid 47. of I.) cb ?.+ bt' = cr' 
the square of the secant, == cb' + ac' = ab' ; therefore ab=ct, that is, the chord 
of 90° is equal to the secant of 45°. But the sine of 45° is equal to half the 
chord of 90° (K. SI. and Note), therefore the sine of 45° is equal to half its 
secant. 
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The cosecant of an arc, and the co-secant of its supptement^ 
are t^the same magnitude. 

(R) The convened sine of an arc is the versed sine of the 
complement of that ara Thus» ae is the oo-versed sine of the 
arc BF, being the versed sine of the arc af. 

(S) Tlie co<hord of an arc is the chord of the complemtfit 
of that arc 

JT) From the preceding definitions it appears that the sine 
[ co-sine of any arc can never exceed the radius; the secant 
and oo-secant always exceed the radius, and the tangent and 
co-tangent admit of all possible d^rees of magnitude. Also, 
that any side of a triangle may be considered as the radius of 
a cirde^ and that the other sides will necessarily become either 
sines, tangents, or secants. 

(U) Thus, 1 st Wthe hypothenuse ac be 
mwe the radius of a circle, it is evident 
that the perpendicular bc is the sine of the 
angle a, and that ab is the cosine thereof 
But the sine of either of the acute angles 
of a right angled triangle is the cosine of 
the other, and the contrary; therefore bc 
is the cosine of c, and ab is the sine 
thereoC 

(W) 2dly. If the base ab be considered as 
the radius of a circle, bc is evidently tbetan** 

Salt of the angle a, and ac is the secant 
ereo£ But tne tangent of one angle is the 
co-tangent of the other ; also the secant of 
one angle is the co-secant of the other : there- 
fore bc is the co-tangent of c, and ac is the 
co-secant of c. 

(X) Sdly. If the perpendicular i&c be considered as the radius 
of a circle^ it is evident that tlie base ab will be 
the tangent of the angle c, and the hypothenuse 
AC will be the secant thereof. But because 
the tangent, secant, &c. of one angle of a right 
angled triangle is the co-tangent, co-secant, &c.' 
of the other ; the base ab will be the co-tangent ^ 
of the angle a, and the hypothenuse ac will be 
its oo-secant. 
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I'AttSTtOfATtOVf or ItUlES FDR CATXULATING THE SIDES AND 

ANGLES OF PLANE TRIANGLES. 

PROPOSITION I. f Plate L Fig. 4.^ 

(Y) In any right angled plane triangle, tf any of the three 
sides be made the radius of a circle; the other sides will be either 
sineSf tangents^ or secants^ of the respective anjglCf correspon- 
dent to that raditis: and wUl be similar to the sines^ tangents^ 
cr secants in the tables^ when compared with the tabular ra-. 
diuSm 

TbesineS) tangents^ &c. of all angles whatever^ are calcu- 
lated to the logarithmical radius of ten thousand millions^ aqd 
arranged in tables for the convenience of calculation. Now. 
as no triangle can be formed, but another may be formed 
similar to it, and that the sides about the ^qual angles of simi-. 
lar triangles are proportional; ifA(2, ce^ hb^ and c&, each re- 
present Sie radius in the tables, then will af and co be the 
secants^ £f and 6& the tangents, and nd and e^ the sines in 
the tables. Then, 

^^ I. Jfthe hypothenuH be the rodwf of a chxk. 

Because the triangles e ec and abc are sin^ar, 

ce : AC : : xe : ab 
vis. rocfiiM t htfpothf t: sine of angle Q 'b: cosine (f a: base, 

dffuAt because the trianglea And and abc are simUar, 

A(f : AC : : nd : sc . '\^ 

m* radius : hypoth, : : sme ofan^ a =3 cosine ofc : perp, 

(Z) Therefore, the sine of any angle is to the side opposite 
ta it, as tlie sine of any other angle is to its opposite side. 

II. If the base be the radius of a circle* 

Because the triangles a6f and asc are similar^ 

Ar : AC 
And Af AC 

vix, secant of an^ A^cosec* ofc : kypoth^ 
tmd, secmt of angle Asscosec, of c : hypoth, 

(A) Hence. Radius : base : : tangent of the angle a, or co- 

tangent of the angle c : perpendicular. 

llh ffthe perpendicuiar be the radius of a circle. 

Because the triangles cbc and abc are similar^ 

CO ; AC :: 6a : ab 
And, CQ : AC li cb bc 

viz* secant of angle c^cosec* of a : hypoth.lltang, of angle cscoton. of a : base* 
andy secant of an^ c « cosec. of a : hypoth, : ; radius : perpend* 

(B) Hencjs. Tangent of angle c, or co-tangent of a : 

base ; : radius : perpendicular. 



A& 


: AB 


bw 


: Bc' 


radius 


: base, 



: tang* of angle A ^ eotan* if c : petp.) 
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Any of the foregoing quantities are proportional by inver* 
sion, &c. 



PROPOSITION II. 

(C) The excess of the greater of two given magnkudes ahaoe 
half their sim^ is equal to half the difference betxveen those mag" 
nitiides : or half their sum increased hy half their difference^ 
gives the greater magnitude; and beifig diminished by half their 
d ijfmm e e j leaoes the less magnitude. 

Let AC and cb be two unequal 
magnitudes, of which ac is the ^ F P ? ^ 
greater. 

Bisect AB in d and make ae =: cb, then will ad = half the sum 
of AC and cb, and DC=:half the difference; for, since ab is 
bisected in d, and ae=:cb, it follows that £c is bisected in d, 
and EC is the diflference between ac and cb. 

Hence AC— AD =s DC ; or ad + dcseac, and ad— (ed!:=:oc) 
=:ae {=:bc). q. e. d. 



PROPOSITION m. 

(D) In any plane triangle, the sine of any un^e^ is to the 
side opposite to itj as the sine of any otha' angle^ is to the side 
opposite to itf and the contrary. 

Since any triangle whatever may 
be inscribed in a circle, let abc be 
die gtyen ti*iangle and o the centre 
of the circle. Draw od and oe per- 
pendicidar to the sides of the tri- 
angle, tlien (by Euclid 3 of III. and 
30 ^IIL) tlie sides of the triangle 
will be bisected, and also the arcs which these sides subtend. 
Now an angle at the centre of a circle is double to an angle at 
the circumference when they stand on the same arc, (Euclid 20 
^IIL) therefore an angle at the centre is equal to an angle at 
the circumference standing on the double arc; or in other 
words, an angle At the circumference of a circle is measured by 
half the arc on wfiich it stands^ and an angle at the centre ^ 
the iKfioie arc on which it stands: hence the angle cod = the 
angle cab, and coe =;: cba, &c. Now ci is the sine of the anp;Ie 
COD, and cm is the sine of the angle coe. Draw mi^ which 
will be parallel to AS, then per isimiiar triangles t\ \ c»\\cm I 

d2 
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AC) viz. the sine of the. angle at a, is to the side bc^ as die 
sine of the angle at b, is to the side ac> and the contrary by 
inversion. 

CoRol. The sides of triangles are to each other as the 
chords of double their o]:^posite angles. 



PROPOSITION IV, 

' (E) 1. In any plane triangle, the sum of any two sides is to 
their difference, as the tangent of half the sum of their "opfpo^ie 
angles, is to the tangent of ha\f their difference. 

Let ABC be any triangle; make be=:bc and join ce, then.tbe 
angle CBE, being the exterior angle of the triangle abc, is eqqal 
to CAB+BCA. (£uclid S2 C 

Bisect AE in d and C£ in 
o, then join no and it will ^ f^'\ ^ :::'.^^...V.>>:g 

be parallel to ac : draw bf 
pariallel to dg^ join bg, and . . - 

with the centre b and radius bo describe a circle. 

The angle CBGz:the angle ebg equal to half the sum of the 
angles cab and bca ; for the triangles cbg and ebg have the 
two sides bc and cg, equal to the two sides be and eg, and the 
side BG common to both, therefore they ^re equal in all respects. 
(Euclid 8 of\.) 

BF being parallel to ac, the angle FBEcthe angle CAB, anfl 
the angle cBF=the angle acb. . (Euclid 29 of\^ 

The angle gbf= half the difference between the angles cbf 
and FBE, for it is tlie excess of the greater above half their sum 
gbe (C. 35); hence ge=: tangent of the half sum, and gf=: 
tangent t)f the half difference between the two angles cbf and 
FBE. For the same reason, db being the excess of the greater 
of the two ^ven lines ab and be or bc, above half their sum 
AD, it is equal to half their difference. 

By similar triangles, D£=^(ab4*bc) : DBr:4-(AB— bc)!:ge 
,z=tangenl; 4- (ACB+xiAB) : GF=:tangent \ (acb— cab) q. s. d« 
Half the sum of the^angles acb and cab added to half thdir 
difference gives the angle opposite to the greater side (C. 95) 
for' tbe greater an^e is opposite to the greater side: and. half 
the Slim diminished by half the difference, gives the angle op- 
posite to the less side ; for the les% angle is opposite to we less 
side. (Euclid 18 qfl.) 

(F) Note. Instead of the tangent of half the sum of the 
opposite angles, the tangent of half the supplement of the con- 
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tained 
tained 



angle may be used; or the co-tangent of half the con- 
angle \ which are all equal to each other* ^ 



PROPOSITION V. 




(G) In any plane triangle^ dotdbU the base or longest side, is 
to the sum of the other two sides^ as their difference is to the dis^ 
tance cf.a perpendicular from the middle of the base;. this dis- 
tance^ added to half the base^ gives the greater segment^ and 
being siAtracted leaves the less. 

Let ABC be the triangle 5 with c as a 
centre, and the radius CB=the least side^ 
describe a circle, produce ac to h; then 
because cp=cb=ch; aa = ac + cb the 
sum of the sides, and af = ac '— bc the ^ 
difierence between the sides. 

Because cd is perpendicular to gb,gd:=bd (Euclid S qfUh) 
therefore ag is the difference between the segments of .the 
base; but £d=|- ag (C. 35.) for it is the excess of the greater 
segment ad above half their sum ae; ab being the base, or sum^ 
of the segments ad and db, and ae its half. 

Then (Euclid 36 of 111, coroL) ah x af = ab x ag, there- 
fore AB : ah::af : ag, that is ab : ac+cb::act-cp^ seq, 

or, 2ab : ac+cb::ac— CB : ED the distance of the perpcaidi- 
* cular CD from the middle e of the base ; and that ed added to 
half die base ae gives ad the greater segment, &c. is obvious. 
Q. e« D. 

PROPOSITION VI. 

(H)^ l^Wwn half the sum of the three sides of any triangle svi- 
tract the side opposite to the angle sought^ and note the half sum 
and remainder. Then^ the rectangU of the sides, containing 
that angle^ is to the square of the radius^ as the rectangle of the 
Jialfsum and remainder is to the square of the cosine of half the 
angle taken. . 

Let ABC be the triangle ; bisect the angle cab by the inde- 
finite line AH, and draw eg perpendicular to ad. Draw d^o 
parallel and equal to cb, join gb and produce it to it. 

• Since the sum of the three angles of every triangle is equal to two right 
angles, it is plain that half the suni of any two angles is half the supplement of the 
Child angle. And," that the tangent of half the supplement of anj angle is eqqal 
to tlie co-tangent of half that angle may bo thus shown : 

LetHBT (Fig. I. Plate 1.) be any arc bisected in b, and fa^, ita supplement, 
biscicted In a ; then ak, the co-tangent of tiie half arc sr, is evidently the tangent 
dC the Indf supplement Ar. 

D 3 
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Now the triangles ade and adc have the two. sides dc and 
]>E equal to each other (by construction), and die side ad com- 
motif also the angles about d are right angles, therefore ac= 
AE^ (Euclid 4 qfh) and consequently eb is equal to the dif- 
ference between the sides ac and ab. 

Because the side £c of the triangle ceb is bisected in d, and 
BF is parallel to cb (by construction), £f=:fb, therefore fb= 
half the difference between the sides ac and ab, and AF=:;half 
V their sum. (C. 35.) 

By construction cb is equal and parallel to dg, therefore 
(Euclid 33 of I.) OB is equal and parallel to CD or de, for the 
same reason dbge is a parallelogram, and fdzfg, for the 
diagonals of a parallelogram bisect cadi other. And, since ob 
is parallel to ed, gh is also parallel to it, and the angle at d 
bemg a right angle, the angle at h is also a right angle. With 
F as a centre, and radius Fnr: fg=-^ cb describe a circle, which 
willpass through the point h. (Euclid 31 of llh) 

Since FG = i' CB, Fi = I- CB, but 
Avzz-i- (ac+ab), to each of these 
equals add Fi or tlie half of cb, 
then will ai = -J- (ac + ab + bc), 
but Ki r: DG = CB, therefore ak ^ 

ZZAl^<:^ZZi (AC4"AB-f bc) — BC 

{radius ! AE::sine aedz: cosine dae : ad 1 /7 a±\ 

radius : ab:: sine ABH=:cosine HABriDAE ! ah j ^ ^^ 
Hence, square radius : ae x ab : : square cosine dae : ad x ah. 
But AH X AD = AI X ak (EucHd 36 of llh)j and ae = ac; 
therefore square radius : ac x ab:: square cosine dae : ai x 
ak ; or AC X AB : square radius : : ai x ak : square cosine dae; 
that is, AC X AB : square radius : : ^ (AC+AB + Bc) + (-t ac + 
ad+bc)— BC ! square cosine dae=:^ cae or cab, q* ^* ^* 

PROPOSITION VII. 

(I) From half the sum of the three sides qf any plane triangle 
subtract the side opposite to the angle sought^ and note the re- 
mainder: Also from the said half sum subtract each of the other 
sides qf the triangle. Then, 

The rectan^e contained by half the sum qf the sides and the 
first remainder^ is to the square of the radius ; as the rectangle 
contained by the other two remainders is to the square qf the 
tangent qf half the angle sought. 

The same construction being made as in the preceding jpro- 
position, ai =i (AC + AB + bc), and aks ^ (ac + ab + 3g)— bc. 
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In the right angled triangles ade and aub. 

/ radius : ad :: tangent dae : de 1 /A 34 > 
t radius : ah.* .'tangent dae : bu J ^ * *' 
Hencc^ square radius : ad x ah : : square tangent dae : de x 
BH. And AD X AH : square radius : : de x BH I square tangent 
dae. 

But AD X AH=Ai X AK (EucHd 56 ^III.) and because dS!!: 
GB being opposite sides of a parallelogram, we have de x bhi: 
GB X BH=zKB X Bi. (EucUd 35 of III.) Again, because, ki is 
bisected in f, and tliat fe and fb are equal; ke is equal to bi, 
and therefore kb is equal to £i ; but si z: ai — ae =: ai — AC, 
consequently kb=ai— ac, and bi=ai-*ab. 

Hence ai x ak: square radius : : (ai — ac) x (ai — ab) : square 

tangent dae, viz^4X^c+ ab + bc) x (^ac + ab + bc — bc) : square 
rad]us::(-i- ac+ ab+JBC— Ac)x(-t ac+ab+bc— AB):sqHai:e 

tang^t DAE. Q. £. d. 

PROPOSITION VIII. 

(K) TwUe the rectat^U of any ivix> sides of a plane triangle^ 
is to the sum of the squares of the same two sides diminished by 
the square of the third side; as radius^ is to the cosine <^ the 
an^e contained between those sides. 

Let ABC be ahy plane triangle and co a perpendicalar fVoin 
the vertical angle upon the base or upon the base produced. 

!• If the perpaidicular 
fells within the triangle ac^ 

= AB* + BC* — 2aB X BD. 

tEuCLID IS of IL) 

2* If the perpendicular 
fells without the triangle 
AC* IT AB« + BC^ -«- 2ab X 
BD. (Euclid 13 of IL) 




From the first BD=: 



AB*-|-BC'— AC- 



From the second bdzz 



2ab 

AC^ — AB^—BC^ 

2ab 



But BC ! rad.::BD : cosine of the angle b (Z. 34.) 

cos. Z. B X BC , . . . .1. r * * • 1 

— > here Z. b is acute m the first triangle, 



BD=: 



rad. 



and obtuse in the second. By substitution, 



or, 



cos. Z B X BC _ AB^ + BC- — AC 

rad. "" 2ab 

■-COS.ZBXBC AC^ — AB^— BC^ 



. rad. 



2ba 
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from either of these equations, by reduction, 

rad. X (ab« +Bc2 — Ac«) 

COS. / B=: ^ -9 

2ab X BC 

or, 2ab X BC : AB« + BC* — AC^ 1 1 rad. : cos. Z b. q. e. d. 

Note, If the sides of the triangle be large, the rule given 
above is inconvenient for arithmetical calculation. 

SCHOLIUM. 

(L) Various other propositions might be given, but the 
preceding are sufficient for solving every case of plane tri* 
gonometry. The analogies of plane trigonometry are cHily 
particular cases of spherical trigonometry, and may in ge- 
neral be deduced from thence by dimple inferences only. 

Vide Book III. Chap. V. Prop, xxviii. and the Scholium. 

solutions of the different cases of right angled 

plane triangles. 

Rules for solving the different cases both 
of right angled plane triangles, and oblique 
angled plaliie triangles, have already been in- 
vestigated* The solutions here given are 
adapted to the table of natural sines* ; and 
the method of notation is that used by La- 
grange and Legendre, the three angles of 
the triangle being represented by a, b, c, 
and their opposite sides by a, &, cr, as in the 
figure annexed; r:=:radius=sine of 90° 

Case I. Given the angles and the hypothenuse, to find the 
base and perpendicular. 

o sine A . b cos c . b tan^ a . 6 r . b 

Solution, an = = ^ == . 

r r sec a cosee a 

^cos a . 6_^sine t . b^ r . b __cot a . b 
r r sec a cosec a 




Cas^ II. Given the angles and the base, to find the hy- 
pothenuse and the perpendicular. 



* Logarithmical formulsc arc easily supplied, thus in the first case (log. sine a + 
log. 6) — 10— log. a . The introduction of such fonnulsB would only increase the 
size of the book, without any real advantage to the student. 
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^ , r • c r • e sec a • e cosec a • c 

Solution, ozz =-: = =: " 

008 A sine c r cui a 

sine A . c _co6 c • c^tang a • c^ r . c 
"" 008 A "* sinec "" r *"cotA 



Case III. Given the angles and the perpendicular, to find 
the base and the hypothennse. 

e, cos A . a sine c. a r *a cot A • a , 

Solution, czz —. =: = = 

sine A cos a tang a r 

r • a ^ r • a ^sec a . a^^cosec a . a 
""sine A^'cos c*" tang A "" r 



Case IV* Givoi the hypothennse and the bas^ to find tlie 
angles and the perpendicdar. 

r m c r . b 

Solution. Cos A=zsine c=r-T-; sec a=coscc c=— — 

o c 

Having found the angles, the perpendicular may be found 
by Case I. or by Case IL Or, a= V6«— c* = v^(6+c).(6— c). 



Case V. Given the hypothennse and tlic perpendicular, to 
find the angles and the base. > 

Solution. Sine ascos c=— t^; secc=:cosecA=:— ^; 



4 /A-« 



Having found the angles, the base may be found by Case I. 
Or^ cz: v^6«-a«= >/(6+a).(6-a). 



Case VI. Given the base and the perpendicular, to find 
the angles and the hypothennse. 

Solution. Tang a =: cotes— ^; cot a= tangos-^; 
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Or^ having found the>ai^eS| the hypotbenu^e may be found 
by Case 11. or by Case III. 



SOLUTIONS OF TH£ DIFFERENT CASES OF OBLIQUE ANGLED 

PLANE TRIANOLES. 



Case L Given the angles and one 
sidei to find the other two sides. 



sine A . r , sine b . c 
a:z — : : bzz — : 



sine c 



9 



sine c 



, sine B . a sine c . a 
A— — z ; crz 



sine A 



sine A 




sine A • 6 siriec . & 



sineB 



sine B 



Case II. Given two sides and an angle opposite to one of 
theniy to find the other angles, and the third side. 



^ ^. sine A . i . sine b . a 
SoLUTibK. Sme b=: ; sine as: ; — 



a 



sine A .c • sine c . a 

; sine Ars 



> ■ > 



smeB.c .„^^_ 
sinecn — =-. — 5 sineB;^ 



smecr: 
sine c . b 



i c 

Note. I( the given L be obtuse^ or if the side opposite to 
the givenZ.be the greater of the two given sides, then theZ 
sought is always acute : in every other case it is ambiguous. 

Two angles being now given, their sum deducted from 180°, 
leaves the third L ; hence the remaining side may be found by 
Case I. 






Case III. Given two sides and the angle contained between 
them, to find the other angles ; and the third side. 



Solution. Tang J (a '^ b) =: 



a + b 



cotic(E..36.) 



Then -|(a '^ b) + (90°— -J c) = Z. opposite to the greater side. 
And 90°-r}<^)— i (A'^b)= Z.oppobite to the less side. 
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OR THUS, 

b : allr : tang ^, and if #z be the greater of the two given 
sides, (p will bQ|{veater ilian 45^. 
r : tang (<P-45^)::cot ^ g : tang i (A'^b). 

OR THUS, 

_ sine c • b sine c • a 



cos c • a 
a b 



r r 

The remaining side maybe found from the angles, by Case I. 

OR THUS, 

Case IV. Given the three sides, to find the angles. 
Solution. Cosi,c:=:r\/M^±^^^^ 



ba 



Tang i c=r v/i^?p5f)^^ (I. 38 



.) 



Cos c=: —7 . r (K. 39.) 



Vers c=: 



2ab 
2ab 



CHAR II. 

I. PRACTICAL RULES FOR THE SOLUTION OF ALL THE DIF'- 
FERENT CASES IN RIGHT ANGLED PLANE TRIANGLES, WITH 
THEIR APPLICATION BY LOGARITHMS. 

(M) In every right angled plane triangle there must be two 
ghen quantities, one of which must be a side, (together with 
the right angle,) to find the rest. 

I. TO FIND A SIDE. 

Call any bne of the sides of the triangle radius, and write 
upon it the wor4 radius ; observe whether the other sides be- 
come sines, tai^(^ts, or secants, and write these words on 
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them accordingly. Call the word written upon each side the 
name of that side. Then say. 

As the name of the given side^ is to the gyvcp^ide ; so is the 
name of the required iside, to the required side. 

11. TO FIND AN ANGLE. 

Call either of the given sides of the triangle radius, and 
write upon it the word radius ; observe whether the other sides 
become sines, tangents, or secants, and write- these words- on 
them accordingly. Call the word written upon each side the 
name of that side. Then say, 

As the side made radius, is to radius ; so is tlie other given 
side to its name. The angles being found, the remaining side 
must be found by the first part of this rule. 

(N) or; in any right angled triangle. , 

I. The sine of any angle is to the side opposite to it, as the 
sine of any other angle is to its opposite side. Andy 

Any side is to the sine of its opposite angle, as any other side 
is to the sine of its opposite angle. 

II. Radius is to the tangent of either of the acute angles, as 
the side adjacent to that angle is to the side opposite to iL ' 

Andy The^ide adjacent to either of the acute angles is to the 
side opposite to that angle, as radius is to the tangent of that 
angle. 

III. Radius is to the co-tangent of either of the acute 
angles, as the side opposite to that angle is to the side adjacent 
to it. 

Alsoy the side opposite to either of the acute angles is to the 
side adjacent to that angle, as radius is to the co-tangent of that 
angle. . : . / 

(O) Case I. Given the angles* and the hypothenusey to Jlnd 

the bate and perpendicular. 

p ' f The hypothenuse ac= 480 1 Required th<^ base ab 
^iven -|^ rjij^^ ^gi^ ^ _ 2go g, j- ^^ J perpendicular bc. 

BY CONSTRUCTION. 

Draw the line ab of any length, make the 
angle CAB=:53^8' (R.2?) by a scale of chords, 
draw the hypothenuse ac=480 from a scale of 
equal parts, from c let fall the perpendicular 
CB (P. 26) then abc is the triangle required. 
AB measured by the same scale of equal parts, 
which, the hypothenuse was measured by, will 

be 288, and bc will be 384. 

-■ ■ - ■ ■ I -■ ■ I ■ ■ ■ ■ I I ■ • I. ■ ■ ■ . I I ■ 

* The ^'2;0n|}artsof a triangle arc generally marked with a dash !• and the re* 
quired parts with an 0^ as in the figures annexed to the constructions. 
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BY CALCULATtOK. 



I. The Jypothenme radiUs^ Bc will be the sine of the angle 
A, and AB the cosine. 



To find BC. 
radiii% jdM of 90^» - 10<XX)00 
: hjpodi. ACa480 - 2-68124 
; :BiiieZAB530.8' - 9*90311 
: perpendiciilar sea 384 2*58435 


To find AB. 
radius, sine of 90^, 
: hypoth. acs480 
: -.cosine Z A 53^8/ 
: base ab»288 


10-00000 
2-68124 
9*77812 

' 2*45996 


IL The base radius^ bc will be the tangent of the 
and AC will be the secant thereofl 


angle a, 


To find BC. 
secant ZA«53°.8' - 10-22188 
: hypoth. AC«>480 - 2*68124 
: : tang.ZA»53^.8' . 10*12499 
: petpendicular bc«bS84 - 2*58435 


To find AB. 
secant ZAa5S<'.8' . - 
: hypoth. ac»480 
: : radius, sine of 90^, 
: base abb288 


10*22188 

2*68124 

lOKXXXX) 

2*45936 



III. TTie perpendicular radius, the base ab will be the tanr 
gent of the angle c, or co-tangent of a, and the hypothenuse 
AC will be the secant of c^ or the co-secant of a. 



To find BC. 

co-secant / a » 53^8' • 10*09689 

: hypodi. ACai480 - 2*68124 

: : ndhis, sine of 90^ • lOOOOOO 

: perpendicuhur bc»SS4 - . 2*58435 



To find AB. 
co-secant Z a » 53°. 8' - 10*09689 
: hypoth. AC»480 - 2-68124 

: : oo.tangentZA«53°*8' - 9*87501 
: base abs288 • 2*45936 



(P) BY GUNTER's scale* 

m' t 

In working the several cases by Ounter's scaler we shall 
always suppose the hypothenuse radius, (where it can be dories) 
being the most simple of the three. 

1. Extend the compasses from 90^ to S9\B' on the line of 
sines, thfit extent will reach from 480 to S84 on the line of 
numbers. 

2. Extend the compasses from 90° to 36^52^ the complement 
ofthe angle Ay that extent will reach from the hypiothenuse 
Ac=480, to tlie base ab=:288, on the line of numbers. 



=500 
407-3.7 



PRACTICAL EXAMPLES. 

1. In the right angled plane triangle abc, 
Given I ^^^^390,10' ^s. | ^^^^ 

Required the base and perpendicular. 

2. In the right angled plane triangle abc, 

,^. f Hypoth. AC =98 . (abz=^5S*66 

Given I ^7^560^.^8. Ans. | ^.^g^-OI 

Required tlie base and perpendicular. 
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(Q) Case II. Given the angles and the hase^ to find the hy- 
jiothenuse and the pei^ndiadd}\ 

p . f The angle a = 53^8' \ Required the hypoth. ac, 
uiven ^ rpj^^ |,^^g^ AB=288 J ami the perpend, bc. 

BY construction. 

Draw the base ab, which make=:2889 from a 
scale of equal partSi at b erect the perpendicular 
BC (N. 26 )^ make the an^e a :±: 53^.8'. (R. 27), 
and draw the hypothenuse ac to cut the perpen- 
dicular Bc in the point c. Then will ac mea- 
.sure 480» and bc 384. 

BY CALCULATION. 

I. TTie hypothenuse radius^ bc will be the sine of tlie angle a, 
and AB the cosine* 




To find AC. 




To find BC. 




codiieZAa53°.8' 


9-77812 


cosine z A =53°. 8' 


9'77812 


: base ABS3288 


2'45939 


: base ad = 288 ^ - 


2'45939 


: : radius, sine of 90° - 


lOOOOOO 


: :«ne/A=53''.8' 


9*90311 


: hypoth. ACa480 


2*68 127 


: perpend. bc*=S84 


2-584a8 


IL The base ab 


radius^ BC \ 


n\\ be the tancfent of a% 


and AC 


the secant thereof. 








To find AC 




lb find BC. 




radius 


lOOOOOO 


radius • • 


lO-OOQOO 


: base ab»288 


2-45939 


:ba9eABB288 


2*45939 


: : secantZAa53°.8' 


. 10*22188 


: : tang.ZA=530'8' 


10-12499 


: hypoth* AC a 480 


268127 


: perp. bc=3 384 


2*58438 



, IIL The perpendictdar bc radius^ ab will be the tangent of 
c, or co-tangent of A| and ac will be the secant of c, or co^ 
secant of A. 



To find AC. 




To find BC. 




co-tangent I Am 53^.6' 


- 9*87501 


co-tangent Z a t«53^ 8* 


9«87501 


: base abb288 


2*45939 


: base ABra288 


2*45939 


: : co-secant Z a «= 53^,8' 


10*09689 


: radius 


10*00000 


: hypoth. aciv 480 


2-68127 


: perpend. Bca384 


2*58438 



(R) BY gunter's scale. 

1st. Extend the compasses, from 36^.52" the complement of 
a to 90, on the line of sines; that extent will reach from 288 
to 480= AC on the line of numbers. 

2d. Extend from 36^ 52' to SS"". 8' on the line of sines ; 
that extent will reach from 288 to bc=:384 on the line of 
numbers. 
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Given 



PRACTICAL EXAMPLES. 

!• In the right angled plane triangle abc^ 

f ^ A = 39° 10' . rAC=:645 

\ Base AB = 500 '*"^* (bcs 407-37 

Required the hypothenuse and the perpendicular. 
2. In the right angled plane triangle abc, 
p.. ^ / Z. A = 56^48' .^ J AC=98 

®*^^\Base AB=53-66 ^'^'•Ibczz 82-01 

Required the hypothenuse and the perpendicular. 

(S) Case III. Given the angles and perpendicular^ to Jind 
the hake and hypothenuse. 
Given / '^^^ angle a is 53^.8' f Required the hypothenuse 
\ The perpend. bc=:S84 \ ac, and the base ab. 

BY CONSTRUCTION. 

Draw the line ab of a sufficient length, at 
any point b erect the perpendicular bc (N. 26.) 
which makeequal to384 by a scalcof equal parts,^ 
at c make the angle acb=: 36^52' (R. 27.), the 
complement of a, from c draw the hypothenuse, 
and It wjll cut the base ab in the point a. Then 
will AC measure 480, and ab 288. 

Br calculation. 

i. The hypothenuse radius^ bc will be the sine of a> and aB 
the cosine thereof. 




To and AC. 




To find AB. 




MiBZA»5d°.S' 


9*90311 


8ineZAa53°.8' 


390311 


: pclrpeiid. BC » 384 


2-58433 


: perpend. bg=>384 


2-58433 


: : ndtos 


10*00000 


: : cosine z As 53*^8^ 


9*77812 


: bypoth^ AC»480 


2*68123 


:baseABs288 


2*55934 


II. The base ab radius^ BC w 


ill be the tangent of 


Af and AC 


the secant thereof. 






• 


To find AC. 




To find AB. 




CaageM/AtsSS^.S- 


10*12499 


tmigentz=53® 8' 


10*12499 


: perpend. bc=384 * 


2*58433 


: perpend, bc 33384 


2*58433 


'.:9eean%lA^5BP.S' 


10*22188 


: radius 


10-00000 


: hypotfa. AC=4S0 


2*68122 


: base ABas288 


2*45934 



III. The perpendictdar bc radius, the base as will be the 
tangent of c, or tlie co-tangent of a; ac will be the secant of 
c, or co«secant of a. 



To find AC. 




To fiisd ab. 




radius 


10-00000 


radius 


1000000 


: perpend, bc— 384 


-2-58433 


: porpciid. bcs:384 


2*58433 


. : co-aeicant / Aa=53°.8' - 


10.09689 


: co-tangent /:, a =53°. 8' 


. 9*87501 


•liypotfa. ACss480 • 


2-68122 


; base ab=5288 


2-45934 
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(T) BY guntek's scale. 

1. £xtend the compasses from 53^.8' to 90^ on the. line of 
sines, that extent will reach from 384 to 480, the hypothenuse 
on the line of numbers* 

2. Extend from 53° 8'.to 36^.62*9 the complement of the 
angle a,, on the line of sines, that extent will, reach from d64 
lo 288 on the line of nwnbers. 

"] PRACTICAL EXAMPLES. 

» • • •* V 

1. In the right angled plane triangle abc, 

r.- j ZAi=S9M0' j^, rAC=i645 

°'^^" { Perp. Bc=407-S7 ^- i ab=500 
Required the hypothenuse and the base. 

2. In the right angled plane triangle abC| ' 

r.- f Za=56^48' .^ rAC=98 

°^^^ 1 Perp. BC=82-01 ^^- {ab=.63-66 

Required the hypothenuse and Uie base. 
(U) Case IV. Given the kypotJienuse and base^ tojlnd the 
angles and tlie perpendictdar. 
^. (The hypothenuse AC =480 /Required the angles a 
" I The Iwise ab = 288 \ and^c, and the perp. bc 

BY CONSTRUCTION. 

Draw the base ab equal to 288 from a scale 
of equal partst at b erect the perpendicular bc 
(N. 26) ; with the distance ac=:4809 taken from 
a scale of equal parts, cross bc in the point c. 
Then bc measured by a scale of equal parts will 
be 384) and the angles a and c measured by 
a scale of chords (S. 27.) will be 53^8' and 
86^52. 

by calculation. 

I. The hypothenuse radius^ BC will be the sine of the angle 
Ay and AB the cosine tliereof. 




To find Uie angiei a. 
hypoth. AC=:480 • 2*68124 

: radius • • 10*00000 

::bascABsr288 - S*45939 

: cosine l a=5S°.8' - 9 77815 



To find the perpend, bc. 

radius - - lOKXXXX) 

: hypoth. ACr=480 • 2*68124 

::8iiieZA=:53°,8' . 8*90311 

: perpend. bc=384 - 2*58435 



IL The base radius^ bc will be the tangent of a, and ac the 
secant thereof. 



To find the angle a. 


To find BC. 




base ABsSSS - 2*45939 


radius 


10-00000 


: radius - 10*00000 


: base AB=288 


2*45939 


;: hypoth. AC=480 - 2*68124 


:: tangent Z a :5:53°.8' - 


1012499 


: secant ZA=53°.8' - 10*22185 


: perpend. bc^384 


2*5843^ 
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Note. The side Be may be found (by Euclid 47 of I.) 

thus, >v/AC« ^ AB« =:bc=::984« 

(W) From the examples hitherto given, it appear? that 
when we want to find a side, the proportions b^^ with a given 
angle; and in the first three cases all the ktigids afie given,' 
therefore' any side may be ponsidered as the rscOits of a circle.. 
But when we want to fiod an angle, the proportions begin with. 
n given side; and as oi^y two sides are given attonce^ it foUoin^ 
that these two given sides onlj/ can be considered aa the radii* 
of circles. 

(X) BY GUNTER's ^CALB. ■ . j .j,\ /j 

1. Extend the compasses fi:om the hypothenuse.480 to thei 
base 2SS on the line of numbers, that extent will- Mneh fix)m 
90^toS6^52', on the line of sines, the ^x>mplement of the 

angles. . . ^.„..., .. . ;^ /■/- '^ .••*■"• 

2. Extend the compasses from 90^ to 53^a^on the line oC 
sines, that extent, will reach fi:om the hypotbenuse 480 to bc 
the perpetid. 384. 

I»RACTICAL EXAMPLES* 

1. In the right angled plane triangle abc, 

'" ^ - • I bc=407*S7 

Required the angles' ana the petftendicular. 

2. In the right angled' plane triangle ABC, 

Given S Hypoth. ac= 98 Am f A cSss^'lS' 

^'^«" i Base AB=S3-6?, /""•{ ^^ZlUl 

Required the angles and the perpendicular. 

{Y}.CASR,Y.\Given the hypothenme and perpendicular^ to 
^nd the angles and the base, 

p. CThe bypothenuse ac=480 1 Required the angles a 
*^^" ^TheperpendicularBC=T384 J and c, and the base' ab. 

by construction. 

Draw the base Ab of an indefinite length, at 
b erect the perpendicular bc (N. f6.) which make 
equal'to 384 by a scale of equal parts; take ac 
=480 from the same scale, with this extent in 
your compasses and centre c cross the base ab in 
A. Then ab measured by a scale of equal parts, 
will be 288, and the angles a and c measured by 
a scale of chords (^. 27.) will be 53^8'. and 36*". 
52'. . :• • : . 

E 
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BY CALCULATION. 

I. The hypothenuse radius^ Bc will be the sine of the angle a^ 
and AB the cosine thereof. 

To find iih» angle a. 
hypoth. AC»480 • 2*68124 

: tvdius - - lO-OOdOO 

:: perpend. Bc^es 384 • 2*58433 
ti^Z A»5S<^.8' * 9*90309 



To find the base 

radius - - 10*(kXXX> 

: hypotfa. AC s: 480 ^ ^*eSl9^ 

;: cosine Z A ■•53<^.8' ^ 9*77812: 

: base ab» 288 - 2*459SG 



II. The perpendiadar "BC radius^ ab will be the tKngenf of 
Cj or the co-tangent of a, and ac will be the secant of c or 
coHseoant of a. 



To find the angle a. 
piBi|ieiid. ic"pS84 - 2*58433 

: radius ... 10*00000 

: : hypoCh. acb480 . 2*68124 

: co-aecant Z a53®.8' ^ 10*09691 



To find fbe bdse AAr 
radius • - 10*00000 

; perpend. bc=:384 - 2*58433 
:: co-tangent Z A =53^.8' 9*87501 
fbaseAB«288 . • 2*4^54 



Or aH may be found thus, //Ac^— bc^=sabs288. 

(Z) BY GUNTER'S SCALXl. 

1. Extend the compassfes from the hypothenuse 480 to the 
perpendicular 884 on the line of numbers, that extent wHI 
reach from 90^ to 53^. 8' on the line of sines. 

2. Extend the compasses from 90^ to 36^.^2', the comple- 
ment of A, on the line of sines, that extent will reach from 480 
to 288 on the line of numbers. 

PRACTICAL EXAMPLES. 

1. In the right angled plane triangle abc, 

Required the angles and the base. * 

2. In the right angled plane triangle abc, 

y^. rHypoth.AC=98 . n^~ffo w' 

Required the angles and the base. 

(A) Case VI. Given the base and perpendicular^ tojind the 
angles and the hypothenuse. 

Given / ^^^ ^^^® ab=288 \ Requir^ the anglesAandc^ 
\ The perpend. bc=:384 j and hypothenuse ac* 
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BT CONSTRUCTION. 

Make ihe base ab equal to 288 by a scale of 
equal paits* at b erect the perpendicular bc, 
which make equal to 884 from the same scale ; 
joiii AC Then ac measured by a scale of equal 
parts will be 480, and the angles a and c mea- 
sured by a scale of chords (S. 27.) will be 53^. 
8^ and se^. 52'. 

BT CALCCOLATION. 

» - 

I. Tke base fadiuSf ^ will be the taiigeift 6f the angle Jt^ 
tad AC will be the secant thereof. 

To find the h^rpotlu ac. 

radius - 10*00000 

base AS » 288 - S*45939 

: secant Z A ^53^.8^ l6*22188 

hypoUi. a6»480 • 9^127 




To lind tbe angle a. 
S88 - 2*45939 

• • 10*00000 

2-58433 
- 10*1^494 



t radial • 

: : petpend. ac8384 

: tangent ZA»5d°.8f 



II. Tie perpendiadar radius^ ab will be the tanirent of Cf 
or the co-tangent of a ; and ac will be the secant of c, or the 
eo-isecantof A. 



To find the angle a. 
pei|>. BC»384 



ll To find the hypotfa. ac. 

2*58493 radius - - lO'OOOOO 



radiat 

: base AB Si 288 

do-tangent Za^ 



^SSO.S' 



10^00000 
2-45939 
9-87506 



i 



: perpend. BCad84 • 2*58433 

: : co-eecant Z A 58^.8* 1009689 

: hjfpothenuse ACa480 2*68122 



Or AC may be found thus, iv/AB'+BC^=:Ac=:4B0. 

(B) BY gunter's scale. 

1. Extend the compasses from 384* to 283 on the line of 
numbers, that extent will reach from 45^ to 5S^.S^ on the line 
of tangents. 

2. £xiend the compasses from 53^.8^ to 90° on the line of 
fitnes) that extent will reach from 384 to 480 on the line of 
numbers^ 

PRACTICAL EXAMPLES. 

1. In the right angled plane triangle abc, 

Base ab=:506 . / 4 ^^t^olZ 

Perp. BC=407.37 """^V^^ZfJ' 

Required the angles and the hypothenuse. 

2. In the right angled plane triangle abc. 

Base AB=:53*66 
Perp. BC=82.01 

Reqtired the angles and the hypotbenuse. 

E 2 



Given 



{ 



Given 



{ 



Ans* 



Z.A=56°.48' 
Z 0=83^.12' 
AC =98 
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SCHOLIUM. 

(C) Plane sailing in navigation is no- 
thing more than Hie practice of right- 
angled trigonometry ; calling the hypo- 
thenuse the distance sailed, the perpen- 
dicular the di£Perence of latitude, the 
base the departure, and the angle oppo- 
site to the base the course. 

In the annexed figure, wesn repre- 
sents the horizon of the place c, from 

whence the ship sails; ca the point of A -B A 
the compass or rlmmb she sails on, and a the place sailed 
to. Then we represents the parallel of latitude sail^ frora^ 
and aa' the parallel of latitude arrived at. Hence b^ be^ 
eom^s the difference of latitude, ab the departure, ca the 
distance sailed, the angle acb the course, and the angle bag 
the complement of the course. And this will always be the 
case whether the ship sails, between the north and west» viz. 
between N and w ; the north and east, viz. between n find £$ 
the south and west, viz. between s and w ; or south and east; 
viz. between s and £• 

(D) The practice of Mercator's sailing is only ^ 
the application of rigbtrangled trigonometry, 
and similar triangles ( Y. 34). What is called 
the difference of latitude in plane sailingi is 
here called the proper difference of latitude, to 
distinguish it from the line cd, which is called 
the meridional' difference of latitude. The part £ 
BD, by which cb is enlarged, is found by help 
of a table of meridional parts; being the sum, or difference of 
the meridional parts answering to the latitude sailed from and 
bound to ; according as they are on di£Perent sides, or on the 
same side of the equator. £d is the difference of longitude. - 

II. practical rules for solving all the cases of OBLigUE 
TRIANGI/ESi WITH THEIR APPLICATION BY LOGARITHMS. 

(E) I. When two of the three * given parts are a side and its 
opposite angle. 

Any one side of a triangle, 
. Is to the sine of its opposite angle; 




* In every plane triangle there must be three parts given, to find the rest; and 
of these three given parts, one, at least, must be a side, because the same apgl«» 
are common to an infinite number of triangles. 
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As any other side. 
Is to Uie sine of its opposite angle. 
And, The sine of any angle. 
Is to its opposite side; 
As the sine of any other angl^ 
Is to its dpposite side. (D. 85.) 

(F) An of^le found by this rule is sometimes ambiguous, for 
trigonometry gives us only the sine of an angle, and not the 
angle itself and the sine of every angle is also the sine of its 
supplement. The tables give only the acute value of an angle; 
the. olftuse value is the supplement thereof. 

When the given side, opposite to the given angle, is greater 
than the other given side; then the angle opposite to that other 
given side is always acute* But when tlie given side opposite 
to the given angle, is less than the other given side, then the 
angle opposite that other given side may be either acute or 
obtuse, and consequently it is ambiguous. 

(G) II. WTien two sides and the angle contained between them, 
are given.* 

The sum of the two given sides. 
Is to their difference ; 

As the co-tangent of half the contained angle, 

Is to the tangent of half the difference between the 

other two angled. 

This half difference add^ to the complement of half the 

contained angle, giv^ the angle opposite to the greater side; 

and being subtracted, leaves the angle opposite to the less side^ 

OR, 

The sum of the two given sides, 

Is to their difference ; 

As the tangent of half the supplement of the contained 

an^ 
Is to the tangent of half the difference between the other 
two angles. 
This half difference, added to the half supplement, give 
the angle opposite to die greater side ; and being subtracted, 
leaves the aiigle opposite to the less side. (C S6.) 

Hie rem&ining side of the triangle may be, found by Rule I. 



* If the two given sides be equal to each other, the triangle is isosceles, and 

di of the remaining angles will be equal to half the supplement of the given 

abgle. If tiie given angle be 90^^ the required parts may be found by Case VI» 
M^ VBflid triaogleB. 

B. 8 
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(H) III. fVAen the three sides of. a triangle one given^ tojind 
the angles. * 

Double the base, or longest side^ 
Is to the sum of the other two sides ; 
As the difference between those two sides, 
Is to the distance of a perpendicular from the middle of 
the base. 
This distance added to half the base gives the greater ^eg^ 
ment, i^^d toeing subtracted therefrom, leaves the less sega)eQt^ 
(C. 35.) 

The triangle beins thus divided into two right angled tri- 
angles, each of which contains two given sides^ the r^ipiiixiing 
angles may be found by Jlule L 

o^, 
From half the sum of the three sides of any plane tri^gler 
subtract the side opposite to the angle sought, and note the 
half sum and the remainder. Then, to the logarithm of the 
half sum, add the logarithm of the remainder, and increase the 
index of the sum by 20; from the sum, thus increased, subtract 
the sum of the logarithms of the two sides containing the re- 
cjuired angle, the remainder, divided by two, will rive the 
logarithm cosine of half the angle required* (H. S7«} 

The remaining angles may either of them be found by 
Rule I. 

OB, ^ 

From half the sum of the three sides of any plane triai^Ie 
subtract each of the sides containing the angle soughtf and 
pote tlie two remainders. 

Then, add the logarithms of these two remainders together, 
apd increase the index of their sum by 20; alsj^ from half the 
siim of the three sides, subtract the side opposite to the angle 
required^ and add the logarithm of thp half sum to the loga- 
rithm of the remainder; the difference between these logaritl^ 
mical sums, divided by 2, will give the logarithmical tangentf 
of half the angle sought. (I. 38.) 

Either of the remaining angles may be found by I(ule L 



* If the triangle be equilateral, each of its angles will l)e 60^; if it be isosceles^ 
the pefpendicuUir will bisect the base» and the angles may be found by Caso IV. 
of right angled triangles. 

t Jf an angle be near 90°, or if it be a very small angle, it ought to be determined 
by a rule which produces a tangent or a co-tangent. For tiiie sines of arcs near 90^ 
Tary by almost imperceptible increments ; and the co-sines of rery small arcs, or those 
liear 180^, vary by decrements which are not easily assigned. To illustnrte these 
observations by an example ; suppose that in working any problem, by a table ealciB. 
lated to second8,andcarriedto7placesof decimals, the result of theoperatiion should 
produce 9*9999998 a sine or co^sine. By the tables this is the aneof any arc b^^ 

13 
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(I) Cass I. Given the angles and one side of a triangle^ to 
Jlnd the rest. 

CThe angle A= 32M5'7 «^ .,, a^ ci^^ .^ 

Given J The an^le B= 1 14^24' f Reqnired the sides ac 
(The side AB=: 98 J and BC 

BY CONSTRUCTION. 

Make ab equal to 98 by a scale of 
equal partSy draw bc making the 
angle b equal to 114^24'. (R. 27); 
also make the angle a equal to 
S2^A5\ draw ac meeting bc in c. 
Then ac measured by a scale of equal 
parts is 1G2, and bc 95. 

BY CALCULATION. See Sule L 

To the angle a = 82'^. 15' add the angle b =: 11 4^^.84', thff 
sum is 146^39', which subtmct from 180^ leaves the angle 
c = 8S®.21'. 

To find AC 

BneZ c=3d*'.2r - 9 74017 

:ab»9S - 1*99123 

: ; «uie Z b1 14^.24f - 9*95937 

: side ACa 162*34 • 2*21043 

(E) BY GUNTER's SCALE. 

1. Extend the compasses from 83^.21' to 65^86' the supple- 
ment of B, on the sines, that extent will reach from 98 to 162 
on the line of numbers. 

2. Extend the compasses from 33^.21' to 32M5' on the line 
of sines, that extent will reach from 98 to 95 on the line cf 
numbers. 

PRACTICAL EXAMPLES. 

1. In the plane triangle abc, 

SZ.A=:27°.59' fAB= 142-02 

^1B=44^.12' Jns.<BC=:70 

Ac=104 t^c=107''.49' 

Required the other parts. 



tw«tn «9^«56M9^, and 89^57'.S'*' ; of the oo-sine of «ny arc between 2^.52^ and 
S'.4l''; heire is therefore a choice of 49^ or arcs, and no reason can be given whj 
one should be preferred to another: but the logarithmical diiferences b^een the 
tangents and co-tangents are never so small as to leave any doubt respecting the 
acduracy of the result^ the smallest diff^nce for 1" being 42, at which time jifie 
are k 45^. 

E 4 



To find BC. 




sinez c«33°.21' 


9*74017 


: AB=98 


1*99123 


:: sine Zab32^.15^ 


9*7272S 


:8ideBC«95*I2 


1*9782^ 
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AC=:103'4. 
.Aw.-?AB=91-87 



^. Iti^e plane triangle abc, 

f ZA=79^23' 
Given X Z.B=:54f°.22' 

/ BC=:125 
Required the otiier parts. 

(L) Case II. Given two sides and an angle opposite to one of 
ihem^ to find the rest. 

n- S S^ ""^^^^ ""^If'^^' I Required the angles A and 
Given ^ The side AB=98 J- ^ Aix^^^xA^.r. 

C'fhesideBC=95'12 



B and the side ac. 



BY CONSTRUCTION* 

Make bc=;95'12 by a scale of 
equal parts, draw ca* making the 
angle c=33V21^ (R. 27.) With 
thesideAB in yo<ir compasses, taken 
from the same scale of equal parts, 
ttiid'B'Hto a coitre, describe the arc 
aa cutting ac in the point a* Then 
AC measured by the scale of el^ual 
parts ivill l^e 1 62, and the angles a 
»nd B measured by a scale of chords (S« 270^iU be 52^.15^^ 
i^a 114-24., 

Here agreeably to the observation (F. 53.) the angle a is 
acute and not ambiguous ; but had ab been less than bc, the 
«rc aa would evidently have cut Ac in two points; on the same 




BY CALCULATION. See Bule L 




AB«=98 • 1*9912S 


sine /c«33^2L 


9-74017 


:«ne Z 0=33^21' • 9'74017 


: AB=98 


1*9912S 


::bc=95-12 - 1-97827 
: sine / a = 32°. 15' - 9*72721 


::sine Zb=114°.24' or ) . 
sine 65°. 36' • I 


9-959S't 


hence Zb=1140.24' 


: side AC=: 162*34 


2*21043 



. • .. . 1 i . 

(M) BY GUNTER*S SCALE. 

1. Extend the cotnpasses from 98 to 95 on die lin^ of num- 
bers, that ektentvQl reach from 33^21^ tof 32^15' oh the line 
of sine^ ,'>•'.' 

2. Add the angles a =; 32^.15' and c =: 33^21' together^ 
fmd the sum will be 65^.36'; then extend the compasses from 
$i^.2\' to 65^.S& on the line of sines, that extent will r^adi 
iiovi 98 to 1^2*3 oh the line of numbers. ' . ' '. 
•'' ; YThe ande e=:33^.21' "J r» • j ^u i . a 

Given^thesicS3c=:95<'.12' (R^qmredtje anglesAand 
(The side AB=60 . j b and the siJe ac • 
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'BY CONSTRUCTION. 



' This construction jb exactly the sitme 
as in the preceding' ^xam^Ie : ofily ab, 
being shorter than Bc, cuts ac in two 
points on the same side of Be, hence 
the angle a may be either acute or 
obtuse. 




BY CALCULATION. See Rule L 



AB«60 

rsineZCrssSS^sr 
: ; BC=95*I'2 



1-77815 
9*74017 
1-97827 



The sum of the angles c And a sub- 
tracted from 180^ JeaTes the angle 
B«86^r if A be acute; or 27°. 17' 
if A -be obtuse. 



sinei:c=33^.21' 

: ABss60 

::sineZB=88^.r 
: ACS 108*87 

oa, 
8inezc=SS0.21' 
: AB=60 

::8ineZB=270.17' 
I : AC=50O3 



9*74017 

i^815 

^9^96 

2*03693 

[9*74017 
1*77815 
9*66124 
1*69929 



PRACnCAL EXAMPLES. 



I. In the plane triangle abc, 

fZA:=27?.59' 
Given -{ bc=70 Ans.< Zc=I07^49' 

1 AB= 142-02 



{Ac=104f 
Bc=70 
iiB=44M2' 
Reqi^red.tbe other parts.* 

2. In the plane triangle abc, 

{Ac=:104 rZc=:72M For 107^49* 

ABn 142*02 Ans.< bc=:13,4-77 or 70 

;Z.B=44°.12^ \ ambiguous. 

Beqm^ .the other parts. 

3. Aman travels from: a to ]^ 3*7 mjles, then turning a little 
to^e l^Iid^'^ froinijfa^t^' whidi'is 4«? hiUles:^ At cte 
observes that a and b make an angle of 29^1 6^. What id'l&ii 
distance from A by the $hol^test cut ? 

4. A man travels fix>ra a to b, 3*7 miles ; returning in a 
misty he loses his wa^, and goings little too much towards the 
left handy comes: to a?» which is 4*7 miles froq^ jB* It jioiv clear- 
hig up lie cddld'seej^cfdi A andfi, and observfat-^hat tb^y mt^^ 
an angle of 2*?Jia?. r pray how far is he^.f|Dg^' A ?/ s V 

AsMweTj I'SOlrmile. 



1 J. <• > 
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(N) Cass IIL CHven two sides and the angk contained be^ 
tweenthem, to^nd the rest. 

CTheside AB=:98 f^ • j xi. i 

Given \ The aide bc=95-12 ) Reauired the angles a 

= 114^.24' / *"" ^ *"^^ ^"® ^*"® ^^ 



^The angle B 



BY CONSTRUCTION. 

Make ABr:98 by a scale of equal 
parts, and the angle b= 114^.24' by a 
scale of chords (R.27.); draw bc, which 
make equal to 95*12, and abc is the 
triangle required. The angles a and 
c wiU measure 32°. 15' and S3*.21', 
and AC will be 162. 



BY CALCULATION. See Ride IL 




To find the an^^es. 

Al + BCal93-12 - 2*28583 

X AB— BCs2*88 - 0*45939 

: : co-tangent | b = 57^.12' 9*80919 

: tangent \ (a /vc)«00. S3' 7*98275 
I Bs=570 12" its o(»ap.320.48' 

■urn 83*21 as ^ c 



diff. 32*15< 



Orthui, 

AB + BC=3 193*12 • 2.2858d 

: AB— BC=s2*88 - . 0*45989 

: : tang. }supp. b=s390.48' 9*80919 

: tangent \[,^^c) =00.33' 7*98275 



fom 33*21s iQ 



ZA. 

To find the die ac. 



ttne/ €=330.21' 

: AB=:98 

: : sine Z b» 1 1 40. 24', or sine 650*36^ 

$ sine AC =162*34 



diff.32*l5-BiA. 



9*74017 
1*99123 
9*95337 
2*21043 



(O) BY OUMTER's SCALE. 

1. Extend the compasses from 198*12 to 2*88 on the line of 
numbers, that extent will reach from 82^.48'' to 0^38' on the 
line of tangents. This is the method of working such exam- 
ples as this, but so small an angle as 38' is not contained on the 
scale. 

2. Extend from 33^21' to 65^36" on the line of sines, tha$ 
extent^Ul reach from 98 to 162 on the line of numbers. 



PRACTICAL EXAMPLES. 

1, In the plane triangle abc. 
Given 



Tabs: 845 
Jac=:174-07 



Ans. 



CilA=f37*.20' 
Required the other parts. 
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2. In ^e f)ilane triangle abc, 

r A3;;? lOS f Z. B=72o,20 

Given 3 AC=126 .Aw. ^ Zc=51M0 

C Z. A=66'.80' Cbc=110'S 

Required the other parts. 

(P) Case IV. Given the three sides, tojind the angles. 
rTtiesideAB=:98 ) 
Given < The side bc=:95*12 > Required the angles A^iandc* 
tThesideAC=:162-34. j 

BY CONSTRUCTION. 

Draw the longest side ac=: 
162*84 from alscde of equal parts; 
with AB=:98 in your compasses 
(taken from the same scale) and 
one foot in a describe an arc ; with 
BC=95*12 in your compasses cross ^ 
it in b; then abc is the triangle required. The angles measured 
by a scale of chords (S. 27.) will be A-32M5', b=1U^?V, 
and 0=33^21'. . 

BY CALCULATION. See Rule III. 

Let £ be the middle of the base ac, and db perpendici;dar 

to AC. 

TofnitheiegmenttAJi amine of the bate, 
double AC =324-68 ... 2«51145 

lAB-i-BCs 193*12 • - - 2*28583 

::ab»bcs2*88 • • « 0*45939 

toxDsl'713 .... 0*23377 

Tlieii)AC + ED^81*17+l*713<=82*883«AJ)» thegreater Mgrnentxand) AC- 
idsSl*!?— I*713ss79*457s]>c, the less s^iment. 




To find the am^ in the right angled triangfei adc and cob. 



AB»98 - • 1*92123 

:nidks»niMr90P • 10*00000 

t:AD»82«83 • • 1.91846 

: one obao 57^*45^ 
or co-sine iub»32?.15' 

Then dba -f dic » 57^.45' ^ 



! 



9*92723 



BC» 95*12 

: radius, sineof 900 

2 ;CD=» 79*457 

: sineDBCs56^.d9' 

or co-sine dcb » 33^.21' 

56°.39'« 114°.24'- ABC. 



} 



1*97827 
. 10<XX)00 
1*90018 

9*92186 
m 



0% Tmjs, 
J(ac + ab^^) « 177*73 log. =2*249761 ^,„.«n o^.i^evn 
i(AC + AB + Bc)-BC« 82*61 1^.-.1-91703/ •tt«n + a>-24-l6679 

ab« 98* log. = l*99123\ .„„ a^oai/sc 

AC«162*34l4.«2*21042/ •""* = ^^^^^ 

2)19*96514 

■ ■ —> 

-iZAsl6^ 7' SC oo-nne 9*98257 

2 . ■■ 



^A3=32® 15^ 0" 



♦V. . ^ 



• 

OR ftant 

|(ac + ab + bc) = 177-73 log. = 2-249761 4.ififi>9 



S) 18 •92307 

JitA-lS** 7' 27^^. tangent 9-46103 

2 ■ >. ■ 



32® 14' 54" 



3^ remaintfig anglet may be found by RtUe L 

(Q) BY GUNTER^s SCALE, occordtng to thejirst method. 

ft 

1. Extend the compasses irom 324*68 to 1^3' 12 on the line 
of numbers, that extent will reach from 2*88 to 1*713 the dis- 
tance of a perpendicular from the middle of the base. 

2. Extend from 98 to 82*883 on the line of numbers, that 
extent will reach from 90° to 57°.45' on the line of sines. 

. 8, Extend frotti 95* 1 2 to 79*457 on the line of numbers, that 
extent will reach from 90° to 56°.39' on the line of sines. 

BY ounter's scale, according to the second method* - 

1. Extend the compasses from half the sum of the three sides 
177'73 to one of the containing sides ab=:98, that extent will 
reach from ac= 162*34 the other contaming side, to t fourth 
2iumber 89*5j on the line of numbers. ' _ " 

2. Extend the bompasses from this fourth number 89*5 to 
/the diffetenee between the half sum of the three sides and the 
side opposite to the angles sought), 82*61 on the line oThum« 
bers, that extent will reach from 90^ on the line of sines to the 
Required angle. 32°, on the line of versed sines. Immediately 
imaei* the line of sines. , ! 

This js derived from the proportions in the investigation of 
aunter'i Rule (X. 22^, and niJte). ' ^ ' 

PRACTICAL EXAMPLES. 

1. In the plane triangle abc, 
-jC A3pl42*Q2 ' 

Given <bc= 70 
CAC=i04 
R^uired the angles. 

2. In thie^lane triangjle abc, 
"fAB=il2*65 

Given <bc= 112 
tAC=:120 
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(R) There are some authors and teachers of trigonometry , 
who miJie no distinction of cases between right and oblique- 
angled triangles, but divide the whole into three cases; be- 
cause the three rules necessary for solving the problems that 
occur in oblique trigonometry, are sufficient for serving those 
which occur in right-angled trigonometnr. For instance^ 
Rule I. (E. 52.) will solve all the cases in right-angled trian(^e» 
(except the 6th), and the first and second case in obliques 
anffled triangles : Rule 11. (O. 53.) will solve the 6th case in 
ri^t-angled triangles and the Sd case in oblique; and Rule 
III. (H. S40 will solve the last case in oblique triangles. 



CHAP. IlL 

THE AMPLICATION OF FLAME TRIGONOMETRY TO THE MEN- 
SURATION OF DISTANCES, HEIGHTS, &C. 



(S)^The mensuration of distances and heights depends upon 
the rules of plane trigonometry already explained, togethei* 
with .the use of /certain instruments for taking angles. . 

(T) 'Horizontal eJnA vertical angles are usually measured 
with a theodolite furnished with one or two telescopes, and a 
vertical arc ; and if the horizontal and vertical arcs of the in- 
strument be described with a radius of not less than S^ inches^ 
the observed angles may be measured to half a minute, or the 
180th part of a degree. 

(U) An^es which are oblique to the horizon are generally 
taken with a sextant; which must be held in such a position^ 
that it^ plane may coincide with the two objects and the eye^ 
When vertical angles are taken with this instrument, an arti- 
ficial horizon must be used» and the reflected image of .the 
object fix>m thei glasses of the sextant must be brought to 
coincide with the reflected image of the same object in the 
artificial horizon. 

(V) Base lines are generally measured with rods, or the Jour 
pole Guttter's chain; but common tape of 50 or 100 feet in 
length is often preferred both for accuracy and exp^tipn; 
especially if it be kept dry, and the groui;i4 j^e.tolerpbly level. 

( W) The lise of instruments must be acquired un(ler the di<^ 
rection of a person well skilled in their several adjtistments, as 
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but Kttle information can be obtained from written description^ 
and «ven the most expert observer will find it necessary, in se- 
veral cases, to apply corrections to the difierent angles accord- 
ing to Ae situations of the objects. See Ghaptei^ I V« 

EXAMPLE u 

Bang on one side of a 
nver^ and wanting to know 
the distance of a fort, or 
other object, on the other 
side^ su|^se I measured 500 
yards aloi^ the side of the 
tiT^ in a straight line ab- 
and found the two angles be- 
tween this line and the ob- 
ject to be CAB =: 74°.14'', 
and CBA =: 49^23^ Re- 
quired the distance between' 
each station and the object 7 




> • •* • •••* •! 



./St 









H 



180*>— Z (cab + cba)=Aacb=56°.23' 
8ine^ACB»56^.23' . 9*92053 
SAB»500 • * 2*69897 

: : sine L cba a49^,2S' . 9*88029 
t AC»455*8 . • 2*65874 



sine L ACBs 
: ABes56o 
! : sine /. cab 
: BC«»577-8 



56*l2# 
=74<>.l4' 



d*9265^ 
2*69897 
9*98334 
2*76179 



(X) Or, produce ab till 3a be equal to it, and CB till the 
angle a be equal to the angle a ; then will the distances Bc tod 
ac DC equal to the distances bc and ac. . » 

(Y) Or, without any instrument to measure an angles the 
distances ac and bc may be found* Make af of any length in 
a line with ac, andBG in a line with bc; measure af, ab, bct, 
FB, and AG ; then the three sides of the triangles baf and abg 
will be given, with which the angles baf and abg may be found ; 
their supplements will give the angles cab and cba, and hence 
the distances ac and bc may be found as in the example* 

(Z) The perpendicular distance bc may be readily deter- 
mined, for having found bc, the angle b and bc will be eiven ; 
or find AC, then ag and the angle a will be given to find bc 

The perpendicular distance dc may be found without any 
instrument for taking angles. With a cross-stafi^ fixed at D 
observe the object at Oj and set up a staff in a line with it at e, 
and another at b at right angles to cb, move the cross^staff fiK>m 



* Copper-plates, weU executed) of theodolitesj sextants, quadrants, and other 
Hifttruments for taking anf^es, are given in Adams' Geometrical and GrapMcal 
Essay, edited and publish^ by Mr. Wm, Jones, mathematical instrument maker 
in Holbom, London. 
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D to Bf and set np a pole or staff at h perpendicular to 
Measure the distances db, db, and also eg in the direction eh 
^ G^ B, and c make one straight line. Then 

E«— DB : db::eg : ec from which take de. 

Or, EG— DB : de::db : do. 

The four following examples are referred to the foregoing 
figure, and serve to exercise the above observaticms. 

example II. 

An engineer wanted to know the breadth of a river (over 
^^hk^ the general intended to pass the whole army), in order 
to determine how many pontoons of five feet broad and six feet 
asnnd^ he should have occasion to make use of. Percdving 
an object (c) on the opposite bank of the river close to the edge 
of the water, he measured 144 paces or 8^0 feet along the edge 
of the river (as ab). The angle at a between the object and 
the base line was 83^57^ and at b it was 80^32^; required the 
perpendicular breadth (dc) of the river, and the number of 
pontoons sufficient to form a passage for the troops ? 

Answer. The perpendicular breaath of the river is 528 paces 
or 1320 feet, a military pace being 2^ feet; and 120 pontoons 
will answer the purpose. 

example III. 

. Two ships of war intending to cannonade a fort at c, sepa- 
rated from each other 500 yards, and coming as near to the 
shore as possible without being in danger of running aground, 
the officers in each ship observe the angles formed between the 
other ship and the fort, and find them, viz. a =38^. 16', and 
B =57^.Sf. Ai^ the ships at a proper distance for commencing 
a cannonade^ the most convenient distance being about 300 
yards? 

Answer, a b 312 yards from the fort, and a 320. 

EXAMPLE IV. 

Wanting to kiv>w my distance from an object at c, I mea- 
sured from E to D in a line with the object 29 poles, frpm d, I 
measured db at right angles to £D=43 poles, and coming to e 
I measured eg in the direction eh =54 poles, what is my dis* 
tance dc from the ol:gect ? 

Answer. 113iV poles. 

EXAMPLE V. 

Wanting to know the distance of two objects a and b ^ which 
are '500 yards from each other) from a tower at c on the op- 
posite side of a river, and, having no other instrument than a 
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chaiaof 22 yards long^ I ixieasured i> in a atcaigbt lino with 
AC^ aiid found it to be 300 yards long. Ilikewisenteasafod 
FB and found it to be 649*2 yards, I uien: measured bg=:600 
yards and ao=: 1000 yards, required the distances ag and B€? 
Answer. ac=455'8 yards, and bc=577'8. 

example VI. 

Suppose I wanted to know the distance between two places 
A and B, accessible at both ends of 
the line AB, and that I measured 
AC =785 yards, and bc=:840, SaIso 
the angle acb=:55°.40'. What is 
the distance between a and b ? 

bc + aobI575 
:bc— ▲C«il05 
: :€aiigeiit j- supp. / acb» 

: tangent 7°. 11'. 47" 



3*1 9728 
2*02119 

10*97758 
9*10129 



angle a=69°.21^47'' 

angle ss 54^58^.18'* 

sine Z«=54°.58MS 

:ACs=r735 

: : sine / c =55®. 40^ 

: AB=:741 




// 



9*91332 
2-86629 
9*91686 
2-86983 



(A) If the lines ACjaod bg, be. produced till j>g b^ eood to 
CQ and EC to ac, then mil the distance de be equal to tnedis- 
tance ab without calculation. 



example VII. 



• I 



Wanting tp know the angle acb formed by two wf^IsbAc 
and bc, I measured dc=:840 yards, £C=735 yards, and D£=: 
741 yards : hence the angle acb =: doe is required? 

-4;i5to^. ACB=:55^.40'. 

EXAMPLE Till. 

Supp9se ACB to represent the flanked angle of a bastion, 
(which of course will be inaccessible on account of the QOf^rj^ 
way, 4itch, &c) and it be required to determine the measure 
of that angle. 

Place a pole at d, in the direction of the face ?c of t]^e bfts* 
tion (out of the reach of musket shot). With a cros9-staffat d 
direct a person to set up another pole at f perpendicular to DC. 
Measure df=:375 paces or 937^ feet, make fk perpendicular 
to DF, and set up another pole at h in the direction of the fice 
AC of the bastion. Prolong ch, and measure the threiSMde^ 
of the. triangle ghi ; suppose ghi=10 yards, gi=:12^ yordSiL 
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and HI =10 yards, then will the angle ohi be equal to the 
flanked ai^^ acb. Required this ai^e ? 

Anmer* The angle ac8=:74^.S6', &e proper flanked angle 
of a r^ular penta^n. 

(B) In the same manner (except measuring the triangle ohi,) 
we may draw a line kf parallel to the inaccessible face bc of 
the bastion, in order to place a battery at k, to produce the 
greatest effect ; viz. at about S75 paces distance, and that the 
direction of the fire may be nearly perpendicular to 4- of the 
face BC. 

EXAMPLE IX. 

Wanting to know the distance of an object at 
B, from two others a and B, and also the 
distance between a and b, I set up a pole at c 
in a right line with ab^ at c the angle acd 
was 5*t^S^i I then measured CD=784'8 yards, 
and at d the angles cda and adb were 14^.0' 
and 41^.30'. Required the several distances 
above mentioned. 

Anmer. ad:;;:696'1,;DB=:712"4, and ab=: 499*3 yards. 

EXAMPLE X. 

Wanting to know the distance be- 
tween a church at k and an obelisk 
at b; both objects could only be seen 
from a particular place as b ; at d 
I took the angles abc^89^0', adb 
= 72°.30', and bde=54° S0%- 1 then 
measured be =200 yards, and at e I 
took the angle bed =88^.30'; and, 
lastly, I measured do =200 yards, 
and at c took the angle dca = 50^.30^ 
Required the distance ab? 

AfUfaer, ad=237'627, db=332*215, and ab 

ir example XI. 

I wanted to know the distance 
between two places a and b, but 
could not meet with iany station 
from whence I could see both 
objects. I measured a line cd= 
200 yards ; firom c the object a 
was visible, and from d the ob- 
ject b was visible^ at each of 
which places I set up a pole. I 
also measured fc= 200 yards, and 

F 




=345*5 yards* 
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DS±300 jrarda, andntFond b set np poles.-—! then took the 

angle Ayc=fl3'', acf=S4°.81', ACD=fiS°.30', bdc=156''.95', 
BDE=51°.30', and B£D=88°.30'. Required the di§tuiee\AB? 
Ansnoer. db = 332-215, ad = 237-627, AC = 99S-98; the 
angle At>c=8S°.55', consequently adb=:72°.30'» hence ab= 
8*5-5. 

EXAMPLE XII. 

Wanting to know the dis- 
tance between two tnoccessi- 
ble objects a and b, I mea- 
sured a base line cd = 300 
jords : ei. c the angle bcd was 
58°.30' and AcB 37°; at d 
the angle coa was 5S°.30' 
imd ABB 45°15'. Required 
the distance ab ? 

Jfisaoer. First find ca = 
465*97 by Example i, and also 
CB It 761-46; and then find 
ab=:479'79 yards by Exam- 
ple rr. 

EXAMPLE XIII. 

Suppose the base line in the forgoing example had been 
908-S6feet, the apgle acb=:14°.34', and acd=60°.S0' ; also 
the anrie ADC=9fi^44', and BDc=llfi°.23'; what would have 
been the distance ab in this case ? 

Ansmer. 674-62 feeL 

EXAMPLE xit: 





- J3', CAB=I29°.45', and the angle cae= 

100% having first set up a pole at E behind the obstacle. At 
B, I took the angles dbc=3S°.45' and dba^S?"-^^. Hence 
U is required to find the angle aef^ wliich will determine Uie 
positioo of EF with respect to cp ? 
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Answer. Exactly in the same manner as in the two preceding 
examples find ac =: 601*65 ad = 622^ and the angle Acp :^ 
67°3a', then acd+cae = aef = 167°.S0'; if therefore at 
E, an angle of f 67^80' be made with a, the point p will be 
determined, in the same line with cd« The distances CD or 
CE are easily calculated if necessary. ' 




EXAMPLE XV. 

Fnxn a station at d I perceived three objectSy A5 b, c^ whose 
distances from each other I knew to be as follow, ab=1^ 
milesy Bc=74- miles, and ac=:8 miles: at d, I took the angles 
cdb=:25S and ado =19^. Hence it is required to find my 
distance firom the objects. 

CONSTRUCTION. 

Make lA triangle abc whose thriee 
sides are 12, 7^ and 8 (P. 59), viz. 
make ab=:12, bc=:7tj and AC=8. 
At B make the angle eba=:ad£= 
19^, and at a make the angle eab= 
BDE=25^; draw ae and be, and 
through the point of intersection s 
and we points a, b, describe a circle. 
From c throiugh £ draw ced, join 
BO and AD, then will ad, cd, and 
BD be tlie distances required. From 
this construction it appears, that if 
the angles at the station d had been greater than the angles a 
and B of the triangle abc, the point e would have fallen beyoiid 
c, but this would not alter the manner of construction, neither 
would It materially affect the method of calculation. 

CALCULATION. 

h Jkffte triangle abc are given ab=: l2, bc3?t» and ac:^8 
to find the angle bac r: S5^.d4'.S8\ 

II. In the triangle aeb are given all the angles, viz. eab=^ 
25% eba=:19°, and aeb =136% and the side ab=:12, to find 
AK=5'6M, and B£=7'S* 

III. In the triangle cae we have given the side Acr:8, ABcs 
5'624<, and tfaeanglecAE=BAc~BAE=10%S4'.S8% heaoelfae 
ang^ Afi€ will be founds: 146%4'5'.7% but because 
exterior angle of the triangle ade, ,if we subtract the 

from it (=19^) we shall have the angle £ad=: 1^7^ 
tf to this angle we add the angle ca — "'^^.S^'.SI 
havethe an^ecAD=:138M9'.45\ 
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IVv In the triangle dac nil the angles are given and the side 
AC, to find AD and cd, viz. cad =138^.1 9. 45\ and ADcrr 
AD£r:19S the sum of these taken from 180^ leaves ACDis: 
22^A0K15" and ac=:8. Hence ad=: 9*471 1 miles and dczz 
'IB*SS69 miles. 

V. In the triangle deb the side be and all the angles are 
given. Because the opposite angles of every quadrilateral in- 
scribed in « circle are equal to two right angles, the supple- 
metit of ead=:127°.45'.7'' gives the angle EBDzzSS^.l^^.fiS", 
and die sum of ebd and edb subtracted from 180° leaves deb 
:±102°.45'.7'', and be has been found =:7*3. Hence db= 
16*8485 miles. 

EXAMPLE XVI. 

Suppose three objects a,b, c, were seen from d, (and stood as 
per figure Example xv), and that their distances were Asr^ 12 
furlongs, bc = 9, and ac = 6 furlongs. The angle bdc = 33^.45' 
and ADc=:22°.30^ It is required to determine the distances 
ad, DC, and db ? . 

Answer. This example is of the same kind as the 1 5th, and 
the distances may be found in a similar manner, ad =14*01, 
Dc=: 15*64 and db=: 10*6. 

EXAMPLE XVII. 

From a station d, I perceived three ob- 
jects A, B, and c (situated as in the an- 
nexed figure) whose distances were as 
follow, AB=: 12 miles, ac=:8 miles, and 
Bc=:7i miles. At d I took the angles 
CDB=:25®, and ADc=:i9°. Hence it is 
fequifed to find my distance from the ob- 
jects. 

CONSTRUCTION. 

This is constructed exactly as Example xv, except turning the 
vortex of the triangle acb towards the place of observation d* * 

CALCULATION. 

I. /;i the triangle abc are given ab= 12, bc=:7-}9 and Acr:8, 
tgfind the angle bac=35'^.34'.38". ^ / 

II. In the triangle aeb are given the angle xab=: 25% £BA=2 
1 9""^ and aeb = 1 36 °, and the side ab = 1 2, to find ae :=z5'6iii 
andB£=:7*3. 

III. In the triangle "CAE there is given ae=;5*624, ac=:8, 
and the angle eac=:eab + bac=:60^.34'.38", to find the angle 
acez;43°.5'.14", if from this angle (being the exterior angle 
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of the triangle dca) we subtract the angle adc=19*' the re- 
mainder 24^5M4'' will be the angle dac. 

rV. In the triangle acd there vis giyen the side ac and all 
the angles, viz. ac=8, ADcnlQ^DACsuS^^.SM*", and acixz= 
i36^.54'.46*, tofind AD=:16*7857, and cnr: 10*0286. 

y. JBi the triangle £bd all the angles and the side £B ar^ 
giyen, to find bd , viz, edb=:cdb=25% EfiD=:180*^— ead= 

ISO*"— DAc+cAE=:95**.20'.a'; and bed=:59^39'.52^, and eb 
=:7*S. Hence BD= 1 4-909 5. 

« 

- example xviit. 

Suppose the three objects a, b, c were seen from d (and stpoJ 
as per figure to Example xvii. and that their distances w^re 
AB=;1069 AC=:65-i, and BC=:53-i-. The angle bac=:13®.S0', 
and Abc=:29^.50^ It is required to find the distances D)|^ 
DC, and BB ? 

Answer. This example is of the same kind as the 17th, da 
= 131, DC=107-4, andDB=il51*4. 

EXAMPLE XIX. 

From a station at D, I per- 
ceived three objects, a, b, c, 
(Isituated as in the annexed 
figure,) whose distances were 
as follow: ab=12 miles, ac=: 
8, and Bc=:7i. At d the an- 
gle ABB was 1 7°.47M 9\ Re- 
quired' the distances da, dc, 
and DB? 

An^uoer. With the three given sides of the triangle abc find 
the an^e cab s= 35®.34''.38", the supplement of this angle=BAD 
= 144°.25'.22^, also cab— adb=17°.47'.19''=abd. Hence 
all the angles of the tiuangle adb are given, and one side ab,^ 
to find the remaining sides. 

Viz. ad=129 andBD=:22'85, and do =20. 

EXAMPLE XX. 

Three objects a, b, and c, whose dis- 
tances -ware ac±:8, Bc=7Tf ^^'^ ^^ 
= 12 miles, were visible from one sta- 
tion at d, from whence the angle adc 
was observed to be 107° 56M3 . Re- 
quired the distances da, dc, and db? 

Anttsxr. With the three sides of the triangle abc find the 
angle B^p^: 35^34^.38". . Then in the triangle a©€ all the 
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$ngles will be given, and the side ac, to find ad=:59 and i>c: 
4*892; hence DB= 7 miles. 




EXAMPLE XXI 

Three objects Af B, and c, in a 
strfught line, whose distances were 
AC := 3*626, AB =: 12, and bc =: 
8*374 miles were visible from one 
station at D, from whence the angle 
ADC was 19% and BDC:r25°. Ke- 
quired the distances da, dc, and 

DB? 

CONSTRUCTION. 

The construction to this example is almost exactly the 'same 
as the construction to Example xv, 

CALCULATION. 

I. In the triangle eab are given the angle bab=eac!=S5% 
SBA =: 1 9% and consequently aeb =: 1 36% and the side ab = 1 2, 
to find AE=: 5^624, and be =7*3. 

II. In ike triangle AEc there is given ac= 3*626, ae=: 5*624, 
and the contained angle £ac=25 , to find the angles about c, 
viz» ACE=DCBr:12l°.45'.7'' the supplement of which is acds 
BCB=68^.14^53''. 

III. In the trian^ acd, all the angles and the side ac are 
given, to find ad=i9*4711 miles,^ and Dc=2lO*86I. 

IV. In the triangle adb or dcb all the angles and two sides 
are given, to find db=: 16*8485 miles. 

EXAMPLE XXIX. 

Three objects a, b, and c, forming a 
triangle, were visible from one station at 
D within the triangle; the angle adb 
was observed to be 123°,45', cdb r: 
1 32^.22% and consequently adc = 
103^.53'; the distance ab was known 
to be 12 miles, from b to c = 9, and 
from A to c =: 6 miles ; required the 
distance of each object from the sta- 
tion at D? 

CONSTRUCTION. 

Make a triangle whose three sides are ABr=12, bc=:9, and 
AC=:6. At B make the angle AB£=the supplement of adc=: 
76^.7'':;=AX>Si and at a make the angle BA£;=the supplem^ 

21 
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or'BBC2£47^.S8'sBDB9 throneh the intersection £ of ae and 
BEy and the points a> and b, describe a drcle. Then sa, dc^ 
iiB^ are dM distanoes required. 

cAlcuIation^ 

!• In the Mtif^te Ats alf the afigtes dnd drre side dn^ giVefn, 
to find AK. Thus the angle ABB=iY^.7', and BAKit47° 38' 
by constrttdiion, bence aeb :^56M5'» and ab=:12; hence kt 
= 14-011. 

II. In the triangle abc all the signs dre given, hetrce the 
angles may be found, thus CABtr 46^34^ this raded tatbe angle 
BAE gives CAEr:94^.12'. 

III. In the triangle cae, are given Ac if d, Afc ±: 14*611, 
and the angle oae 2= 94^12^, to find the rnigle ac£ 1= 6^. 
IS'-Sl*^* 

IV. In the triangle dac all the ^ngle^ ate g!v€9l, tiz. Acf0!± 
es'^.lS'.^l", ADC e: lOS'^.SS', and dac = 12^48'.d9'', and the 
side AC=:6, to find adz: 5*523 and dc=: 1*372. 

y. In the triangle bdc, two sides bc and cD, and ati alfgle 
bdc opposite to one of them are given, to find the side ro t= 
8-018. ♦ 

SCHOUUM. 

(C) Various other problehis concerning distanced tofght be 
formed, fix)m the di&rent situations which objects ma;y be sup* 
posed to have^ but "^ 

they are onfy appli- 
caubtis of me pre- 
dedifig examples.-^ 
l?6)t mi^tanc^ the 
dktaticei 6f themost 
temnt^abfe pUten 
in a town, the dis- 
tances' 6f s^erad 
villager from each 
othef, th^ plan of A 
c^iittpj kc. &e. msfy 
be t^ceui from what 
has afreddy been ex« 
pTained. 

Let A, B, c, D, E, F, G, H, 1, K, L, be several remarkable ob- 
jects whose situations are to be laid down in a map. Choose a 
convenient situation ab for a base line, from whence you can 
see alt the objects ; let this base line be as long as possible, in 
proportion to the most distant object. From the extremity a 

F 4 
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measure the angles gab, iab, kab, eab, fab, hab, &c. froin 
B measure the angles qba, kba, iba, fba, bba, hha, &c. Now 
it is evident from what has beeu already shewn, that hanne ™e 
hose JkB given, and rfie several angles, it will be easy to find tbe 
sides, or distances, ag, ai, ak, &c &c By Example I. 

(D) A country may be surveyed, and the distances of remote 
ol^ectsmaybeobtainedbymeansofaseriesoftrianries. Thus, 
measure a base ab, and let c and n be two objects which can be 
seeirtroin a and b. Measure the 
horizontal angles bac, bad, abc, Y 

abd, and calculate the distance dc, d lL 

as in Example xii, and likewise 
the distances db, ua, bc, ac. In 
like manner if e and k be two ob- 
jects visible from c and d, the dis- 
tance EK may be found, and its 
position with respect to cd ; and 
thus the measurement may be con- 
tinued to any distance. But, 
order that the conclusion may be 
more accurate, the mensuration 
from one base to another may be 
carried on by diflFerent sets of tri- ^ gj. 
angles; for instance, two objects 

V and w might have been chosen instead of A and B, by means 
of which the distance ek might have been ascert^ed ; and, it. 
is plain, that by taking several series of triangles which lead to 
the same two objects, the mean of the results will be more. 
accurate than the lineasureraent obtained from one triangle.^ 
When a series of triangles has been carried on for a coDBioer- 
able distance, the interval of two objects, whose distance has 
been determined by calculation, should be actually measured, 
in order to detect any error which may have been made in the 
calculated distance. This iscalledaS(Ke^»CT^(rf(on. The 
trigonometrical survey of England and Wales had its first com- 
mencement in 1784.; and from a base of 2740*-2 feet measur- 
ed on HomisUmi Heath, and continued by a series of triangles 
to Salidntry Plain, the medium distance between Beacon Hill 
and Old Sarum was S6574-S feet, and from actual admeasure- 
ment the dbtance was 36574*4 fee^ a difference of little more 
than tme inch,* 




* TiigDiuanetrical Sanej of England and Wales, VoL I. pegei 279 and 280, 
published bj Mc> Fadeiit Cbariog Cross, London, 
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(E) Bv the assistance of a survey, executed with such ac- 
curacy, me length of an arc of a meridian may be measured. 
Let NS be the meridian of any place a, and let O represent/ 
the point of the horizon where tiie sun sets, measure the angle 
BA O ; now, by having the latitude of the place a given, the 
amplitude na Q is easily ascertidned*, and consequently their 
difference ban is given ; also if from bag there be taken ban, 
the remainder can is given. Let bf, ci be drawn perpendicu- 
lar to die meridian, then because ab and the angle ban are 
given, AF and fb are easily found : in the same manner, be- 
cause AC and the angle can are given, the lines ai and ic may 
be found. 

If from the angle abc there be taken the angle abf, the re- 
mainder FBC, added to dbc, gives dbf ; by means of which, 
and the given side db, dg or fl will be found, and likewise bg. 
By adding af to fl we get al, and by deducting bg from bf 
we shall have gf = dl. 

In a similar manner the several distances from the point a 
to the perpendiculars, let fall from each of the angular points 
of the figure upon the meridian ns, may be determined, as also 
the perpendiculars themselves. By this method the extensive 
survey of the kingdom of France was carried on from the 
measure of nineteen bases.f 

The measures being all reduced to the meridian ns, the dif- 
ference of latitude between a and d may be determined. Fincl, . 
from observation with a zenith sector :(, the true zenith distance 
of a star at each place, the difference of these zenith distances 
will be the difference of latitude between a and d. Perhaps it 
may be proper to remark that the perpendicular dl does not 
accurately coincide with a circle §, or parallel, of latitude, and 
where the utmost exactness is required the difference must be 
calculated and applied to al ; the true difference of latitude 
between a and l will then be obtained. This difference of 
latitude will be to 1° as the length of the meridian al is to the 
length of a degree. The difference of latitude between a and 
each of the other places b, c, k, &c. maybe found by asimilar 
process. 



* Or if the sun be above the horizon, its altitude may be taken in the direc*' 

^n ▲ 0> and thence its azimuth as may be computed. 

J* TVait^ de Trigonom^trie, par M. Cagnoli, Chap* xi. Art 341. 

4 Trigonometrical Survey of England and Wales, Vol. IL Part II. published 
by Mr. Faden. 

$ The difiTerence is not material^ except the distance pi. be veiy great. See 
Chapter iv. (G. 8S.) 
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(F) In shiall surveySf military sketches, 8cc. where gt'eat ac- 
curacy is not required, angles may be taken with a good podiet 
compass, having two sights, and being fitted to the top of a sta^ 
abarp at one ei^ so that it may be stuck in the gh>und, and 
allow the needle to move freely about* 

Every drde is divided into 860 degrees ; the compdss is di*« 
vided into 82 points, therefore 1 point b 11M5'; } poiat=S% 
48U5*; i pdnt=5°.S7'*S(y' and ^ point=8^26'.15". These 
points are reckoned from the north and south, towards the east 
and west, as in the following table: 



'«»■! 



<l m »J.JMti^Jh»—***i 



Points. 
1 

s 

4 



egrees. 
11°.15' 
S2 $0 

5S 4,8 
iS 



North. 



N.b.E. 

N.N.K 

N.E.b.N. 

N.E. 



N.Kb.E. 

E.N.E. 

E.b.N. 

E. 



- ^ .-..■.. ^.^^ .»- 



N.b.W» 

N.N.W. 

N.W.b.N. 

N.W. 



N.W.b.W. 

W.N.W. 

W.b.N. 

W. 



South. 



S.b.E. 

S«S«£i* 

S.E.b.S. 

S.E. 



S.E.b.E. 

E.b.S. 
E. 



t " .^^.-^ >....- 



S.b.W. 

S.S.W. 

S.W.b.g. 

S.W. 



S.W.b.W. 

W.S.W. 

W.b^. 

W. 



5 

6 
7 
8 



^x .-> ^tk.. <^ -..■■.!■ J..... 



56 16 

67 80 

78 45 

fdO o{ 



I'he variation of the ma^etic needle ought to be allowed 
for, in measuring angles with a compass. 
' At l.ondon tte: north point of the needle reists in a cBrection 
of about 24'^.dO' westward of tbef true north. 

Having occaHon to travel through the counties of tCent afidf 
Surrey, I perceived the fort built by Lady James on lShooter*s 
HjII, which bore from me N.N.E., and travelling 20 miles in 
a W,N#W. direction, I perceived the fort again, which bore 
N.E.b.£. Required my distance from it at each station? 



COKSTRUCnON. 

With the chord of 60^ describe a circle, 
draw' the meridian ns, and ew at right- 
angles to it. 

Set off the N,N.E. point of the com- 
pass or 22°r30'. from n to ^, draw ac; 
set off the W.N.W. point of the compass, 
VIZ. 67^.30' from n to o, and draw ag, 
Ott wfcich set off ab = 20 miles from a 
scale of equal parts. Lastly, set off the 
N.E.b.E. point = 56°. 15' u-om n to d, 
draw ad, and parallel thereto, through b, 
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draw Bc ; then ac and bc are the distances required, and c 
the fort. ^ 

CALCULATION. 

Because ad is parallel to bc, the angle CAD=:BCA=the dif- 
(eteaee between nd and ii^=SS^*45''. The angle bac r= the 
sum of N6 and n^=:90% hence the angle cba:=:56^A5\ By 
case second, right angled triangles, ac == 29*93 and bc i= 36 
miles. 

EXAMPLE XXIV. 

I obsenred a church which bore from me N.E.b.N. andgoing 
21 miles in a N.N. W. direction, the church then bore E.S.e! 
Required my distance from it at each observation ? 

Answer* At the first observation the distance was 1*8 mile, 
and at the second 2*1 miles. 

EXAMPLE XXV. 

From a ship at sea I observed a point of land to bear E.b.S. 
and after sailing N.E. 12 miles, it bore S.E.bwE. Required the 
distance of the last place of observation from the point of land ? 

Answer. 26 miles. 

EXAMPLE XXVI. . - 

FVom a station at h, an object g, the distance of which I 
kinew to be 4 miles, bore N.E.b.NiE. ; and another c, distant 
2i miles, bore S.E.b.S.i£. Required the distance between c 
and G? 

.4yi5tx^. CG=:4'92S miles. 

EXAMPLE XXVII. 

* 

Saint Paul's church at London bore from me N.b.E. and 
travelling W.N.W. 15 miles, it bore N.E.iE. Required my 
distance from St. Paul's at the last place of observation ? 

Jbi^tii^i*., 23*19 miles. 

EXAMPLE XXVIU. 

Coasting along the sea-shore I observed two headlands, the 
first bare N.N. W. the second N.N.E.iE. Then steering 
E.N.E.iE. 16 miles, the first headland bore W.N.W. the se- 
cond N.W.b.N.iW. Required the bearing and the distance 
of the two headlands from each other ? 



76 



THE MENSURATION OF 



Book II. 




CONSTRUCTION. 

With the chord of 60° describe a cir- 
cle; draw the meridian ns and ew at 
right-angles to it. 

1. Set off the N.N.W. point of the 
compass, or 22°*30' from n to a, and ^' 
draw Afl. 

2. Set off the N.N.£.iE. point, or 
30°.56M5'' from n to 6, and draw a6. 

3. Set off the E.N;E.iE. point, or 
73°.7'.30'', from n to c, draw ac, on which set off ad = 16 miles 
from a scale of equal parts. 

4. Setoffthe W.N. W. point from n to rf=:67°.30' draw 
ndj and parallel thereto, through d, draw db, then b is the 
situation of the first headland. 

5. Set off the N.W.h.N.iW. point of the compass, or 
36^33''.4f5'' from n to r, draw he and dc parallel to it, then c is 
the situation of the second headland. Join bc, which will be 
the distance required. 



CALCULATION. 

1. In the triangle bad, the angle bad = arc «c=:95®.37'.30% 
the angle ABDn angle rfAfl=arc <fe=67°.30''.— 22^30'= 45% 
for ABD and dA.a are alternate angles. Hence the angle bda= 
39%22'.3(/', and the side ad= 16. The distance ab may be 
founds 14*35, and bd=: 22*52 miles* 

2. In the triangle ADC the angle CADziarc fe=:7S°.7'.30'^ 
-30°.56'.15''=42°.ir.l5''. Because Ae is parallel to dc, and 
AD is produced to Ji the angle eAfi measured by the arc e/i 
or the supplement of ^c=adc=70°.18'.45''; hence the angle 
ACD = 67°.30'; hence ac may be found = 16'31 miles, and 
dc= 11*63. 

3. In the triangle bag are given AB=i4*35, ac=: 16*^1, and 
the angle bac, measured by the arc a6=i53°.26'.15''; hence 
the angle abc will be found =70^.29', and the distance bcz: 
13*9 miles. 

If from the supplement 109^.31' of abc, the angle ban be 
taken, the remainder 87^.1' will be the bearing of the second 
headland c from the first b, viz. N.87^.1' E.; or of the first 
headland b from the second c, vizr S. 87°. TW. ... 
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EXAMPLE XZIX. 

The distance between a tower t, 
and a church c, was known to be 20 
miles; from a ship at anchor a, I 
saw a windmill at m in a right line 
with the tower, the bearing of both 
was N.W.b.W. the church at the 
same time bore N.N.W.^W. After 
which we weighed anchor, and sail- 
ed upon a W.b.N. course ha =: 35 
miles, and the mill and the church were in a straight line uc, 
and bore N.E.b.N. Required the distance between the churchy 
towe^, and windmill, at each station, or place of observation a 
andH? 




{AM =23-09 
AC =26a9 
AT=38*82 



HM= 9'6 
Hc =21-94' 
HT= 18*41 



EXAMPLE XXX. 

From the bottom b of a 
tower, I measured 200 feet 
in a direct line ab on an 
horizontal plane. I then 
took the angle c a b =z 
^e^SO**, the height aa of 
my instrument was 5 feet 
Required the height BC of 
the tower ? 

Answer. Here are given 
the base ab and the an&rle jf - 4^rrrMgz 
CO* of a right-angled trl- -«^ 
angle, to find the perpendicular 6c =2 10*7, to which add the 
height of the instrument, then bc=215*7 feet. For it is 




* In Crakeii*s translation of Maufluit^B Trigonometry, page 182, it Is shewn, that 
the error of an altiivde bc, u to the error committed in taking the angle cab, at 
double the height bc is to tlte sine of double the observed angle cab. The error» 
therefore, which can prevail jn the determination of the said height, will be the 
least possible, when the sine of double the obserred angle is the greatest possible; 
that is, when this angle is 45°, Hence, says he, when wo want to find the height 
of any object, we must so contrive it that the observed angle be the nterest possible 
to 45°. He then shews that in observing an object at an angle of 4S9, if an error 
of one minute be made in the determination of the angle, the error in the altitude 
will be jYTT P<^ of the altitude : also if the an^le observed be greater or less 
than 45 , the error in the height will be increased m the ratio of radius to the siii^ 
of double the said angle. 




78 THE MEKSURATIOK OF BoOK II. 

evident that Aa=B£^ since a& is parallel to ABand equal thereto, 
and the angle aba equal to the angle baB. 

EXAMPLE XXXI. 

Wanting to know the height of a church Bc, I measured 45 
yards from the bottom b upon a horizontal plane ab, at a,' I 
took the angle cabzz4fS^.l2\ the height of my Instrument was 
6 feet Required the h^ght of the church ? 

Ansfwer. The height ftc= 50*33 yards, to which add bJ the 
height of the instrument, then bc=51'99 yards the height of 
the church* 

EXAMPLE XXXII* 

Wanting to know the 
height of a steeple bc, in- 
accessible on account of se- 
veral small trees on one 
side, and uneven ground on 
the other sides ; at d, I took 
an angle CDBn 51^30', and 
measuring the distance ad . ^ 
=75 feet, at a, I took the ^ 
angle cab=26°.30^ Required the height of the steeply aad 
the distance of the first station firom its base ? 

SOLUTION. 

Subtract the angle cab from the angle cdb, the remaindeir 
25°= the angle acd : for acd is the difference between acb 
and DGB, the complements of the two observed angles, and 
the diflference between the complements of two angles must be 
equal to the difference between the angles themselves, T^en 
in the oblique triangle adc all the an^es are given to find pc 
=79*18, and in the right-angled triangle dbc, the hypothe- 
nuse DC, and angle cdb are given, to find bc=61'97, and db 
=*9*29. 

EXAMPLE XXXIII. 

Wanting to know the height of an inaccessible object bc ; 
at A, I took the angle cab =28^.34', and measuring in a straight 
line towards the object from a to d 30 yards, the angle cdb was 
50^9''. Required the height of the object^ and my distance 
from it at the second station ? 

Ansfwer. The height BcnSO yards, and distance db= 24*99. 

EXAMPLE XXXIV. 

Two observers at the distance of half a mile from each other, 
on an horizontal plane, took the altitude or angle of elevation 
of a cloud at the same moment of time, the same point of the 
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filoud vn» observed by both, and in the some direction : the 
angles were 35°. and 64°. Required the perpendicular height 
of the cloud, and its distance from each observer? 

.Smser, The perpendicular height was 935*75, the distance 
from the observers lOil-1, and IGSVi jrarde. 
EXAMPLE XXXV. 

In the year 17a4< two observers on Blackheath, at the exact 
distance of a mile from each other, ot)served the angle of ele- 
vation of Lunardi's balloon ; the angle at the nearest station to 
it V90 36°.53' and the other angle S0°.58'. Required the per- 
pendicular.height of the balloon, and its distance from each 
station? 

Anmer: Hie balloon's distance fiom the nearest station was 
5*006 miles, fi-omi the other statical 5*8S7 miles, and the per- 
potdicnlar altitude 3*005 miles. 

ESAHPLE X2XVJ. 

Fnan the top (a) of Flamborough-head light-bouse, the 
angle of depression (eac) of a ship at anchor was 3°.S8'; and 
at the bottom (b) of the light- 
. honse, the an^e of depression 
(fbc) was ^".iS'; required the 
horizontal distance (dc) of the 
▼esse], and the height (ns) of 
the promontory above the level 
of the sea; the lisht-house (ad) 
heme 85 feet high. 

The i Mg=: ^ ACD= S^.SS' ; 
theZ,FBC=iBCD=2*.4'3'; and ab; 

Hence CD will be found: 




85 feet. 
4 feet, and DB=2S1*81 fee*. 



J to know 
1^ he^bt of a tower 
EC, which stood upon 
a hill : at A, I took 
id^eapgleof elevation 
Cik9 s: *4°i I then 
Viftwured ap =; 134 
yards ina straightline 
towards the tower, at 
D the angle cdb was 
67°.SO', and cue = 
je^-SO'. Required 
Hfo. bsight of the 
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tower, tod the height of the hill ? The height of the instru- 
meot being five feet 

SOLUTION* 

1» Subtract the angle cab from cdb, the remainder 23^.50"' 
=ACD, hence all the angles in the triangle cad are given, and 
one side ad, to find dc= 230*4 yards. 

2. In the triangle cde all the angles are given, viz. cdezi 
16^.50% DCE=i90°-67''.50'=22^.10', hence the angle ced= 
141^. and CE=:106 yards; also de=:138*13 yards. 

3. In the right-angled triangle edb all the angles are given, 
viz. £DB=:cDB— CDE=:51% and deb =39% also de is mven ; 
hence be =107*3 yards, to which add the height of the instru- 
ment, and you have 108*96 yards for the height of the hill. 

EXAMPLE XXXVIII. 

Wanting to know the height of a castle standing upon a|i 
eminence, I took an angle of elevation cad=:40% and measur- 
ing 40 yards in a straight line towards the castle, the angle cdb 
was 63^.20^, and cde 14^.30^: what was the height of the 
castle EC, and the distance db ? 

Ansfoxr. ec= 24*69 yards, and db=:29*13 yards. 

example XXXIX. 

Wanting to know 
the height of an ob- 
ject standing on an 
inclined plane ab, I 
measured fi'om the 
bottom of the object 
a distance bd = 40 
feet, at d, I took the 
angle cdb n 41°; 
going on in the same 

direction 60 feet far- 

ther, the angle cab was 23°.45' : Required the height of th^ 
object ? 

SOLUTION. 

1. In the triayigle adc are given the angles, viz. cab =s 
23°.45^ ADC=180°-41°=:139°, hence acd=17°.15^ or cdb 
— cab=acd= 17°.15' and ad being=60 feet, dc will be found 
to be 81-488. 

2. In the triangle cdb are given CD=:81*488, db=:40 and 
the angle cdb=:41°, to find bc=:57*64. 

EXAMPLE XL. 

An object standing on a declivity whose height I wished to 
determine,— I measured 150 yards from the base of it, and theii 
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took an angle cdb=47°.50', and in Uie same direction tmea- 
snredSO^ds&rtfaer, and ^en took the aiDgIecABsS8°.30'i 
Required the heif^t of the Object ? 
Ansaer. DC:r807'l, and bc llie height=SS4'4 yards. - 

EXAHFLfc ZLI. 

. Wiiitiiig to know the height of a casde cs staadiog upim a 
hiil,atD(heaDgle 

CDBWaSfiS^CDE 

£25**, abd ADC 

=s72*'.10'. The 
gf6tmd ttbt per- 
mitting me to re- 
treat in a straight 
line towards f, I 
tberefere mea- 
sured Irom D to 
A 5S yards ; at a the angle cad was G^°.90' : Required the 
bdriit of the castle £c, and the height of the bill bEj above the 
level of the first station d ? 

SOLtJTlOK. 

1. In the triangle adc are ^ven the angles ADc=72°.l(y« 
CAD's64°^0', a&d consequently acd=43 .20', and the side 
AD=52yM^ to find dc=68'392 yards. 

2. The remaining part of the solution is the same as in Ex- 
ample xzxTii ; CE will be found = 34-463 and ^ = 93*536 
yards. 

EXAMPLE XXII. 

Cutting to know the 
b^jfat of a tower ek 
standing upon a hill, (he 
hei^t HE of the hill, 
<^ the horizoAtal dis- 
ftittoeAH from the station 
A^'^AtAtfae angle GCK 
was S°.S8'| and the angle 
odB was ^.43'; then 
htfHn^ set up 8 staff AC, whose lieight was equal to that of tbfi 
theodolite, I measured 1809'5 feet up the sloping ground ab, 
as a base, in a direct line with the tower, keeping the points 
K, E, c^ B in the same vertical plane. At B I took the following 
angles, viz. ¥Dc=bai = I°.54 ; and edf=;1°.S3'. Requir^ 
die horizontal distance ah, the height he of the bill, the 
hdght EK of the tower, and ib the elevaUwi of the station B 
libim that at A.. 
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SOLUTION. - 

1. In the triangle edc, the L edc = 3^27', ecd= 175^23'. 
DEC= IMO', and the side dc= 1809*5 feet, hence cEnSSiS-OS 
leet* 

2. In the triangle gce, the Z.gce=: 2^.43', and ce=5S4^8-08 
feet, hence CG=AHr:5342*07 feet, and ge=253-48 feet. 

3. In the triangle kce, the Z kce = 0^55', cek = 92°.43', ckb 
=86^22', and ce=5348'08 feet, hence EK=:85-7ai feet^ 

4. In the triangle bai, ab n 1 809*5 feet, and the angle bai.= 
1^.54^ hence bis 59*994 feet 

Lastly, if to the height ge, the height ac, of the in^truDaent 
be addeOf it will give he, the height of the hiU* 



example xliii. 



At the distance of 25 miles from a 
tower its top just appeared in the horizon ; 
rdq^red its height. The diameter of 
the earth being 7964 miles, and its cir- 
cumference 25019*7024 miles. 



i— ^Ic 




SOLUTION. 

&5019*r024 miles : 360'':: 25 miles : 21'.34''= Zdab. tn 
the right-angled triangle abd, ab and the Z. dab are givefi,' to 
find AD =3982*078446 miles, from which take aczzab, the re- 
mainder dc='078446 miles=:414*19 feet, the height of the 
towcir* 

EXAMPLE XLIV. 

Supposing it were possible to see a light-house or other object 
D, in the horizon, at the distance of 200 miles, it is reqiured 
to find its height cd, the diameter eg of the earth being 796^ 
mQes, and its circumference 25019*7024 miles. v 

Answer. The Z dab = 2°.52^.39'^ ad = 3987*0272 mH^ 
and DC =5*0272 miles =26543*6 16 feet, being 5910*616 feet 
higher than Chiwborago, the highest of the Andes. ■ 



EXAMPLE XLV. 



r.:, 



The Peak of Teneriffe is said to be 2^ miles above the ley^ 
of the sea ; at what distance can it be seen, supposing the radius 
of the earth to be 3982 miles? 

_ • 

AffSwer. ^ed x dc=db (Euclid 36 qfIIL)-l4iVl2unle9^ 
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EXAMPLE XL VI. 

If tfielPeak of TenerifTe be 2^ miles high, and the angle cdb 
made by a plumb-line, and a line db meeting the surface of the 
sea in tne farthest visible point B, be equal to 87^.58MS'*', it is 
required to find the diameter ce of the earth, supposing it to 
be a perfect sphere, and the utmost distance DB that can be 
seen from the top d of the mountain. 

j,^^^ (rad.+sinecDB)xDC,.p3,,^^^.jg ^j,^ ^^ ^^ 

cosme CDB 
=: 79164 miles. 

CHAP. IV. 

OBSERVATIOKS ON THE ADMEASUREMENT OF A BASE LINfe. 

(G) Where die ground is perfectly level, the manner of 

measuring a straight line from one object to another appears to 

be simple and easy ; yet, on account of the curvature of the 

earth, no two points on its surface can be exactly situated in 

the same horizontal line ; the chord of the arc, and not the arc 

itself being the horizontal distance. Now the radius of one 

circle is to the radius of any other circle, as any arc of the 

former is to a similar arc of the latter. If we take, for instance^ 

the ba.«?e line measured on floimsUm^ieathy (D. 72.) 274?04?'2 

feet, the radius of the earth 3982 miles, or 21024*960 feet, 

we shall hay< 21024960 feet : 274.04f-2 feet:: 1 : . 

27404HP*^ 

^ ^^^^ feet, the lenirth of the measured arc in terms of the 
21024960 ® 

radius 1. But the difference between any arc and its chord, 

the radius being 1, is -^V of the cube of thejength of the arc ^ ; 



, 27404-2 

hence 



B 

,., ^^ . ^^^ X ^='000000000092258 will express the dif- 
21024960 ^^^ ^ 

ference in terms of the radius 1, which multiplied by 2 1024960 
feet^ t&e radius of the earth, produces *001939, the extent in 
feet hy which a terrestrial arc of 27404*2 feet exceeds the chord 
of the same arc, a diiference scarcely worth notice, even where 
the greatest accuracy is required. 

(H) When the ground on which a base line is to be mea- 
sured is sloping, it will be necessary, in some cases, to reduce il 
to a horizontal level. Thus, after having deterrainetl the direc- 
tion of the base AFf, by poles la, im^ hti, go, pointeil at one end 
and fixed perpendicularly in the ground by means of a plurab- 

• See Chapter V. followiiTg. i 

-f The poiat a, and the suuimits of the hiLb m, h, o, f, should be connected 
4^ IP form a r^ular slope, af. 

G 2 
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line; the sum of . 

the hprizoDtal - . nj ^^^^.jf 

distances un. iru t ^ ij^ Iim 

HO. GF will evi- T '"'''''•'••'* "abf ^9^^^9 

to the whole ho- ^ ^ C i> . * 

rizontal distance ae ; and if the heights At, mi^ nBy go be suc-^ 
cessively measured, their sum will give the whole height ef. 

(I) If the ground be irregular, or if it rise and descend alter- 
nately, it is evident that the difference between the heights of 
the poles must be added when ascending, and subcractea wheit 
descending, in order to deterxoine the different elevaticms and 
depressions of the ground* 

(K)- Surveyors generally ascertain the altitudes of irregular 
hills by the assistance of a ^irit-level, and perpendicular poles 
placed at convenient distances from each other. This practice 
is called levelling. 

(L) A base line on a sloping ground may likewise be mea- 
sured by taking angles at its extremities with a theodolite* 
Thus, let im represent a theodolite, al a pole fixed perpen- 
dicular to the horizon and equal in length to the height of the 
instrument; also, let ki be a horizontal line (which may be 
ascertained by the bubble of air in the spirit-level of the tde- 
scope resting in the middle) and kil the angle of depression 
between the top of the pole al and the horizontal line ki. 

Then, because ki is parallel to ab, the angle kil is equal to the 
an^e»2AB; then (0.44*.), rad. : Am:: cosine^ kil : AB,or ab=: 
Am X cosine ZL kil 

rad. 
(M) If Awi =4.00 yards, and /.kil =4°, ab will be 399'025 
yards, hence the difference between Am and ab is less than 
1 yard. It appears from this example, that when the measured 
base is inclined to the horizon in a small angle, a redaction of 
this kind will be unnecessary, except in cases where gfe^t «e» 
curacy is required. 

OF THE ERRORS WHICH OCCUR IN TAKING ANGLES OF EliEVA- 
TION AND DEPRESSION WITH A THEODOLITE. 

(N) When the observer is at a considerable distance from. 
the object, the altitude taken with a theodolite will require cor-; 
rection. In the first place the horizon of the observer and that 
of the object observed are not the same. Let c be the centre! 
<^ the earth, d the summit of a mountain, and hpob the horizon, 
of the observer. Through d draw edf perpendicular to dc, 
and it will be the horizon of the point d. Now sd will be the 
true h^ht of the mountain above the horizontal line ps ; dps 



Chap. IV. 



HEIGHTS, &C. 



Si 



the true angle of deTation 
and EPB the obserred an- 
gle^ from nrfiieh the height 
of the fountain is deter- 
mined to be 3bi>, instead of 
ap. 

Affain, the Z. vbd is sup- 
poaea to be a right angle, 
m ordinarv calcnlations, but 
in reality it is ej^ual to the 
sum of uie two interior an- 
^leB BPC and pcb (Euclid S2 




(O) The French academicians measured an inclined base 

it Peru, the I^gth po of which was found to be 6274*057 

tenses *, the angle of elevation dfb was l^.S^^S'' (the effect of 

r^acticmbdng deducted). Now, rad. : pd :: sine dfb : db, 

' ' PDX sine DFB .,^^^,. • , , 

badoei liBS-^ r—— =119*98 toises. In order to eal- 

♦ rad. 

cnlateBs; pd may be used instead of pb, and cs and cb may be 

epnadered as equal to each other without sensible error. And 

as (3c8+B8)xbs=fb^ (Euclid 36 q^ III.), it will follow that 

PB* 

2gbxb8=:fb% and hence bsstt—* 

' 2C8 

(P) If thediameter of theearthbetakens:654S573 toises,as 
dtdoeed from the ad measurwn ents inLapland^PariSf aadPeru; 

it wiir be fowid=r ^!,^t?f^ arS'OlgS toises. By adding bs 

to Bi> file true heiffbt sd of the mountiQanr!tl25*9458 toises. 
Had the hi^ht ds oeen determined from the triangle dpSi, by 
the most exact calculation, it would haye been =: 125197 toises. 
Hence it appears that in most cases the angle at c may bie.re- 
jBCtady tibat fb may be takenzipi^ die^:PBi>=±a right angl^ 
and cs=€B without material error. 

. (Q) Angles of elevation or depression taken witft a dieodo- 
Hte mav be corrected thus : Let d be the place^of the telescc^ 
when the theodolite stands on the vertical line cd : p the situa^ 
tion of the telescope on the vertical line cp. Thenif the tele- 



■til It ill 







* B6dgiier» Ffgure deU Tarred, A toi8e=€ French feet, and -107 French feets 
n4£ia^ fleet. 
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scope at p be directed to an object at j>» the elevfition of ^hat 
otgect above the horizontal line hpj» is theZ ppb; and when 
the telescope is at d and directed to an object at P9 the . angle 
of depression, below the horizontal line £D7, is theZFDP. 

Now, bcause pB touches the circle, and PS cuts it, theZBPS 
(measured by half the arc ps *) = i Z c; therefore Z. dps=-J Z c 
+ the Z. of elevation dpb. 

Through d draw dg parallel to sp, then the Z 6i>p=: jC dps. 
(Euclid 29 qfl.\ hence Z gdp =: -J^ Zc + the Z of elevation* 
DPB ; and because the triangles ops and cdg are isosceles, and 
the Z c is common to both of them, the Z cps = Z cdg^ but the 
angles cpb and cdf are right angles, therefore the Z BPa )=:i Z 
c)=Zfdg. 

Again, Z fdp=: Z gdp + fdg = ^ Z c + the Z of elevation dpb 

+ i Z c; therefore Z fdp=: Z c + the Z of elevation dpb ; to each 

of these equals add the Z dpb, then the Z of depression fdp + 

the Z of elevation dpb =: Z c + twice that of elevation dpb ; 

, (Zof depr. fdb+ Zof elev. dpb)— Zc , ' 

hence^ ^ — == the true Z of 

elevation. 

When the angles are both elevations or both depressions^ 
their difference must be diminished by the Z c, and half the 
remainder will be the true Z of elevation of the higher of the 
two objects. 

The Z c is generally very small, and where the measuredf 
base does not exceed six or seven hundred yards, it may be 
rejected. 

EXAMPLE XLVII. . . 

(R) Suppose D and p to be two objects fixed exactly aft 
the same height above the ground as the height of the telescope 
of the theodolite; now if theZFDP of depression be 26', and 
the Z DPB of elevation 14', what will be the error ip observa- 
tion ? The arc ps, or distance of the stations, being SOOO feeU 

The lei^th of a degree in latitude 51°,9' is 364950 feet f ; 

364950 feet : 60':: 8000 feet : 1M9'' nearly = Z c. Theii 

i26^'hl^*)'^V 19" ^ 

^ i L — = 19'.20"4- tlie true Z of elevation dpb, hence 

2 . 






* 77te an^Jinrmed behifeen the tangent of any arc tini its chord, is m^atuired fy 
ka^thatarc, 

rbe / TBP (Plate I. fig. 1.) Is measured by half the arc bp. For the / tbp is 
equal to the / f6b in the Stemate segment (Euclid S3 of III.)> and the / pdB= J 
Z PCB (Euclid 20 of III.) therefore the / tbf=§ Z fcb ; but the Z pcb is measur- 
ed by the arc BTy therefore the Z tbf is measured by half the arc bp. q. e. j>, 

t Trigonometrical Sunrey of England and Wales, Vol. II. Fart II. page I13« 
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IS'.SO^i— iVrsS'-^Ci IS the error of the instrument, or the 
quantity by which the Z. of elevation was too small, or the^lof 
depression too large. 

TH£ NATURE OF TERRESTRIAL REFRACTION AND ITS EFFECTS 



ON ANGLES OF ELEVATION.* 



(S) As terrestrial refraction arises from the gross vapours^ 
and exhalations of various kinds, which are suspended in the 
air near the surface of the earth, and which are perpetually 
changing, it is very difficult to ascertain the exact quantity of 
it at any particular time. 

(T) The course of a ray of light in its passage through the 
atmosphere is, in general, that of a curve which is concave to- 
wards the earth, and the observer views the object in the direc- 
tion of a tangent to this curve; hence thie apparent, or ob- 
served angle of elevation is always greater than the true angle*. 

(U) The altitudes of the heavenly bodies when within 5^ or 
6^ of the horizon, should never be used where a very accurate 
result is required. The figures of the sun and nKX)n,> when 
near the horizon, are sometimes eHiptical, having the minor 
axis perpendicular to the horizon, and the major axis paralFel 
to the horizon. This change of figure arises from the refrac- 
tion of the under limb being greater than that of the upper. 
But a perpendicular object, situated on the surface of the earth, 
will not have its length altered by refraction, the refraction of 
the bottom being the same as that of the top. 
. ( W) The allowanjces usually made for refraction aire tbd 06- 
certain for any reliance to be placed on them, as scarcely two 
writers agree on this subject. Dr. Maskelyne makes it tV ^^ 
the intermediate arc fs between the observer and the object; 
Boqgaer •}-; I«egendre 7V9 General Roy from ito -^i and in. . 
the second volume of the Trigonometrical Survey, the variation 
is found to be from i to -^ of the intermediate arc.f This 
difierence does not arise from inaccuracy of observation, but . 
from circumstances which cannot be avoided, as the evapora- 
tion of rains, dews, &c. which produce variable and partial 
refractions. 

(X) The following method is used in the Trigonometrical 
Survey | for ascertaining the quantity of refraction. 

Let c be the centre of the earth, p and s two stations on its 



* Seen paper by Mr. Huddart, in the Fhilosopbical Transactions for 17979 
pqge 29 ; and another by the Rev. S. Vincc, 1799, page 13. . AI«o the Trigpnop 
neuical Survey of England and Wales, Vol. I. page 175. 

t Page 177 and 178, Part I. I Voluroe I. pa^e 175. 
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sm&pe ; FB| 6A tli(9 horizontal lines at riglit angles to ca ud 
C9; f|i$p suppose a and b to be' the true plao^ of the obJMUi 
obsenreid, and a and b their apparent places. Theii theib^ 
will be the refraction at p, and the Z. asp that at s.* 

In thequadrilateral figure GsoF, the angles at p and s are right 
angles, therefore the Z sop -h Zc:=two right angles, but the 
three angles of the triangle sop == two right angles, h^ioe Z. osp 
+ ilspp+ ZoP8= /.spp+ Z.C, consequently Z OSP + ^ops^, 
2. c, which is measured by the intenpediate arc ps. 

Now '(Z ASP + ZBPS) — {ZASfl+ZBf6)=(ZO&P+ZOP8) 

— ( Z Asa + Z BPi) = Z c — ( Z Asa+ Z bp6)= Zasp+ Z&ps 
the sum of both the refractions. Hence the following^ 

(Y) Rule. Subtract the sum of tl^e two depressions fron^ the 
contained arc, and half the remainder is the mean refraction. 

(Z) If one of the objects (a) instead of being depressed, be 
elevated, suppose to the point ^, the Z of elevation beiqg ^ SA ; 
then the sum of the angles msp, mps will be greater thap Z ops + 
Z OSP (the Z c, or contained isurc Ps) by the Z of elevatipi^ e sa. 
HenceZ c+ AesAzi Amsp+ ZmPS, from each of these equals 
take theZBP^,: thenZG+ Z^a— ZBPi=Zwsp+ ZiPS the 
spm of the two refractions; that is, subtract the depressioa 
from the sum of the contained arc and elevation,, and half the 
remainder is the mean refraction. Perhaps it may be oeces- 
sary to remark, that previous to the observations the qrrpr of 
the instrument must be accounted for* (Q. 85«) 

example xlviii. 

(A) The refraction between Dover castle and Calais, chnreh 
was thus determined.f 

Let c be the centre of the earth, ps the surface ; p the station 
on Dover castle; A the top of the great bdustrade of Calais 
steeple; Ki>F the horizontal litie; also let fo=:6d; then the 
Z FDO=i Z c, or half the arc ps (Q. 8^.)* The distance from 
Dover to Calais is 137455 feet, hence 364950 feet ! 60^:: 
1 57455 fe€t : 22'.35''' the Z c, hence Z fdg = llM 7''*. 

The height of d above low- water spring tides =469 feet 

Hie height of a (cominunicatedfrmn France) := 140i^ feet* 

AG=:S28^ 



* In obfenring these angles two instniments are used, one at p and another at 
s ; and the reciprocal obsenrations are made at the same instant of time by means 
of dgnals, or by watches previouslj regulated for that purpose. The observer at p 
takes the depronion of s, at the same moment which the observer at s takes the 
depression of p. 

t Trigonometrical Survey, Vol. I* page 178. 
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Tbft triBiigle DGA may be onnwdewd b$ laoeosieSf and iki or 
]i4sldT455 6ett the distance between Dover and Calais. 
HcMe i M : nid.::DA : secant Z UAa:siS9\BS\S^.2j^ the 
doaU^ of which, deducted from 180^, leaves S'AS" finr die 
Z OBAf to which add the Z. fdg=: 1 lM7i^^ ^^^ ^^ whole angle 
WDAz^lSf^^Y saiqposing there was no refnudon; but Uie 
:£WDA was ddiemuned from observation to be 17'.5d^f henoe 
therefracdon was (19'.82i''-17'.59''=:) VSSy% bemg about 
1^ of the contained arc. 

(B) Mr. Httddart is of opinion, that a true correction for 
the efiect of terrestrial refraction cannot be obtained by taldiup 
any part of the contained arc *; for different points^ diougfa 
noiriy at the same distance from the observer, will have vari- 
ons refractions. 

OF THE BSDUCTION OF ANGLES TO THE CENTRE OV THE 

STATION. 

(C) In surveys of kingdoms and counties, where signals cm 
the 8teq>Ies.of churches, vanes of spires, &c. are used for points 
of observation, ^the instrument cannot be placed exactly at the 
centre of the signal, and consequently the angle observed will 
be diflferent from that which would have been found at the 
centre. The correction is generally very small, and is (mly 

where great accuracy is required. 
The observer may be considered in three di£ferent positions 
witb respect to the centre, viz, he is either in a line with the 
centre and one of the objects, or a Hne drawn from die centre 
through his situation would, if produced, pass between the ob- 
jects; or a line drawn from the centre to the place of the ob- 
server, when produced, would pass without the objects. 

(D) FiBST, let the observer 
be at n, in a line between the 
pU^ctis B and C| viz. on one side 
ofthe triangle abc; b being the 
proper centre ofthe station and * 
tbe/1 ABC that required. It is 
plam that theZ. cda, being the £a;.' V/ 
exteripri^of the triangle ajdb, N ^^;::::-^'-'-':-:::'///.^!^ 
is top. large by the interior /l 2l ' ' * 

PAB, 

jhere^rez abc=: Z cda— z. dab. 

(E) Secondly. Let the observer be at o, within the tri- 
angle ABC, and let b be the centre of the station, and the Z 
ABC. that required. Now Z aoc+ Z oac + Z oca= Z abc+ — 




* Fhiloioplucal InuiMctioiis for 1797^ pi^ 20th et neq. 
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OAB+ ZoAc-f Z.ocA-h Z0CB9 each of the sums being e«|ual td 
two right angles; therefore the Z.aoc=I'Zabc+ ZOAa-f 71 
ocBf that is» the Z. aoc is greater than the Z abc by the sdbi x£ 
the angles oab and ocb. Therefore Z abc* = Z aoc— ( z oAb 
+ Z ocb). 

(F) Thirult* Let the observer be at e, without the taU 
an^e abcv and let a be the centre of the station, aad the Zca9- 
Jliat required. 

Now Z CEB + ZECA+ ZACO+ Z OCB + Zebo + ZoBc:= 

ZCAB+ ZAco-|-ZocB-f-ZABE+ Zebo+Zobc, csch of the 
sums being equal to two right angles; therefore 

Z CAB+ Z ABE= Z CEB + Z ECA, and consequently 
.* Zcab=iZceb+ Zeca— ZABE. • 

EXAMPLE XLIX. 

' Let A and b represent the vanes on two steeples ; e the situ- 
ation of the theodolite upon the steeple a, and o its situation 
ppott the s^ple b. Theni suppose 

A£=12feet D B0=:10 5feet 

ZCEB=74*'.32' J ZAoc=49^27' 

ZCEA= 139^.39' j jLcob-IST'.SB*. 

It is required to find the angles cab and abc^ the distance 
AB being 5000 feet. 

' SOLUTION. 

: TheZGB;B=ZcAB nearly, and ZAOoi=:Z ABC nearly, with' 
these angles and ab, find ac and bc (as in Example L Chap^ 
mO=458I-8 and 5811-6. Then, ''■■", 

AC : sin. Z CEA : : AE : sin. Z ECA=:5'.50" 

AB : sin.ZBEAllAE ; sin.ZABE=7'.29". 
Hence ZcAB=^74°.30'.2r(F. 90.) 

BC r sin. Z cob:: BO : sin.ZocB=4«'.10''. . 

AB : sin.ZAOB::Bo : sin. Z oab =0^.56*. 
Hence ZABC=49°.2r.54" (E. 89.)- 

With the; corrected angles cab, abc, and the distance ab, the' 
sides AC and bc may be determined. ' 

OF THE REDUCTION OF ANGLES FROM ONE PLANE TO 

ANOTHER. 

(G) Angles which are inclined to the horizon, may be i^e- 
duced to the corresponding horizontal angles, in cases where 
very great accuracy is required. . Let the. lines PS, pb, b^ be. 
three chords of terrestrial arcs, that is, let the points p, B, add 
sj be all equally distant from the centre of the earth, and 

.■,...- I I .. I I n il, . 

* If the proper centre of the station were at o, and thcobfienrer at b, it is plaiif' 
that the aogles oaa and ocjs must be added to the / abc to obtain the Zaqc*, 




lei: fthe^^jNiait b be elevated so as to be .farther frpoi' A^ 
centre of the earth. than any of the pcnets p^ b>'8#; bf the 
qnantity iB]>9 it is required to reduce the triangle bop .to tha 
triangle BSP. 

(H) The line so may be supposed to be perpendicular to 
each of the dords sb and sp wfthotit sensible error,' thd^igb 
stricti/ spiking the angles oaB . and nsp are each equal to 
90^+7 tne arc which me chords SB and sp subtend (Q. 06« 
and Note.} 

Likewise the chords sb and sp 
may be used instead of their 
corresponding arcs, (G. 83.) By 
inspection oTthe figure it is plain 
that BD is grater than bs, and pq 
greater than ps ; but the base pb 
is common to the two triangles 
BDP and BSPy therefore the Z bsp 
is greater than the Zbdp. (Euy 
CUD 21^1.) 

(I) Now if a perpendicplar bie drawn froin n upon the 
_ t ^ BD X COS. dbp^,^ . ^ 

base PB, the segment GB= -| (K, S9.)i 

and if, 9 perpendicular be drawn frpin the point s upon the 
base F^ the segment intercepted between ps and the perpend 

,. , .„ i_ BSXCOS. SBP.-_ ^ . 

dicular will be=-r — rn (K.;39.)' • 

'(K) Hend^ cois* dbp x bd == cos. sbpxbs, and tos. -SBi^r: 

BD ' •' ^ 

cos. DBP K — > also BD I rad. ; ; bs : cos. dbs, for the .tri- 

. . " * . ". . 

angles bsb and dsp are right angled at s. 

cos DBP x rad« 
Conseq. cos. sbp= — ^* or cos, bbs :• cos.= dbp!; 

^ cos. DBS. i . - \ " 

rad. : cos. sJ3p. * ".:,.• 

(L) That is, The' cosine of the L of elevation ythe cosi^ df 
the L inclined to the horizon II radins I cosine of the ,hmii 
zantal/L. 

ExactlyCin the same manner the Z.^PB may be found. 

Then 186^— ( Z,sbf+ L spb)=: Z. bsp* 

(M) But theZ.BDP taken on the elevated situation d, may^ 
be reduced to its corresponding Z bsp, by using only the ob- 
served Z. bbp, and the angles ofdepression mdb, and fiDP. The 
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Z«»ini=: /.BM and tfie/lfiDPs: ilDjps; lienoeCbdi]irae«Bgki 
mttoemAry for this reducUmi are BOfP, ]»s» and 0Fft. 

It is shewn (K. 39.) that cos. Z. dbp= — :; X md. 

^ 2BDXFB 

flenoe pb^ +bd*— (2bdx pb x fl^l-JL- Y^znA 

(M) That is, The square of f he side subtending Of^ acute L 
(^a triangley is less than the squares of the sides containing thai 
acute L: hy dotMe the rectangle of those sides^ muUi^iedljf the 
cosme of the acute L dividend by radius* 

Thcumorei in the triangle bbp 

« o . « /A COS. SDPv 

PB«:=BD< +PD* — (2Bn XPD X , > ■ f« 

rad. / 
And^ in the triangle spb 

PB« =Ba* + ps« - (2BS X PS X £^i*!5?\. 

tad. J 
By making the values of pb< equial to each other^ and radnciiig 
the equation, we get (bd * — bs ^ ) + (pd^ — ps^) = (3b^d x 91m x 

cos. BDP\ ^_ cos. . BSPv ^ 

-jj;j~)-(flM+Hr + -^jj;^)- Bet BI»»-BS •»«»«- 

ps^ziSD^ (Eudiid 47 ^L)^ therc^sre sd^ x lads 

(bd X PD X COS. BDP)— (BS X PS X COS. BSP), 

A ,. Cbdxpi)xco8.bdp)— fsD^xrad.) 
Attd faenee. cos. bsp s >. .> mj ^ — ^ ■■■■.. 

bsxps 

rad. : BSi :•: sine nsa : sn 

rad. : PD : : sine dps : sn. 
Hence^ rad.^ ; bd x PD;;sine pbs x sineDPS : sd^. (KBica's 
Geom. U of Vll.) 

And, SD^ X rad.=::BD x pd x sine dbs x sine dps x — -• 

rad* . 

Again, rad. : bd : : cos. dbs I Bs 

rad. : PD :: COS. DPS : PS 

Hence rad.3 : bd xpd :: cos. dbsxcos. dps : BSXPSf, 

And BS X PS =:bd X PD xcos. Dsax cos. dps x — ri 

rad.* 

Therefore by substitutiixi the cosine of the Z. Bspr: 

COS..BDP*- (sine dbs x sine dps x JL\ 

rad;/ 

1 

COS. ]»aB X COS.. DPS X *;i?^ 

rad. 9 

(icos. BDPxrad.2)— (sine dbs x sine dps x nid.y 

COS. dps X COS. DPS 

21 
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(O) M. de Lunbre gives the following fonmiU * for find- 
ing die angle bsp; which he demonstrates bj spherical Irigo* 
nomeoy, viz. 

Sine 4 BSP = '^d ■ \ / ""^ ^ ^"*'' •*" ''" "°"^ ^ ""* * ^""^ "^ ppt-pit) 

V cos, DBS X 006. DTfr v^ 

The sides bs and ps of the triangle bsp are easily fonibu], 
from the height ds and the angles dbs and dps being girea. 

EXAMPLE L. 

Wantiqg to know the height of an object sd (standing on 
the horizontal plane psb), and also the horizontal distancts 
sp and SB, I measured a base pb=300 vards, at p the/. of 
elevation dps was 8^.15% and theZsPB, mclined to the ho-^ 
rizon^ was ST^.IS": at b the Z of elevation dbb was 8^45^.50*, 
and the/lDBP, inclined to the horizon, was 63M5'. Re- 
quired the horizontal /.B0IV ^ horizontal distances sp, and 
9Bf sad ike height of die oligect above the plane. 

JfUfwer. ZBPS=56^5rj;0^; £pbs=:62^.54^.30*; (L. 91.) 
SBa289-41 ; psrrr 807*69; and i>S!=:44*614 yards. 

The height ds^ and the distances bs and ps, may be found 
vidiout reducing the angles. For, in the triangle dbp all 
the angles are given, and the side bp^ whence bd and pd 
may be found; tiben in the triangle dps, the Zbps and 
the side P0 are given to find ps and sd ; also^ in the tri- 
an^e dbs, db and the /.dbs are given, from which bs may 
be found. 

EXAMPLE LI. 

From the top of a tower 44*614 yards high, the angle B]>P, 
subtended by two distant ofcgects b and p, was 59^.M^| and 
the angles of depression mvB = 8^ . 45^ . 50% and^ nD¥zz 
8^ AS\ Hence it is required to find the horizontal distances 
PB, BS, and PS. 

Jtmatr. Tfae^ mdbz^L dbs=:8^« 45^50''; and Ziidp 
= /. DPS = 8** . 15', and iLBDP = 59° • S(/* By the formula 
(N. 92 or 0.93.) cos./.BSPr:*49655, hence /.BSP=60°. 18^. 
40^* 4. and Bsz=289'41, PS=307*69, and PB = 300. The 
same answer may be obtained without reducing the anglesi 
and without the formula. 

(P) The formulae at the condu^n of N. 92, and O. 93|t 
may be applied to any two triangles,' whether their bases be 
in the same horizontal plane and their vertices be ^evated, 
as in Examples l. and li. or their vertices be in the same hori- 
zontal plane, and the extremities of the base of the one triangle 
be elevated above the extremities of the base of the other. 

^ Thif fonnuU is demonstrated IVop. 7tb, Cbtp. XL Book III. 
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In the anheaced 
iBgure, if the an- 
gle PDB be mea- 
sured with a sex- 
tant, and the ner-" 
tieti angles bdo, 
PDS be measured 
with a theodolite, U 

. ^ (cos, PDB X rad. * ) — (sine pds x sine bdo x rad.) 

COS. PDS X cos. bdo 
or by M. de Lambre ^s formula*, viz. 

sine i SDO = rad.\ A"e j (fi>b + pps - bdo) x«ne t (FMH-Bao^:^) 

V COS, PDS X COS. BDO 

EXAMPLE LII. 

From a station at Din the horizontal plane Dso, I took the 
angle pdb, subtended by the tops of two towers, =3 7^.53^20'' ; 
and also the ^i^gl^ of elevation bdo=:4«^.2S^55'^, and pd8=: 
4^ • 17'. 21^ The hei^^t of the tower bo is known to b0 40 
yards, and that of ps SO. yards ; from which it is required to 
find the horizontal distance of my station from eacl\^ of the 
towers, and their horizontal distance from eaqh other. 
. Ansfwer. By the formula (P. 94.)/lspo=37^59'; D8=:400 
yards; do=52Q; and so=: 320 yards. 

(Q) The same answer may be found without the . Ibrinula. 
For, with the Z bdo and height bo, find db= 521 -0536, and 
DO =520; with the Z. pds and height ps, find dp=: 401*1 234, 
and DS=400. Then with dp, db and the Z. pdb, find pb::;. 

320-1562; llistly,i/pB2— bo— ps'=i 

tance =320 yards. 

OF THE DIP, OR DEPRESSION OP THE HORIZON AT SEA* 

(R) The dip or depression of the lio- ^ 

rizon at sea, is the angle contained between 
the horizon of the observer, and the far- 
thest visible point on thesurface of the sea. 

For, if an observer whose eye is situated i 
at D, takes the altitude of a celestial object 
by a sextant, or Hadley*§ quadrant, and 
brings that object to the surface of the water 
at B, instead of the horizon df, he evident- 
ly makesthe altitude too great by the Z. fdb. e 



—so, the horizontal dis- 




■'•TfiriW de TVigonom6trie par M. Caguoli, A|)pendice, page 467; or, Prop. 7. 
niBoglc. III. following. 
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Now the Z ADF is a right angle, and the Z. abd is likewise s 
right angle, therefore the Z. fdb= Z. dab. Hence^ in the right* 
angled triangle abd, there is given ab the radius of the sphere, 
ADsAc+DC, the radius of the sphere increased by the height 
of the ejre aix>ve the surface of the sea, to find the Z. dab, or 
quantity to be subtracted from the observed altitude of any oe- 

lestial object. Hence cos. Z. dab = cos. Z,fdb=: — . 

• AC + CD 

Where Acrr ab is the radius of the sphere, and dc the height 
of the observer's eye above the surface of the sea. 

OR, 

(EC + Cd) X DC=DB« ( Euclid 36 of lit), that is 
(BC X Dc) + Dc'=DB« ; or (2ac X Dc)+Dc2=nDB«, and rejecting 
DC' as being small ^Z 2ac x dc = db, but ab = Ac : rad. : : 
DB = V2^<^^i>c I tangt. DAD= tangtZ.FDB, tberefone 

rad. X ^/2AC , — /2 x rad.^ , — 
tangentZ. fdb= -^ x a/dc = 1/ x ^/dc 

Now the first of these terms is a constant quantity, and if the 
diameter of the earth be 7964 miles, the logarithm of this 
quantity in feet will be 6*48915, hence log. tangt. Zfdb =r 
6'48915 + ^ log. DC in feet. 

OF THE PARALLAX OF THE CELESTIAL BODIES. 

(S) That part of the heavens .^^^^^ 

in which a planet would appear, Hx^]^^ \ 

if viewed from the surface of j/^'\ 

the earth is called its apparent / 

'place: and the point in which W^ ''<^ — IK 

it would be seen at the same / •.. /r'''- 

instant from the centre of the b/. 'K^^***' ;^^ 

earth, is called its true place, the / / ''/S(^^k. 

dii&rence between the ^n^^and I)! J- nSiV^yn 

apparent place is called the pa- Hk^o^V 

rallax in altitude. S^2^-^ 

Let c be the centre of the earth, a the place 'of an observer 
on its surface, whose visible horizon is ab, true horizon cd, 
and zenith z. Let zifd be a portion of a great circle in the 
heavens, and £ the absolute place of any object in the visible 
horizon ; join ce and produce it to f ; then f is the true place 
of the object, and b its apparent place in the heavens ; and the 
an^le befziaec is the parallax. 

The parallax is the greatest when the object is in the horizon; 
for the angle aec is greater than agc, henc^ lK "'evated 

an object is (its distance from the earth's CCfl the 
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some) ihe lenr is th^ parallax. When the object is in the 
zenith the parallax vanishes, for then ac and az are in die 
same straight line cz« 

Since the apparent place (h) of a planet is ni<>re distant from 
the zenith (z) tbdti the true place (i) it therefore follows^ tiial 
the parallax in altitude miist be added to the observed alfitnd^ 
IB order to obtain the place of a planet as seen from the earth's 
centre. The ^tars on account o£ their immense distaiice ftbnl 
the earth have no sensible parallax, and the sun's mean pi^ 
rallax is only 8\6. The moon's greatest horizontal paraUai^ 
is 61'.S2^, least 54p'>. 

(T) Tke horizontal paraUax being given^ to find theparaUax 
at asttf giijen altitude. 

In the right-angled triangle icAc 

Radius : Ec^Iside a£c ; Ac 
And in the triUfigle <»AC 

GCssEc : sine gag : : ac : sine agc 
And by comparing these two proportions 

radius : sine gac :: sine aec : sine agC. 

But the sine of an arc is equal to the sine of its supplemental 
therefore sine GACssine gak, and gak is th^ complement df 
GAE, therefore sine of GAK=cosineGA£, hence 

radius : cosine gae ; ! sine'AEc : sine agC 

The last two terms being small, the arcs may be substituted 
for their sines without sensible error. 

Hence the following rule : 
Radius 

: Cosine of the apparent altitude^ 
1 1 The horizontal parallax in seconds^ 
: The parallax in altitude in seconds. 

example uii* 
The apparent altitude of the moon's centre is S4^. 29^.44!'4 
the horizontal parallax 55^2'\ Required the parallax in at- 
titude. 

Radius, sine of 90^ • • • .10* 
: cosine moon's altitude 24^29^44". . 9*95904 
: I horizontal parallax 55^.2''=: S302'1og.=: S-5 1 878 
: parallax in altitude 3005" log. = • . 3-47782 
Hence the parallax in altitude is 3005''s=50^•5^ 

OF THE ADM£ASUftEM£Nt OF ALTITUDES BY THE BARO- 
METER AND THERMOMETER. 

(U) One of the most simple and easy practical rules for 
measuring the elevations and depressions of objects by means of 
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the tMiroineter and thermometer, is that given in the Encydo* 
pedia Brit. Article Pnenmatics, or in Dr. Rees' New C^do- 
paadia, under the word Barometer. The directions are as 
foUoir — Let the observers be provided with two portaUe 
barometers, each of the same construction, with a nonius pro- 
perly adapted to the scal^ and a thermometer attached to 
each» having their bulbs each of the same diameter, nearly, as 
the diameters of the barometric tubes. 

Place one of these barometers in the shade at the top of the 
eminence^ with a detached thermometer near it; and let the 
other barometer be placed below in like manner, with a de- 
tached thermometer near it When the thermometers have 
acquired the temperature of the air, that is, when the fluid in 
each becomes stationary, the observers must note down the 
temperatures shown by the thermometers, and the heights of 
the mercurial columns in the barometers. 

Then the elevation of the higher barometer above the lower 
may be determined by the formula, which is deduced from the 
following observations. 

(W) 1. The height through which we must rise in order to 
produce any &11 of the mercury in the barometer, is inversely 
proportional to the density of the air; that is to die height of 
the mercury in the barometer. 

2: When the barometer stands at SO inches, and the air 
and quicksilver are of the temperature S2^, we must rise through 
87 feet, in order to produce a depression ot-^ih of an inch. 

3. But if the air be of a different temperature^ the 87 m^st 
be increased or diminished by *21 of a foot for every degree of 
(fifierence of the temperature from 32^. 
' 4i. Every degree of difference of the temperatures of the 
mercury at the two stations makes a change of 2*833 feet, or 
2 feet 10 inches in the elevation. Hence, 
If d! be the difference between 32^ and the mean temperature 
of the air, d the difference between the barometric heights in 
tenths of an inch, d the difference between the mercurial tem- 
peratures, m the mean barometric height, and £ the correct 

J ^ rm. 30D(87±-21d) ^. ^^^^ 

elevation. Then e =: ^^ — = + S x 2'833 

m "" 

This formula may be given in words, thus : 

(X) 1. Multiply the difierence between 32^ and the mean 
temperature of the air by -21, and add the product to 87) if the 
niean temperature be above 32^ but subtract it if below. 

2. Multiply the sum or difference, found above, by thirty 
times the difference, between the barometric heights, in tenths 
<>f inches, and divide the prolluct by the mean of the barometric 
lights, the quotient will give the approximated elevation. 

H 
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S. Multiply the difference between the mercurial tempefft- 
tures by 2*833 feet, and add this product to the approximated 
elevation, if the upper barometer has been the warmer of the 
two, otherwise subtract it, the result will be the corrected elevar 
tion in feet. 

EXAMPLE LIT. 

Suppose that the mercury in the barometer at the lower 
8&tion was at 29'4 inches, that its temperature was 50^ of Fah- 
renheit's thermometer, and the temperature of the air 45° ; and 
let the height of the mercury at the upper station be 25*19 
inches, its temperature 46% and the temperature of the air 39% 
what would be the elevation of the higher barometer above 
the lower ? 

1. « =42^ mean temperature of the air. 

42^-82<^=10°{=rf), 

(•21xl0) + 87=89-l (=87 + -21d). 

2. (29*4-. 25-19) X 10=42-1 diflF. of barometric heists in 

tenths of inches ( = n) 

29*4 4- 25-19 

' — : — =27*295 mean barometric height (=m) 

42*1 X 30 X 89-1 

S^^Iogc =4122*854 feel^ the approximated elevation 

_30D(87 + *21rf) 

m 

3. 50^— 46°=4® diiff. of mercurial temperatures (=J) 

2-833 X 4 = 11-332 (=3x2-833). 
Then 4122-854 — 11-332=411 1-522 feet, the correct devatiop. 
(Y) If several sets of observations be made at each station^ 
after short intervals of time, and the mean of the separate re* 
suits be taken, the conclusion will probably be more accHrate 
than that derived from a single observation. 



CHAP. V. 

OF THE SIGNS OF TRIGONOMETRICAL QUANTITIES, &C. 

(Z) In the investigation of some theorems in spherical tri-, 
gonometry, and in the application of trigonometry to several 
astronomical and analytical problems, the changes of the signs 
of the tangents, sines, &c. from affirmative or +, to negative 
or—, ought to be particularly attended to. They likewise 

20 
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serve to illustrate the use of the native sign in the applicaticm 
(^algebra to geometry. 

(A) The tangents, sines, and versed sines are counted ftonif 
or baye their origin at b» the b^inning of the arc (Plate L 
fig. 1.) The oosineSf secants^ and oo-6ecants» originate at the 
centre c. 

(B) The oo*taogents and co-veraed sines originate at the end 
of the first quadrant, as at a« 

(C) The sine increases from nothing at b till it becomes equal 
to the radius, at the end of the first quadrant ab; firom hence 
it decreases along the second quadrant from a to 5, and vanishes 
at the point d, shewing the sine of a semicircle to be nothing. 
After this, the sine will lie on the contrary side of the diame- 
ter : therefore being reckoned affirmative before, must now be 
counted negative. During the 3d quadrant bn the sine ih in- 
creases negatively, till it becomes equal to the radius ; after 
which it decreases negatively, till it arrives at the point B, where 
it is nothing as before. 

(D) The cosine is equal to the radius when the arc is nothing; 
but decreases through the first quadrant ba, at the end of 
whidi it is nothing : during the second quadrant it is negative ; 
fi>r the codne ci will lie in an opposite direcuon to the cosine 
CQ. Through the third quadrant to the cosine decreases ne- 
eatively, at n the negation is destroyed ; and in the fourth qua- 
drant BB it again becomes affirmative. 

(E) The ^aa§[^n^ at the beginning of the arc is nothings and 
increases to in&ity during the first quadrant ba, at the point a 
there is po tangent, for ca produced can never meet bt (L. 31.) 
In the second quadrant aA the tangent b^ is negative; for the 
tan^nta being reckoned firom the point b, the tangent b^ will 
lie in an opposite direction from bt. During this second qua- 
dn^t the tangent decreases negatively, from infinity to nothing. 
In the third quadrant the tangent is ^ain affirmative^ and in- 
creases from nothing to infinity. In the fourth quadrant it de- 
creoaes from an infinite negative to nothing, just the same as in 
the second quadrant. 

(F) The co-tangent at the beginning b, of the arc, that is when 
the arc is veiy small, is infinite affirmative, but in the second 
quadrant it will fall on the contrary side of ad, and consequently 
wUl be negative. lu the third quadrant it will again be affirma- 
tive, and in the fourth negative, exactly the same as the tangent. 

(G) The secant at the commencement of the firirt quadrant^ 
when the arc is nothing, is equal to the radius, and increases 
affirmatively to the end of the first quadrant b a, where it ceases 
to exist (M. 32.) In the second quadrant it is negative, for the 
revolving radius falls on the contrary side of ad, and continues 

H 2 
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SO through the third quadrant; but in the fourth quadrant it 
is again affirmative, or falls on the same side of ad as in the 
first quadrant 

(H) The co^secant will agree with the sine, for the same 
reason that the secant agrees with the cosine. 

(1) The versed sine increases from nothing during the first 
two quadrants, till it becomes equal to the diameter its utmost 
limit. It decreases for the last two quadrants till it becomes 
nothing, but being always counted in the same direction from 
B to & is always affirmative. 



(K) Hence, '^^IJi.f ^l^Z^S 



Sine . 
Cosine 



to 90° 

. + 



to 180^ 



Tangent + 
Cotangent + 
Secant . + 
Cosecant -f* 
Versed sine + 



+ 
+ 



From 180° 
to 270° 



+ 

+ 



From 270° 
to 360° 



. + 



+ 



(L) In analytical enquiries, arcs of all magnitudes*, whether 
greater or less than 180°, are frequently used ; but in trigono- 
metry, every arc or angle made use of must bejess than 180^. 
It has already been shewn that equal arcs have equal sines, 
tangents, &c. ; but if any arc be considered as affirmative^ its 
equal arc in a contrary direction will be negative. 

Let BF and bh be two equal arcs {Plate I. Fig. 1.); now if 
the arc bf be considered as positive, the arc bh in a contraxy 
direction will be negative. The arcs bf and bh are equal, arid 
have the same cosine go, and the same versed sine bg : but the 
sine HG, lying in a contrary direction to the sine fg^ becomes 
negative, or contrary to the sine fg of the positive arc bf. 

It is shown in the xith proposition following, thatif A=:any 

suie A cos A 

arc, tang. a= x rad; cot. a=i , ' x rad; and co- 



cos, a 



sec. A = 



rad. 2 
sine A 



smeA 



« 

These quantities will consequently have a 
different sign for a negative arc, to that which they will have 



* For if to any arc bp, there be added one or more circumferences of the circle, 
they will terminate exactly in the point p, and the augmented arc will have the 
same positive or negative sine, cosine, &c. with the arc bp. Thus if c denote an' 
entire circumference, or SSO°, sine a? = sine (c + ar)=ssine (2c + jr)=sine (3c + »), 
&c. and the same will take place with respect to the cosine^ tangent, &c. LegenMs 
Geometry, 6th edit, page 336. 
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r&d ^ 
for a positive arc; but as sec a=: — ^, the secant will have 

cos* A 

the same sign for a negative arc as it will have for an affirma- 
tive arc. 

(M) If the side^ tangent, cotangent, orcosecant.of a— b be 
found at the conclusion of a problem, and the arc a be less than 
the arc b, the signs of the sine, tangent, cotangent, or cosecant 
of a— B, will be contrary to tliose which are given in the fore- 
going table. It may also be remarked, that in trigonometrical 
calculations, when a required quantity comes out a sine, the 
case is frequently ambiguous ; because the sine of an arc and the 
sine of its supplement are equal, and have the same sign. But 
when the required quantity is expressed by a cosine, tangent, 
or a cotangent, there is no ambiguity, for a positive cosine, 
tangent, or cotangent, shows the arc to be less than 90"^; and 
a negative cosine, tangent, or cotangent, denotes an arc be- 
tween 90° and 180°. 

(N) Since the sine of an arc = sine of its supplement, tangent 
of an arc =: tangent of its supplement, &c. ; if a represent any 
arc less than 90% we shall have 

Sme (90® + a) = sine (90° — a) = cos. a 
Tang. (90^^ + a) = tang. (90° — a) = cot. a 
Sec. (90° + a) = sec. (90° — a) = cosec. a 
Cos. (90° + a) = COS. (90° — a) = sine a 
Cot (90° + a) = cot. (90° — a) = tang, a 
Cosec (90° + a) = cosec. (90° — a) = sec. a 

Also if a represent any arc greater than 90°. 
Cos. A = — cos. (180° — a) 
Tang. A = — tang. (180° — a) 
Cot. A = — cot (180° — a) 

(O) The cosine of half an arc is eaual to the sine of half the 
supplement of that arc, or the sine of naif an arc is equal to the 
cosme of half the supplement of that arc, &c for the tangent 
and secant 

For if ^A be substituted for a (N. 101.) we shall have, 

^^ _ • i^^n 1 \ • lov/ — "A 

Cos. f A = sme (90" — fA} = sme - 



Sine . ^A = COS. (90° — ^a) ::z cos. 

Cot Ja = tang. (90° — Ja) = tang. 

Tang. iA = cot (90° - ^a) =: cot. 

H 3 
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180°— A 

2 

184°— A 

2 

180°-A 
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Cosec*^A=s6C« (9(r— i^Ajssec —5 — - 

.^ o % 180°-A 
Sec |Ar2Cosec.(90^— 4-A)=:coseC. r— - 

And as a, in trigonometry, must always be less than 180% ^a 
will always be less than 90% and consequently iti^ sine, tangent, 
&C. will have the same sign as in the table (K* 100.) 

GiNEBAL PROPERTIES OF THE SINES, TANGENTS, CHORn% ^ 

OF SINGLE ARCS. 

PROPOSITION VIII. {Plate I. Fig. 1.) 

(P) The chord of any arc is a mean proportional between the 
diameter and the versed sine of that arc. 

The angle £fb being in a semicircle, is a right angle (Euclid 
31 of HI.) And FG, by the definition of a sine, is perpendi- 
cular to £b, therefore the triangles £gf, and bgf, are similar to 
each other, and to the whole triangle &fb, (Euclid 8 qf VI.) 
Hence, 

dn : BF : : BF : bg ; but Bb is the diameter, bf the chord of the 
arc b/f, and bg is the versed sine of the arc b/f. Q. e. d. 

(Q) CoROL. The sine of any arc is a mean proportional be^ 
teoeen the versed sine of that arc^ and the versed sine of its sup^ 
plement. 

For the Z. fJg rz L bfg, consequently Jg ! of ! : 6? : bg. 

Q. £• D. 

PROPOSITION IX. {Plate I. Fig. 1.) 

(RX The square of the sine of any arc added to the square (^ 
its versed sine, is eqtml to the square of the chord of that arc; 
or to four times the square of the sine of ha^^ that arc. 

For gf«+gb«=bf« (Euclid 47 g/'I.) 

Draw cz parallel to ^f, and It will cut bf at right angles in 
z ; but if it cut it at right angles, it will bisect it (Euclid 3 ^ 
III.), therefore bzzizf, and bf=2bz, therefore BF'i=4Bz . 

fj. £• D. 

PROPOSITION X. {Plate L Fig* 1 .) 

(S) The tangent of any arc is a mean proportional between 
the sum and difference of the radius and the secant ; viz. rad. + 
sec. I tang. II tang. ! sec. -^r ad. 

Join FC» and produce it to h and to t, so as to meet the tan- 
gent BT of the arc bf. Then hn x ft=tb* (Euclid 36 qfllL) 
that is hT : tb::tb : FT. (Euclid 17 of YL) But AT=rad.+ 
secant ct, and ft = secant ct— rad.; therefore rad.+sec. : 
tang.:; tang. : sec— rad. q. £. d. 
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PROPOSITION XI. {Plate I. Hg. 1 .) 

(T) The right angled triangles FGC^ tbc^ gak, cef, are equi^ 
angular and similar. 

For F6C, TBC are right angles, and the angle fcb=: L tcB, 
•therefore the remaining angle cfg=: Z. cm. 

The trianffle cef= triangle cgf» for the Z. cfg =/.. fce 
(Euclid I. ana 29), and Z. F£c= Z cgf, being each of them right 
angles, and the side cf is common to both the triangles, there- 
fore they are equal (Euclid 26 qfh) Again, ak. is parallel to 
SF9 by the definition of a tangent and sine; therefore the triangle 
CAK is equiangular with the triangle csf; and consequently 
with.cGF andcBT. 

In the triangles cof and cbt. 



(U) 
(W) 



CB : BT. 

radius : tang^it. 

CT : TB. 

secant : tangent 

CT : CF. 

secant : radius. 



(Y) 



CO : 6F 

cosine ; sine 

CF : FG 

radius : sine 

(US f cB : CG 

' ' \ radius : cosine 

In the triangle cefzzcgf and cka. 

f cF ; ce=;gf:: ck : ca. 

\ radius : sine :: co-secant : radius. 
In the triangles ctb and cka. 

(Z) f CB : BT :: ak : ca. 

^ ' \ radius : tangent:: co-tangent : radius. 

fA^ / AK :ef=cg:: ck : cf. 

I i \ co-tangent : cosine :: co-secant : radius. 

(B) By comparison. 
Cosine : sine :.: co-tangent : radius. (U and Z, above.) 
Secant : tang. : ; co-secant : radius. ( W and Y, above^) 
Secant : rad. :: co-secant : co-tang. (X and A, above.) 

(C) Tangent xc(htangentz=,radim square. (Z, above.) 
Therefore the tangent of any arc x its co-tangent=:the tan- 
gent of any other arc x its co-tangent. 

(D) SinexcO'Secantzzradius sqtiore. (Y, above.) 
Therefore the sine of any arc x its co^secant=sine of any 

other arc x its co-secant. 

(E) Co'Sinex secant :=:raditis square.^ (X, above.) 
Therefore the co-sine of any arc x its secant=co-sine of any 

other arc x its secant. 

(F) Square radius^square^sine+ square co-sine. 
For, cf«=:gf«+cg* (Euclid 47 of I.) 

H 4? 
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(G) Square radhis^square secarU^square tangentzisquare 
cO'Secant'^ square co-tangent. 

For, cB*=CT*— TB« (Euclid 47 of I.), and ac«=ck^— ak«. 

(H) Square radtrnzzco-sinex secant (K^10S.)zzsincxcO'Se^ 
cant (Y. lOS.)::ztangentx co-tangent (Z. 103.) 

(I) Sbe-^2«!il*^i22L«(U.,6s.)--^xrad(W.108.)- 

rflQius sccfuit 

square rad... ,^^. cosine xrad.,^ ,^^. ^ 

-3 — (Y. 10S.)= : (B. 10S.)> &C. 

■ oo-sec ^ co-tangent 

(K) And, generally, if A=any arc*, ro^zsradius, £%»^co- 
fflne^ to^=:tangent, £ro^=: cotangent, 56cr:secant, a>5^c=:c6-se- 
can^ V€rs=: versed sine, vers sup zzversed sine of the supplement, 
or superversed sine, the following formulae will be easily de- 
duced, where the sign x is represented by a point (.)• 

/T % T o. . — j^ ; — cosA.tanirA tangA.rad 

(L) L Sine a= .^/rad*— cos« a=: t-^-= — 

rad sec 

^rad '. cos a_ rad^ ^ tang a . rad _ rad^ _ 

"" cot A ■" v'rad^+cot^A"" ^/rad*+tang« a""^*^^ ^"^ 

sec A • cos A tanff a . cot a rad , — z -Tr 

z: — 5 --.zz ^/sec* a— rad*= 

cosec A cosec a sec a 



i/vers sup a. vers a = \/(2 rad • vers a)— vers* a. 
(M) II. Cos A = rad — vers a = vers sup a — rad =: 
rad . sine a rad* rad* 



i^rad*— sine* a= 

tong A ^rad* + tang* a see a 

tang A . cot A sine a . cosec a _ sine a . cotA_^rad. cot a_ 

sec A "" sec a "" rad "" cosec a "" 

rad . cot a rad 



^/cosec* A — rad*. 



Vrad*+cot*A cosec a 

^^. ••, ^ rad . sine a rad . sine a rad 

(N) III. Tang a=— --— — = ^ , == = 

^ ' ^ cos A ^rad* - sine* a cos a 

rad* rad* cos a . sec a 



.//rad*— cos* An—— = 



Vsec* A— rad*= 



cot A ^ cosec* A — rad* cot a 

sine A . cosec A _ rad . sec a__ rad» . cos a 
cot A cosec a ""sine a . cot* a 



rad-v/(2rad . vers A)-vers*A_rad^/(2rad. verssupA) -verssup*A 
rad— vers a vers sup a— rad 

rad* sine a . cosec a* 



(O) IV. Co^ A=:is/cosec*A— rad*= 



tang A tang a 



* Emerson's Trigonometry, 2d edit. Prop. I. Scholium. 
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00BA«secA rnd.ccMiecA rad.cosA rad ; 

n — : zz zz — : :=-:: i^/ratP— sine^A 

tang A sec A sine a sine a ^ 

rad • cos a rad'' rad' • sine a 



Vrad* -cos* a Vsec* A-rad* c^s a . tang* a 
(rad— vers a) • rad ^ (vers sup a— rad) • rad 



/v/(2 rad . vers a)— vers* a ^(2rad . vers sup a)— vers sup* a 

^ rad* ^ rad f tang a 



(P)V.&cA=v/rad»+tang.A=^^ ^,^^ ^ 

rad* ^nid . cosec A^tang a . cot a sine a . cosec a __ 

sineA.ootA*" cotA cos a cosa "" 

rad* rad rad . cosec a 

— — 7- , — =— —vrad* + cot* a= — — , = 

Vrad*— s»ne* a coi a x/cosec* a — rad* 

tang A .cosec A^ rad* rad* 

rad ""rad - vers a"" vers sup a— rad* 

rad* rad . sec a 

(Q) VI. Cosec A = v/rad*+cot*A=:-r— = — = 

^^' ^ ' sme tang A 

rad • cot a rad* ^ tang a . cot a ^ cos a • sec a _^ 

cos A ""cos A . tang a"" sine a "" sine a "" 

rad* rad rad . sec a 

===:: ^/rad* + tamr* a=: — — = := 

Vrad*-co8«A ^ng^ ^ Vsec*A-rad* 

cot A . sec A rad* 

'^ >/ 2rad . vers A — vers* a 

(B) VII. Vers a=2 rad— vers sup A=:rad— cos A=rad— 

— ■ . .. rad* rad . cot a 
^/rad*— sine*A =rad— — — ==rad— 

^/rad* + tang*A V rad* + cot* a 

rad* - rad y^ 

=:raa =raa— v cosec* a— rad*. 

sec A cosec a 

(S) VIII. Vers sup a =: 2 rad — vers a = rad + 

rad* 

Vwid*— rine*AS:rad+cosAr:radH — =rad-f 

>/rad* + tang*A 

rad • cot a , rad sine a + tang^A 

; nrad + ^cosec* a -rad*= ; -^ 

^rad*+cot*A cosecA'^ tang a 

- . , sine A . cot A , rad* cot a +cosec a 

rad n rad -I -z n rad + = . rad. 

rad sec a cosec a 

(T) If the co-versed sine be wanted, it may be found by 

subtracting the sine from radius ; that is, co-vers a = rad 

— sine a; also the chord = : V vers* a + sine* a =: 
v/rad— CQs A>+(rad*— cos^A)=v^2rad' (rad -cos a). 
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(U) Besides the precedingformulfle, others may be deduced, 

thus, sine^A H-cos2A=rad« (F. 103)rad* + tang2A=8ec*A, and 

rad*+cot* A = cosec* a (G. 104.) Now because tang a n 

rad.sineA' ,^ ,^ ^ rad*,sme^A , . 

-,— -n-N. 104.) tang« A=: ; , hence rad«+tang«A 

COo A cos A 

-^ , rad* .sine^A rad« . (cos* A+sine* a) rad* ^ 
=raci'-| n zz' ' &c« 

cos* A cos* A cos* A 

OfiKERAL PR0P£RT1£S OF «1N£8, TANGENTS, &C. OF DOUBLE 

ARCS AND OF HALF ARCS. 

PROPOSITION XII. {Plate L Fig. 1.) 

(W) Tike right-ajigled triangles Jgf, bgf, &fb, ctnd cfeB, are 
equiangular arid similar : and cz, the cO'Sine of the arc m^ is 
equal to the half of bs, the chord of the supplement qf doubie the 
arc b/« 

For iGF, BGF, and £fb have already been shewn to be equi- 
angular (P. 102.), and the triangles czb, fgb, have the angle at 
B common to both of them ; also the angle (fb, being itn ans^e 
in a semicircle, is a right angle ; and since cz is parallel to pF, 
by construction (R* 102.), the angle czb is likewise a ri^t angle. 

Now bz : cz::bf : f^, but bz^i^bf (R. 102.)» therefere 
cz=4*f. 

Hence the following proportions. 

{CB : bz (sine arc b/)i:bf (=2bz) : bg . 
radius : sine of an arc : : double that sine : versed sine 
of double that arc. 



C CB : bz::Jf (:2:2cz) : GF 



( Y) < radius : sine of an arc : : double its cosine : sinedouble 
f, the arc. 



C cB : cz::iF (=2cz) : ba 



(Z) -s radius : cosine of an arc: : double its cosine : versed 
f sine supplement of double the arc* 



C cB : cz::bf (=:2bz) : gp 



(A) •< radius : cosine of an Rrc:; double the sine : sine of 
(^double the arc. 

{BF (=:2bz) : bg::Jf (— 2cz) : gf 
double the sine of an arc I versed sine double arc IT 
double cosine : sine of double the arc. 



Jbf (=2bz) : gf::Sf (=:2cz) I bo 



(C\ <^o"b'® ^^ sine of an arc : sine double the arc:: 
^ ' ^ double the cosine : versed sine of the supplement of 
^double the arc. 

{BZ : cz::gb : gf 
sine of an arc : its cosine : : versed sine double arc : 
sine doubk arc. 
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{Bz : cz::gf : ba 
sine of an arc : its cosine:: sine double arc : versed 
sine supplement of double arc. 

{BG : gf:igf : ^g 
versed sine double arc : sine douj^le arc:: sine double 
arc : versed sine of the supplement of the double arc. 

(G) By comparing these proportions, with the proportions 
Prop. XI. and casting out the equal terms, various other pro- 
portions may be formed. Thus (W. 103.) it is said 

radius : sine:: secant : tangent, and (X. 106.) we have 
radius : sine:: double sine : versed sine double arc, there- 
fore secant : tangent:: double the sine ! versed sine double the 
arc, &c. for others. 

(H) CoROL. L TTie rectangle of the radius and the sine of any 
arc^ is equal to double the rectangle of the sine and cosine of 
half that arc. 

For (a. 106) CB : c«::2bz : gf 

Therefore cb x gf=2bz x cz.- 

(I) CoROL. IL The rectaiigle of radius and half the versed 
me of an arc^ is equal to the square of the sine of hay that arc. 
For (X 106-) CB : bz::bf : bg 

And CB : Bz:: Jbf : Jbg 

That is CB : BZ : : BZ : ^bg 
Therefore cb x ^bgssBZ^; now cb is the radius, bg the versed 
sine of BF, and bz is the sine of bi, which is half the arc bf. 

(K) CoROL. III. The rectangle of radius and half the versed 
sine of the supplement of an arc^ is equal to the square of the 
come of hay that arc. 

For (Z. 106) cB : cz::iF : io 

cb : cz::ito : ite 
cB : cz::cz : \bcc 

Therefore cb x JJg— cz*. Where cb is the radius, fe the 
versed sine of the supplement of the arc bf, and cz the cosine 
of half the arc BF=:cosine of the arc Bt. 

(L) C!oROL. IV. The diameter of the circle is to the versed 
sine of any arc^ as the square of the radius is to the square of 
the sine qf half that arc. 

For, (I. 107.) CB X iBG=BZ% multiply by the radius cb, 
then cB^xiBG=cBXBz* 
therefore cb : Jbg::cb* : bz* 
that is 2cB : bg::cb« : bz^ 

(M) CoROL. V. The rectangle of the sine of any arcy and of* 
the cotangent qf its half is equal to double the square of the co^ 
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sifie of half that arc. Aiid the same is true, writing tangent 
and sinej for c(^angent and cosine. 

For, if A=: any arc, sine of a = * (L.104.)andcosA 

rad.sine A,,^ ,^^ . 

== (M. 104.) 

tangA ^ 

And rad : cos a: : 2 sine a : sine 2a ; (A. 106.), hence 

, 2 cos A .rad . ^ , « 

rad : cos a: : : sme 2a ; therefore 

cot A 

2 cos' A . ^ ^ o 1 . 

sine 2a =: ; or sme 2a • cot az:2cos^ a, that is 

cot A 

sine A • cot |a=2 cos^ ^a. 

Again, by substituting the value of the cosine of a in the se- 
cond term of the first proportion, we shall obtain 

sine 2a • tang a=2 slne'A, that is sine a . tang ^a=2 sine^ A. 

(N) Using the same notation as in K. 104. the following 
formulas may be easily obtained, by simple algebraical re- 
ductions.* 

-^x » «. ^ 2 cos A . sine a 2 sine* a 2 cos* a 

(O) I. Stne^Azn r- = = = 

^ rad tang a cot a 

2 rad . sine a 2 rad . co s a 2 rad* . tang a 2 rad* . tang a 

sec A cosec a rad* + tang* a sec* a 

2 rad* 2 rad* . cot a _2 rad* . cot a 

cot A+ tang a"^ rad* + cot* a"" cosec* a 

.^. *^ ^ ^ cos* A — sine* a rad* — 2 sine* a 
(P) n. Cos 2a = 5 = 5 

^ ' rad rad 

2 cos* A— rad*; rad*— tanff»A , cot a— tangA , 

zz — jT — , ^ , ■ .radn -^— • rad- 

ra4 rad* + tang* a cot a + tang a 

cot* A -- rad* , 2rad* — sec* a , 2cos a — sec a _ 

7-. rad IT ' • rad=: r . radrr 

cot* A + rad* sec* a , secA 

cosec* A — 2 rad* , cosec a — 2 sine a . 

. rad=: -. rad. 

cosec* A cosec a 

//^x TTT rr. o 2 rad* . tang A 2 rad* 

(Q) III. jTawff 2a= — jT — 1 2— — -2 

^ ' ^ rad*— tang* A cot a— tangA. 

2 rad . cos a . sine a _2 rad . cos a .sine a 2 rad* . cot a_^ 

rad*— 2 sine*A "" 2 cos* a— rad* "^ cot* a— rad* "" 
2 rad* . tang a_ 2 rad* . cot a 

2 rad* —sec* a ""cosec* a— 2 rad*' 

,^^ ,^T ^ rad* — tang* a cot* a —rad* 

(R) IV. Cot 2 a = 2 = — ^ = 

^ ' 2 tang A 2 cot A 



* Emerson's Trigonometry, 2d edit. Prop. II. Scholium. 
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cot A— tanff A rod*— 2 sine* a , 2 cos* a — rad^ , 

— 2 — — ^ ; , rad=^; ;: — - . rad= 

2 2 cos A . sine a 2 cos a • sine a 

2rad*— sec* A ^cosec* a— 2 rad* 

2 tang A "~ 2 cot A 

rad . sec* a sec A • rad _ 

(S) V. &c 2 A- 2 rad* - sec* A "" 2 cos a - sec a "" 
rad' ^ rad' rad* + tang* a ^j_ 

2 cos* A — rad*""rad* — 2 sine* a"" rad* — tang* a * "" 
cotA+tangA cot*A + rad* ^_ rad . cosec* a 

cot A— tang A* "~ cot* a— rad* * ""cosec* a— 2 rad* 

,m\ TTT ^ ^ sec A . cosec a rad '• sec a 

(T) VI. Cosec 2 A = — t = — zr—- ■ — = 

^ 2 rad 2 sine a 

rad . cosec a __ rad* _ rad* -f tang* a __ sec* a 

2 cos A "" 2 cos A . sine a "" 2 tang a ""2tangA"" 
cot A + tang A rad* + cot* a sec* a cosec* a 

2 "* 2 cot A ""2 tang a 2 cot a * 

^TTv TTTT rr ^ 2 sine* A 2 rad* — 2 cos* A 

(U) VII. r«-, 2a=_^^^ = ^ = 

2 vers a. vers sup a _2vers a . (2rad— vers A)^2rad .tang* a_^ 

rad ■*" rad ""rad*4-tang*A"^ 

2 rad . tang* a __2 rad . tang a 2 rad' _ 2 rad' 

sec* A ""cot A+ tang A^rad* + cot* a^ cosec* a "" 

2 rad . sine a sec* a — rad* , sec a — cos a . 

= : — I . 2rad=i -.rad. 

cosec A sec* a sec a 

. _ 2 rad* — 2 sine* a 2 cos* a 

(W) VIII. Vers sup 2 a= ^^ r=^^g-r: 

2 rad* , 2 cot* a _ 2 rad • cot a 2rad' 

•.rad =: — rrr — TT-'.rad = 



rad* + tang* a * rad* + cot* a ' tang a + cot a sec* a 

2cosA.rad 2 cosec* a — 2 rad* , 2cosec a — 2sine a 

= — = — : rad— ~ • rad 

sec A cosec* a ' "^ cosec a 

2rverse sup a— rad]* 2frad— versAV , 
rad — rad 

(X) The coversed sine may be expressed in terms of the 
rest by substituting its value in any of the above forms. 

Covers 2 a ,-= rad - sine 2 a 5= rad - ^ ^^^ ^ . sine a _ 

rad 
rad* — (2 cos A sine .a) , . , , ^ 
^^ , and the chord of 2 a =: 2 sine a. 

(Y) Also if Ja be substituted for a in each ofthefor^oin^ 
expressions, we shall have, 
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^^ , ^. 2 COS i A .sine i A 3 sin6* i A ^ 
(Z) I. &«e A= ^ ^= t3„g^^. &c. exactly 

as in O. 108. 

.*v»x ^ cos«iA— sine^ J A rad^— Ssine^ 1 a. « 

(A) IL Co. A=— ?-^^g =: -d—^. &c- 

(5e^ P. 108-) 

/^% TTY rrt 2 rad^.tangiA 2rad* „ 

(B) III. ra»g A =— TT — : — Tr-=-TT — I — r-> &c, 

^ ' ^ rad«— tang^tA cottA-^tangtA' 

(s^<? Q. 108.) 

(C) IV. Cot A= '^^l"" ^g' ^ ^ =: ^^' t ^ 1 ''^^ &c 

(5f^ R. 108.) 

/n\ V c rad . sec' i a sec ^ a . rad 

(D) V. &^ A=2rad«-sec*fA-2cosiA-sec*A« *^- 
(see 8. 10&.) 

/Vi\ TTT ^v sec i A . cpsec i a rad . sec ^ a ^ 

(E) VI. Casec a= ^ rad = 2 sine /a > «^^- 

(sf^T. 109.) 

/■n\ TTTT TT 2 sine* i a 2 rad* — 2 cos* i a « 

(F) VII. Vers a= j^g =: ^.^j : ^ > &c- 

(se^ U. 109.) 

- /r» \ VTTT 7z 2ra^' ^ 2 sine' f A 2 cos* * A- ^ 

(G) Yin. Vers sup a:z: :^ = ^ad " ' ' ^^' 

(5^^ W. 109.) 

(H) By finding the values of sine ^a, cos ^a, tang iA» &c 
from the most convenient of the foregoing equations, the sine, 
cosine, &c. of the half arc will be obtainedin terms of the sine, 
cosine^ &c. of the whole arc, by easy algebraic re ductions. 

(I) I. Sine i A=rad\/^H^=radv/?^^-^=^« 
^ 2; 2 rad V 2 sec A 

. /rad«-(rad . cos a ) 

V 2 "= * Vrad* + (rad . sine a) — * 

yrad-^rad . sine a= x/^"^'^^''^^.,,ad\/^'^^^"'^T'"^ 

V 2 — ^»"^V 2 rad 

=§ chord A. 



(K) IL Cos iA=rad\/':^^±^^rad\^^ 

^ ' V 2 rad ^ 2 sec a 

A / i-i!^ — 'COS A) __^^^^z ^ ^^^ ^ gj^g a) + } ^rad* — (rad . sine a) 

/2rad*--(rad . vers a) _^^ /rad . vers sup a 
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(DHL r«ngiA=radv/':^^=^^=rad\/!!liJ 
^ ' ^ ^ rad + cosA ^ secA+ 



•rad 

rad 

rad . sine a rad* — (rad . cos a)^ , 

scosec A— cot A= — I , ^^^ , = ^' ^ . ^^^ 

rad + cos a sine a 

4/ vers A _ . / 2 rad— vers sup a 

*^ 2 rad— vers a"" ^ vers su p a 

, * /rad + cos a , 4 / sec a + rad 

(M) IV. arfiA=radV —3 nradV -TTZ — ;::;T 

^A.«./ » vx a ^ rad— cos A sec a— rad 

rad . sine a rad* + (rad . co s a) ^ 

=:cot A + cosec a = — ; = 7-- — — 

rad — cos A sine a 

/ 2 rad*— (rad vers a) _ . / vers sup a 
^ vers A — ^^ V 2 rad— vers sup a 

4 / 2 rad ,4 / 2 sec a 

( N)V.&.iA=rad \/ --^^=rady ;^lg^=">d 

' sineA+tangA '^ 2 rad —ver s a rerssupA 

(O) VL C05gciA=rad\/ f "^ stadv / ^ "" * ^ 

'^ rad— cos A ^ sec a *- rad 

. / 2 tang A . /2rad . / 2 rad 

=rad V : ^'' =radV -radV :r-j ^* 

tangA— sineA ^ versA ^ 2raa-verssapA 

And in the same manner the versed suieS) coversed sinesy 
chords, &c. of the half arcs may be found. 

GENERAL PROPERTIES OF SINES, TANGENTS, &€• OF TOE SUMS, 
AND OF THE DIFFERENCES OF ARCS. 

PROPOSITION XIII. (Plate L Fig* 2.) 

(P) The sum qfthe sines of two arcs is to their difference^ as 
the tangent of half the sum of those arcs is to the tangent of 
haif their difference. 

Let BA and bo be the two arcs ; draw the diameter bx, and 
CD and AG perpendicular to it. Produce on to meet the cir- 
CDmference in f, and draw fhn parallel to the diameter; join 
Ao and produce it to n, draw cnE perpendicular to ao, and at 
BdFaw Elk perpendicular to ctie, meetmg co and cb (produced) 
in I and k. 

Because of is perpendicular to bc it is bisected in d (Euclid 
3 ^III.) : hence ph is bisected in g; therefore ah is tlK 
of the sines ag and od, and ap their difference. The ^ 
and OF are bisected in £ and b (Euclid SO of 111. \ then 
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is the sum of the arcs bo and ba, and ao is their difference; 
BE is the half sum, and oe the half difference; but ek and £i 
are the tangents of the arcs be and oe. 

PH being bisected in g, on will be bisected in M ; now since 
ao is bisected in n^ and on in m, tim will be the half of av, 
therefore 

AN : AollnM : no and 
AN : AO : : ah : AP per similar triangles. 
Hence »m : no : : ah : ap 

but tiM : no : : EK : ei per similar triangles ; 
therefore ah : ap::ek : ei 

viz. sine AB + sine ob : sine ab— sine obI: "" 
Tanff ^ (ba+bo) : tang J (ba— bo). q.e.d. 
(Q) I^hce, if the two arcs ba and bo be represented by a 
and B, we shall have, sine A + sineB : sine a— sine Blltang ^ 
(a+b) : Ctogi (a— b), 

sine A + sine B^tang J (a+b) 

' sine A— sine n'^tang J (a— b) 

PROPOSITION XIV. (Plate L Fig. 2 J 

(R) The sum of the cosines of two arcsy is to their difference; 
as the co-tangent of half the sum of those arcs is to the tangent 
of half their dijfference. 

Let ba and bo be the two arcs, as in the preceding propo* 
sition> BE their half sum, and oe their half difference. 

Draw ng parallel to ag, then because ao is bisected in n^ 
GD (=:Po) will be bisected in g, viz. Gg = gD. 
Hence Scgnco + CG the sum of the cosines 
and 2Gg=CD— CG the difference of the cosines. 

By similar triangles 
nt (=cg) : ni (=Gg)::»r : WA 
or 2cg : 2Gg::«r : wa , 

But wr : wa::es : et 

therefore 2cg : 2Gg::ES : et, where es is the tangent of the 
complement of the arc be, or its cotangent; and £t=£i, is the 
tangent of the arc OE. 

Consequently cd + cg : cd— CGllcot arc be ' tang arc oj^ 

g, E. D. 

(S) Let the two arcs ba and bo be represented by a and b, 

COSA+COSB cot i (a + b) 

then ■— 7-;^ r • 

cos B— cos A tang ^ (a— b) 

PROPOSITION XV. (Plate L Fig. 2. J 
(T) The sum of the tangents of two arcs, is to their difference 
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tfi Ae sine of the sum of the arcs is to ike sine of their dff' 
ference. 

The same construction remaining as in Props, xiii. and xiv. 

Let BE and oe be the two arcs. 

Because ao is bisected in n, it will be bisected in e. 

Wherefore tk is equal to the sum of the tangents, 

XI and EK, and ik is their difference. 

And since the arc ao is bisected in e, the arc 

BA is equal to the sum of the arcs be and oe, and 

BO is equal to their difference; and because of the parallel 

lines TK9 ah; tk : ik::am : om, and 

AM : om::ag : po = do, therefore 

TK : IK :: AG : on. q.e.d. 

(U) If the two arcs be and oe be represented by a and b 
di ^^°S ^ •♦" tang b _^ sine (a+b) 
tang b — tang A""sine (b— a)* 

PROPOSITION XVI. {Plate L Fig. 3.) 

( W) The difference between the rectangle of the sines^ and 
Ae rectangle of the cosines^ of two arcs, is equal to the rectangle 
cfihe radius and the cosine of the suin of these arcs. 

Let bo and oa be the two arcs, on and An their sines, cd 
and en their cosines ; then ag will be the sine of the sum of 
the arcs, and do will be the cosine. 

Draw ni parallel to cb, and hq parallel to on ; then the 
tiiangles cod, enQ, and Aitt, are equiangular and similar. 

The Z. Anc=: L inQ, being each of them a right angle, and if 
the common Z inc be taken away, there will remain the Z. Asii 

Then if the arc bo be represented by a, and the arc ao by 
^9 we shall have 

, cos b.cos A 
. .CO ; ai::cD : eg, viz. rad : cos b::cos a : C2= J- — 

-^ co<! ODllAH I ni±G(2, viz. rad : sine A::sine b : Gg^s^ 
^ne A . sine b 

rad 

But cg^GQrrcG the cosine of the arc BA,r:cos (a+b) 

. ^ cos b • cos A sine a . sine b / . % ' 

therefore = — r =:cos (a + b) 

rad rad 

that is (cos a • cos b)— (sine a • sine b)=cos (a+b) . rad 

(X) The same construction remaining, we shall have 

. _ . '^cosB.sirieA 
"- CO ; oi: :oD : fig, vtz. rad : cos b: :sme a : «g=- v — ^ 
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CO I CDllAH I xtivtz.Tad: cos a ::smeB : ai = ^^ "" ' 

' Bat fig + Ai= AG the sine of the arc BA,=sine (a + b) 

. ^ cos B . sine A . cos A .sbieB . . . 

therefore-^^ rr- + r-r— -. — . aa sine (a -^ b) 

rad rad 

that is (cos b . sine a) + (cos a • sine b) 53 sine (a+ b) ^ cad. 

PROPOSITION XVII. {Plate L J^ig. S.) 

(Y) The sum of the rectangle (tftiie sines, and the reettangle 
cfthe cosinesy of two arcs, is equal to the rectangle of'tiie radiusy 
and the cosine of the diffirence between these arcs. 

Let BO and oa be the two arcs, make or±±:ao» then thd diord 
AR will be bisected in n, and br will be the di£ferencd b##^n 
the arcs bo and ao ; through r draw rp parallel to g|i, and rh 
parallel to aG) then will ag be the siiie of the siim of the arcs 
bo and ao, and rh the sine of their difference. By similar 
triangles An : ar: : At : ap, but am is the half of ar, tber^>re 
AI is tlie half of ap» that is At =5 IP« 

eg -t- ft/sCQ + GgssCQ + QHssjCH.. But by the prebedidg' pv^ 

cos B .^oos A sine a « sinen , .. 
position, eg +02=-^ --T H — — ~i — :> therefore 

cos B • cos A sine a . sine b , . , 

— ;^d — +—55 — '*'^ ^*^''^* ^*^ 

(cos B .cos A)+(sine A • sii^eB)=5Cos (a— b) • rad.:g.c.D» 

(Z) Tig — AI=Gt— PI=siPG=RH. But«g— Atss 

COS B • sine a cos a . sine B . ^ 

^ . , . 1 ; therefore 

rad rad 

(cos B • sine a)— (cos a • sineB) = sine (a— b) • rad. 

PROPOSITION XVIII. {Plate I. Fig. 3.) 

(A) The square of the radius^ is to the square of the radius 
diminished by the rectangle of the tangents of two arcs / as the 
lament of the sum of these arcs, is to the sum of their tangents^ ■'- 

The same construction remaining, let bo and ao be the arcs. 
Draw the tangent Bt and co. and ca to meet it in x and /; 
through A draw ai perpendicular to ct, and through t draw et 

Earallel to ai : when the arc ao is greater than the-iarc bo^ the 
ne £T will fall within the circle, but that will not affect the 
conclusion of the problem. 

The triangles cai and get are equiangular and similar; also 
the triangles i^bc and ^et are equiangular and similar ; fbir the 
triangles cbt and; ^et ate right angled at b and £, and baye the 
angle at t common. 
11 
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;fe (gg<B-ms fc) : tE ( sztc-^ E c):;<c: yb. 

Hence /b«— /b x TBt=i?c*— ^c x ec 

or, tC X EC=:/C«^/B* + /B X TB 

but /c*-to*=CB* (Euclid 47 g^L) 

therefore tc x ec=scb^ + ^b x tb 
By similar 1^ : ETlltc : cb 

trianglesjBT: ai ::£c: ag=cb 
Hence tt: xilltcxEC ; cb* 

or te— TB : AI : : CB*+fti X TB J ca^ 

^ therefore tB x cB*— tb x c b^=ai x cb* -t; ai x te X tB 

or, tBX GB^— AI x te X tb ssai 4-tb X cb* 

Iieiice.e^^CB?— aixtb::/b : Ai+BT. S..E.D. 

(B) The sgfUate ff the radim^ is ^ Ae sjuare ^ the raiiui 
increased Ijj the rectangle of the tangents tf twa arcs i dsthe 
tangent of the difference hAmeen these arcs^ is to the diffbremc 
between their tangents. 

This is proved in the last proportion but one, by inverston; 
in the abov^ investigation. 

(C) If thb two arcs bo and ao be represented by a and b, 
the n. "^' = tang(A+B) 

rad' — (tang A. tanga) tang a + timg b *^ 

rad*+(taiigA«tai^B) tangA^tangB. 

(D) From the propositions abready given, a great variety of 
forniulfi&for the sums and diflSerencesr of arcs may be deduced, 
some of the most important of which w|ll here be pointed out. 

By Props, xvi. and xyii. it is shewn, 

^. , . (sine A.COS 3) + (cos a • sine b) 

1. Sine(A+B)=i xek 

^ ^ (cos A . COS b)— (sine A* sine b) 

2. Cos (a+b)=^ '. ^ ^ 

^. , ^ (sineA.cosB)— (cos A.sinep) 
S. Sine(A-B)=x^ ^. '—^ — - 

. ^ / V (cos A.COS b) + (sine A. sineB) 

4. Cos (a— b)==^ r- ^-— r ■:= ' 

^ rad 

(E) By addiiig the first and third equations together, and 
dividing by 2. 



Sine A . cos b 
rad 



1. \ . ■ as \ sine (a+b)+ J sine (a— b)* 



^ ElkMMi 4e G^om&ti^ par A. M. Le^fendref oxidiiM •dkkMi,p. S48, et leq. 
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Bysubtracting the third equation from the first, and idiidding 
by2- 

^ cos A . sine b , . ^ ^ . , % 

2. ~ = ^ sine (a+b)— i sine (a— b) 

By adding the second and third equations together, and di- 
viding by 2. 

_ cos A . cos B , , , ^ , ^ % 
S. -i = i cos (a— B)+t cos (a+b) 

By subtracting the second equation from the third, and di- 

viding'by % 

^ sine A . sine b , , . _ , . % - 
4^ =s J cos (a— b)— J cos (a+b) > 

: (F) If in the formulas (E. 1150 ^ei*^ ^ substituted p for 
a+b, and q for a— b, then A=i (p+fi)> B=i (p— fi), and we 
§hall obtain 

2 
. 1. Sinep X sine C=— "T- ^^^ i (p+ 2) • cos J (P— 2) 

2 
p Sine.p— sine Q=—T« sine i (p— 2) • cos i (p+s) 
^ rad - - . 

2 

3. Cos p+cos2=— J* cos i (p+2)-cos J{p— e) 

raci 

2 

4. Cos Q-7»cosjp s=---7*sine;J (p + 2)^ sine J (p— 2)* 

' j(G)Andbecaase?l^^=^Au.l03.)=— (Z. lOS.) 
•- *^ • t:osA rad ^ icotA^ ' 

we shall obtain by division and reduction. 

sine p + sine Q sine J (P + 2)'Cos i (p — 2) *ang i (p + g) 
'sine p— sine g cos J (p+ g),sine i (p— g) taiig i (p— g) 
sine p + sine g _ sine i (p + g)_ tang|(p + g ) 

cos p+cos g"'cos i(P+g)"" rad 
sine p + sine g _ cos -^ (p— g )_cot j (p--g) 

, *cos g + cos p"" sine J (p— g)"" rad 
sine p— sine g _ sine | (p— g) _ tang ^ (p— g) 

cos p+cos g~"cos J (P— g)~" rad 
i -sinep— «neg cot | (p + g) cot ^ (p+g) 

'cos g— COS p sinei (P+g) rad 

cos p + COS g cos '^ (p + g) . COS ^ (p— g) _ cot j^(f+q) 

*cos g— cos p^sine^ (P + g)«sinei (p— g)""tang^p— g) 
. .sine (p + g) 2 sine i(p + g).cosJ(p+g) cos i (p+fi) 

sinep+sineg 2 sine i(p+g). cos J(p— g) cos J (?— fi) 
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' line (P+e) _ ^ sine^ (p+e)« cos^(p+g slne^ (p-f g) 

'ginep— sineQ^ 2sinei(p— g) . cosi(p + Q)""sinei (p— fi) 
Now if two fractions be equal to each other, the numerator 
of the one is to its denominator, as the numerator of the other 
is to its denominator. The first equation is therefore thq same 
as Prop. XIII. (or Q. 1 12.) The sixth is the same as Pro^. xiv. 
(or & 112.) 

(H) If we suppose b=a, we shall have, from the third-equa- 
tion, (E. 116.) cos«A=irad« +(i rad . cos 2 a) ; and from thie 
fourth equation of the same article. 

Sine* A:;= i rad« — (J rad . cos 2 a) > 

(I) But when B=A, Q=:o (F. 116.) and cos o®=n^J 
(D. 99.) 

2 cos ^ ^ p ' ' k 

iiencel .rad+cosp^:— ^ 1— From the third equation 

rad 

(F. 116.) 

^ 1 2sine2 ip ^ , ^ * L- 

2. rad— cos Pss ' ■ , ■ * Rrom the fourth equation 

rad ' ^ ^ 

(F. 116.) 

^ . 2sine j^p.cos ^p. _, i /. . x* ^ 

S. sme p= ' — 2 — . From the first equation 

rad 

XF. 116.) 

4j. — r-. e=: "^ * ^ . From the fourth equation 

nia+cosp rad 

(G. 1160=^^(2.103.) 



sine p cot i p rad 



From the third 



From the sixth 



rad— cos p rad tang ^ p 

equation (G. 116.) 

_ rad+cosp cot^p rad 

0» : = = ^ 

rad— cos p rad^ tang^^p 
.equation (G. 116 and Z. 103.) 

^ rad-cosP ^ten^^jg^ From the sixth 
rad+cosp rad* cot^p 
equation (G. 116.) &c. 

(K) Because tang (a+b)=: '''^'^'"^ ^^ t^\ N>10^.)weshail 

cos (A-f B) 

have frpm the first and second equations (D. 1 15.) tang (a+b)== 

(sine A . cos B)+(sine b . cos a) , , , . . 

7 — • r — TT : T • rad, and since sine a =z 

(cos A • cos b)— (sine b • sine a) 

GOB A .tang A - . cos B. tang B,- ,^. x, «efitni- 
^ ■ ^, ^ , and sineB- ^^—(L. 104.)by substitut- 

» . . " ■ TSu rad 

ing these values and dividing the numerator and denoi^inator 

I 3 
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( 



by COS A ^ COS B^ we obtain tang (a +B)gg -^^T ' ^ g~-\ i 
^ •— ^\ / nd*— (tangA.tiBgB) ■ 

ndS bot thia has been already obtuned fay ano&eir process <' 
(a 115.) 

tang (a-b)= . toPg -^-tong B_^^ ^^ ^ ^ ^^ ^ 
^^ ' rad*+(tangA.tangB) ^ ' 

^ ' taogA+taogB ^ 

L.104.) 



alxyv^ 



^ tang A— tang B 

L.104.) 

GHMKRAT. FBOFERTIES OF SINES, TANGENTS^ && OT ABCfl^ 

IN ARITHMETICAL PROGRESSION. 

PROPOSITION XIX. {PliUe L Fig. 2.) * 

Let the three arcs bo, be, and ba, be in arithmetiGBl pro- 
gressicm; viz. let ao be bisected in £, then ae=ob is half the 
difiRsrence between the arcs bo and ba and dierefoareBE is half 
the sum of the arcs bo and ba (& SB.) 

Bat bo + ba=bo+(bo + oe+ae)=bo+(bo+2oe)=2bo 
+2oe=2be, that this the sum of the extreme arcs, Bo and ba^ 
is equal to doable the mean arc be. 

Ihraw the diameter ACL, and join cml; drawnaparalldtooii, 
aifljoin xz ; also from l, draw lw peix^endicidar to ow. 

Then the following triangles are equiangular and ainulai^ 
xtz. cbb, TB2, xzv, aop, and olw. For cbr and tbz are 
r^t allied at r and v, and hare the angle at b ODmmon. 
XZT is right angled at v, and the angle at z is equal to the 
an^e at B, for xzb is a right an^e, being containea in a soni- 
circle^ and tbz is the complement c^tzb to a ri|^t ang^^ and 
so is xzv. 

The trian^ aop haying the sides ao and op panlM .iSb 
the two sides ZB and bt of the triangle TBa, is equiangular 
with it; the angle aol is a right angle^ bdng contained in a 
semi-drde^ therefore wol, the complement of aop, is equal to 
the angle oap: hence the angle olw is equal to the angle aop. 

The following pit^rtions, &c. are naturally derived fnHn 
these similar triangles ; but first we must observe that a^+ob 
=AH=WL the sum of the sines of the extreme arcs; for ah 
IS parallel to w;;l, and the angles wlc and hac being alteniate 
ai^es are equal (Euclid 29 qfl*)j th^ndbre the right angled 
trian^es cga, ctl having one side ac=ic, and the an|^ 
equal, are equal in all respects ; hence lt=ag, and WT=:oDy 
lyxw=:AG+OD. Now cg+co is the sum of the 
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oosinesof die ezttane aros, bat on account of the equality of 
the triaii^^ ltc and agg^ tc=::co^ therefore Tc-f c0=:ydi= 
wo^ jf the SBm of the cosines of the extreme arcs. 

{CB : br::bz : by 
radius : sine of the mean arc:: double the sine of the 
mean arc : i^ersed sine of double the mean arc. 



^ CB : bb::zx (=2rc) : Z7 



(M) < radius : sine of the mean arc : : double the cosine of 
(.the mean arc : sine of twice the mean arc 

{CB : b;ei::ao (=2oii) : op (=:cd— cg) 
radius : sine mean arc:: double the sine of the com"* 
mon difference between the arcs : difference between 
the cosines, or versed sines of the extreme arcs. 

{CB : bb : : OL (=:2ci}) : Lw 
radius : sine mean arc : : double the cosine of the conn 
mon difference between the arcs : the sum of the sines 
of the extreme arcs. 



( cb: cr::bz (=:2br): ZT 



(P) < radius : cosine of the mean arc!: doable the sine of 
(^ the mean arc : sine of double the mean arc. 

{CB : cr::zx(=2cr) : xv 
radius : cosine mean arc : : double the cosine of the 
mean arc : versed sine of the supplement of double 
the mean arc 

{CB : cr::ao {zz2on) : ap (=:ag— od) 
radius : cosine of mean arc* : doable the sine of the 
common difference between the arcs : difference be* 
tween the sines of the extreme arcs. 
r cb: cb::ol (=:2c») two (=:cg4-cd) 
.^« I radius : cosine of the mean arc : : double the cosine of 
I ^® common difference between the arcs : sum of the 
L cosines of the extreme arcs. 
cr::bv:zv 
.rp% I uif c of the mean arc : cosine of the mean arc : : versed 
V / "S ttinA of double the mean arc : sine of double the mean 




{BR : 
sine of 
of doul 
ment oj 



cb::zv : xV 

the mean arc : cosine of the mean arc:: sine 
double the mean arc : versed sine of the supple* 
of double the mean arc. 

J BR : cr::po (=cd— cg) : ap (=ag— qd) 
sine of the mean arc : cosine of the mean arc: : dif- 
ference between the cosines ( =:dif]fei:^i)oe between the 
I versed sines) of the extremle arcs : the diff^ence be- 
I tween the sines of the extreme ar^$^ 
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(X) { ; 



r J5E:€3Bt::Lw(i2AO+OD)^ wo(r=co+<ao) 
) skie of the mean' arc : cosine of die mean, arc^ :tbe 
sum of the sines of the extreme arcs: the sum <}f the 
Lcosines of the extreme arcs, 
^ (Y) By comparing the above proportions, various other 
proportions may be formed. Thus bz : bv! Izx : zv by com- 
paring (L. 119. with M.) that is double the sine of the mean 
arc : versed sine of double the mean arc: :dauble the cosinepf 
the mean arc : sine of double the mean arc, &c. for the rest. 

(Z) By what has been already shewn, two arcs may be com- 
pared, and their sums and difrerences formed into a propofT" 
tion. The arcs being in arithmetical progression, the mean 
arc BE is half the sum of the extreme arcs bo and ba. There- 
fore, in all the above proportions, and their variations, where- 
ever the words mean arc occur, read half the sum of the arcs. 
Also the sine 072, of the arc £0, the common difference be- 
tween the arcs, is the sine of half the difference between the 
arcs BO and ba ; hence in the above proportions for common 
difference between the arcs, read half the difference betwem tjie 
arcs. Thus for example (N. 1 19.) will run thus ; radius : sine 
of half the sum of the arcs I : double the sine of half the differ- 
ence of the arcs : difference between the cosines of the arjcs. 
: (A) Hetice it follows that the difference between the cosines 
of two arcs x radius =i 2 x sine of half the difference X sine of 
half the sum of these arcs. 

But this has been obtained in another manner, seethe fourth 
equation, F. 116. 

Indeed from this proposition, the greater part of the formulae 
noted in Prop, xviii. may be deduced, and it will be no bad 
exercise for the young student to trace out the coincidence. 

PROPOSITION XX. {Plate L Fig. 2.) 

(B) If three arcs be in arithmetical progression, the sum qfthe 
sines of the extreme arcs, is to their difference, as the tange^i (>f 
the mean arc is to the tangent of the common difference bet'ioeen 
the arcs. 

The-same construction remaining as in the preceding pro- 
position, AG + on n sum of the sines of the extreme arcs ba and 
bo, and apztag— PGr:AG— ODirthe difference of the sines of 
the extreme arcs. But ag+odz=ah, because gh=:df=iod 
=:pg. 

By Prop. XIII. ah : apIIer : ei. 
■ Now £K is the tangent of the mean arc be, and ei is the 
tangent of EO, the common difference between the arcs. Hence 
the proposition is evidentr q. e. o. 
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: (C) Viz. If the extreme arcs be represented by a and By of 
wludi A 18 greater than b, then 

rineA+«n^^tongi^ (See Z. 120.) 

Sine A— Sine B tang^(A— b}^ 

PROPOsiTioK XXI. {Plaie L Fig. 2.) 

(D) ff' three arcs be in arithmetical progression^ radius is to 
double the cosine of the middle arCj as the sine of the common d^" 
forence of the arcs^ is to the difference between the sines of the 
extreme arcs. 

Let the three, arcs be bo, be, and ba, as in the proceding 
^mqpodUonsy and oesae the common difference between the 
arcs* Then ah is the sine of ae, and AFirdi£ference between 
the sines of ba and bo (B. 120.) 

The triangles Am, c^q, are equiangular and similar, for Anc 
and inQ are right angles; if therefore inc be taken awfty from 
both, &ere wul remain the I Ani = A cnQ ; but the triangle 
CHQ is equiangular with the triangle CEm. 

fTherefore ce : cmllAn: Ai; but Aintp, for 

A» : ao::ai : ap, and since An=iAO, Ai= ^ap« 
. Hence ce : cm : ; An : if, and doubling the consequents, 
• ce : 2cm::Aft : AP. q.e.d. ' 

(E) Fiz. J£ A and b represent the extreme arcsy a being the 
greater* 

^«.d ^sme£(A-B)_ (s^ 2 120 J 

2 cos ^ (a + b) sme a— sme b 

PROPOSITION XXII, {Plate I. Fig. 2.) 

(F) Jf three arcs be in arithmetical progression^ the rectangle 
ifradiusy and the sum of the sines of the extreme arcs, is equal 
to the rectangle qfdouMe the cosine of the common difference of 
the arcs, and the sine of the mean arcs. 

The same construction remaining as in the foregoing propo- 

c» X. Ein 
sitions, cE : cn!:Em : nQ= • 

CE 

. But AG + OD = AH (B. 1 2a) n 2nQ. 

For.FG^rGH (B. 120.)andAi=fp(D. 121.); nowAi+GH= 

2P+PG=nQ, therefore AS + IP +FG-|*6H= AH =:2nQ. 

TT . J 2cnxEi» , . 
Hence ag + otf = » that is 

CE 
(AG + OD) . CE = 2C« . 'Em. Q.E.D. 

. (O) Let the extreme arcs be represented by a and b, then 
the mean arc will be \ (a+b), and the common difierehce of 
the arcs i (a— b)« Hence, rad. (sine a + sine b) = 



2 C0S4. (a— b) . sine (a+b)^ : 

Consequently^ ^thesineqf tke mean ^ikree^^eguidifferent 
arcs be midtiplied 1y tmcethe cosine of thfito^nmondjfferencej 
and the sine of either of the extr erne arcs he deductedfrom the 
product J the remwfder mlHethe sine of the other extreme arc : 
ik0,xudm-keing^. 

09 T9£ SI2fE3^ CQSINE^. TAKGEKTS,, 3CC. OF T^]$ MULTIPLES 

OF AKCS.* 

/TT\ o« / .\ (MneA.cosB)+(sineB,CDSA)- -^. 
(H) SmeCA+^Birs^-- r — -i^ — > ■ ■ .. ^ (D^llfiQ 

l^t B = 2a, and rad =: 1, then we shall hgve 

$iw 3 A=: (sine a • cos 2a) + (sine 2a • cos a). 

_. . i^ine 2a ,^ ^ 

Batsme A rr ;; (O. 108.) and cos 2A=r2 oos« a— I 

. , ,2 cos A ^ 

(P. 108.) 

rr,. #. . ^ sine 2a ,^ '. ^v • • 

Therefore sme a . cos 2 a = -— ^ (2co8«a— l)=tsme2A. 

2 cos A V ' 

cos A — = (sme 2a . cos a) —sine a, a^d substitatbg t^is 

^ cos A 

hi the first eqaatioD. 

Sine SA=:(sine 2a . cos a)— sine a -f (sine 2a . cos a). 
Viz. sipe Sa=2 (sine 2a . cos a)— sine a. 
And by making bzzSa^ and following the same metfiod. 
Sine 4<a=:(2 cos A • sine 3a)— sine 2a. Hence we obtain 
(1) f Sine AZTsine a 

SiiK 2az:2 cos a • sine A 

Sine 3a=(2 cos a • sine 2a)— sine a 

Sine 4as:(2 cos a ..sine 3a)— sine 2a 

Sine 5a— (2 cos a . sine 4a)— sine 8a 

Sine 6a^:i(2 oos a • sine 5a)— sine 4a, ^. 
Where the law of continuation is evident. 

OR, 

(K) By substituting the value of cos a=: v^l —sine* a, &c. 
as in- the single arcs {M. 104.), sine 2a found above, &e. 
X Sine Asrrsine a. . 

Sine 2a=2 sine^ %J 1 — sine* a 

- — ■ • — 

* See Euler's Introductio ad Analysm Infinitorum ; Traits de TrigonpiD^biey 
par M. Cagnoli; Crakelt's traBslaUoo of Maudiiit's Trigdno»€ti)r ;> ' BitftMB 
Maflie^'9 Trigonometry. ; Einerion, &c. 

f Cagnoli» p?ge27. Legendi^e, page 358. 

$ CriULelt's traSslaudn of SUuduH^ page 15. " ~ 
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Sine 8as^9 sine a-^4 sine' al 



kd: 



Sine 4a =(4 sine A^— 8 siiie* a)V1'— sine* a 
Sine5A=5 sine a— fOrine* A+Wsmc* a 

Sine 6A=(ffsineA— S2sine*A+S28ine*A)Vl— sine% 



OR, 

(L) Sine a=^/1 — cos«a 



Sine£A:=2 cot a^/1-*oos* a 



Sine Sa=(4 cos* a— 1)^1 —co s* a 
SIae'4Ar:(8 co8'a-*4 cos a)v^1 —cos* a 



Sine 5a=(16cos* A— 12cos*a+1)n/1— oos*A 



Sine 6a=(32cos*a— S^cos'a+6cosa)V1 — oos*a,&c 

,^r\ ^ ' . \ (cosb.cosa)— (sineA.sineB),_ 
(M) Cosme (a+b):?^ ^—^ i(D.115.) 

Now if b=:2a9 and radius=:l as before, we shall obtain 

Cosine Sa=:(cos 2a • eos a)— (sine a • sine 2a) 

But sine a • sine 2a =: sine* a2 . cos A (O. 108.}=: 

(1 — cos ^).cosA. (P.108.}=cos A— (cosA. cos 2a) therefore 

Co8 8A=(C0S 2a. COSA) — cos A-f'(C0S A.Ce62A)i?(2'COS A.COS 
2a)— COS A. 

A;nd by nlaking b=:Sa» and pursuing the same metbp^/we 
shall iSnd cos 4a=:2 cos a.cos Sa— co9'2a. 

(N)*CoS A=COSA 

Cos 2a=:2 cos a.cos a— 1 
Cos 8a=:2 cos a^cos 2a— cos a 
Cos 4a=2 cos A.COS 3a— cos.2a 
Cos 5a=2 cos axos 4a— cos 8a 
Cos 6a=:2 cos a.cos 5a— cos 4a, &c* 

o% 

(O) By substituting the value of eos a= V 1 — sine^A, 
cos 2a, found abo ve, &c. 

fCos A= VI— sine* A 
Cos 2Ar: 1-^2 sine* A 



Cos Sa= (1 — 4 sine* a) >/ 1 —sine' a 
Cos 4a=8 sine^A— 8 sine* a+1 

Cos 5a=(16 sine* a— 12 sine* a + 1) v^l — sine* a 
Cos 6a:s:1 — 18 sine*A+48sine*A— 82sine« a, &c. 

OB, 

(P) Cos A=:cos A 



* Cngndiy page S7. Logendre, pagQ 358. 



Cos 2a=:2 cos« a>-'1 / ; 

Cos Sa=:4 cos^ A— 3 cos A 

Cos 4a=8 cos* a— 8 cos* a+1 

Cos 5a:;=16 cos' A— 20 cos^ A+5 cos A 

Cos 6a=iS2 cos« A— 48 cos* A+ 18 cos* a— I, &c, - 

(Q) Tang(A+B)= J^^f^^^S^ . (C 115, orK. 1180 
® ^ ' rad«— (tangA.taiigB)^ . > . ' 

Now if b=2a, and reidzz 1 : tang 2A=;-rr— -^-— by sub- 

- 1— tengV -^ 

- 3 tanir a— tang* a i_ 

stitution, and tang 3 a=-— -^—-r— --2 — . . Heaqe. 

** 1 — 3 tang* A ^ 

*Tang A=:tangA 

' m ^ 2 tang A 

Tang2A=;- — ^ , 
^ ^ l-tang«A , . 

\ ■ 3 tang A— tang3 a 

Tang3A=: l ^ ^ , — ~^— 

® 1—3 tang« A ' . 

^1-6 tang* A + tang* A 
: . Tang 5^,gtax.gA-10teng»A.ftanrA ^ 

^ 1—10 tang* A+5 tang*A ^ i 

rad* 1 . ' 

f ; (R) And since tang a = ; if — — be substituted for 

° cot A cot A 

tang A, we shall obtain 

Cot A=COt A 

^ ^« COt^A— 1 

Cot2A= 



Cot3A=: 



Cot 4 a = 



2^COtA 
cot' A — 3 cot A 

3 cot* A— 1 

cot* A— 6 cot* A+1 



4 cot^ A— 4 cot A 



^ cot* A— 10 cots A 4-5 cot A 
Cot 5a=— :: rr — i^ 7-9 &c. 

5 cot* A— 10 cot* A+1 

. , .- I be substituted for cos a (N. 123.) the secant of 
Also if 



sec A 



the multiple of any arc may be obtained. 

OF THE SINES AND COSINES OF THE POWERS OF ARCS.f 

(S) Cos 2a=1— 2 sine* a (O. 123.) 



* CagnoUy page 29. Crakelt's translation of Mauduit, page 34. 
t Cagaoli; page SP. Crakelt's translation of Maudui^ page sa 



Therefore S sine* Ar: 1 ^cos 9a. 
Sine 8 At=S sine a— 4? sine* a.(K. 123.) 
Hence 4 sine* a=3 sine A^sine 3 a 
Cos 4a=8 sine* a— 8 sine* A+1 (O. 123.) 

> . Clonsequently 8 sine* a=cos 4a+8 sine* a— 1 = 

Cos 4a — 4 cos 2a + 3, by substituting for 8 sine* a its value 
4^4 cos 2a, obtained from the equation 2 sine a::: 
1— cos 2a, and by following the same method, we shall' 

Mitain 

Sine A = sine a 
Sine* A=4— -i- cos 2a . 
Sine* A=4- sine a— 4- sine 3a 
Sine^ A=|-— -f cos 2A+-i- cos 4a 
Sine' A=4^ sine a-— ^ sine 3a+t^ sine 6a: 
Sine^ A=:^-— ^cos 2a+^7Cos 4a— 3^7 cos 6a ^ 
Sjne^ A=f|- sine a— J4- sine 3a+ eV sine 5a— ^V sine 
7a, &c. 

' The law of continuation is obvious, for the odd powers are 
expressed in terms of the sines, and Uie'even powers in terms 
of tlie cosines of the multiples of a; and the signs are alter^ 
nately + and—. 

The numerators of the co-efficients (reckoning from the 
right hand towards the left), are the co-efficients of a bincxnial 
wnose power is the same as that of the sine of a ; except in 
the even powers, where the term in which a is not found, haa 
the numerator of its co-efficient only one half of the corre- 
sponding co-efficient of the binomial, and the denominators arei 
2 involved to the power of the sine— 1. 
■ (T) To deduce formulae for the successive powers of the 
cosine of any arc, we must apply P. 124. in the same manner 
as above. ^ 

Cos A=:cos A 

Cos* A= j^ +-| COS 2a 
COS^ A=|- COS A + -^ COS 3a 
Cos* A=|. +4- COS 2A+-J- COS 4a 

Cbs^ A=:-}-g- COS a+tV cos 3a -fiV cos 5a 
Cos^ A=:^ -l-4-j. COS 2a +-3V cos 4A+-gV COS 6a 
Cos^ A=|4cos A+|i-cosSA+irrCos5A-|.^cos7A, &c. 

The law of continuation is the same as S. 125, only all the 
terms here are positive. 

^. (U) The sine and cosine of any arc, or the sine and cosine 
of any multiple of that arc, may alsp be deriye4 by substituting 

the imaginary quantities dr^ -^ 1 an4:-«'A/— 1> successively for 



2f, in the exponential expres^W e»= 1 + t +>:S T3:« + 

!-• &C. ' 

. Where ^ is the number whose b]^rbolic logarithm is 1.* 
The adc^ition of the two new equation^^ obtained by substitu- 
tion, if divided by 2y will ^ve a series expressing the sine^ and 

the subtraction, if divided by 2 >/ — 1, will give a series for ttp. 
cosine of any arc* 

THE DETERMINATION OF THE VALUE OF IHE SINS AND OF 
THE COSINE, &C. OF ANY ARC, IN TERMS OF THAT ARC 

PKopoisiTtoN xxau {PUOe JF^ JP%« 1.) 

To ddefifime the tncrement of an arc^ in terms rf the incre^ 
iMitt €f die tine^ tangent^ secant^ 8^c. ; and thence to deduce 
teoeftd usefidformuUe. 

Let Am be any arc; vm its sine, cp its eosine, Jft itotangtkit^^ 
CTF its secant, &c« Take the arc mo indefinitely omall,. draw 
oiiv parallel to pm, and lun parallel to Ac ; also, from the oeitfK«^ 
c, with the radius cr, describe the arc st. 
' 'Then mo is the increment of the arc Ami mnU the deet^ 
jBeak, of the cosine, or the increment of the versed sine; ao49 
the inclement of jiie sine ; x^ the increment of the tangi^iHf 
and et the increment of the secant 

The triangles mnOy and cpi?i, are equiangular and similar; 
Ibr the arc mo, being extremely small, may be considered. as. n 
straight line. Likewise the triangles cat and rut are equian-* 
giilar and similar, fi>r the lines ct and cr are supposed ne^rjy to 
coincide, so that ts may be considered as a straight Une^ the 
Z. TS^ a right angle, and the Z s^= Z cta. Lastly, the ^secticm 
com and cst are similar. Hence we deduce the following 
proportions : 

(W) cm : cp::mo : 072, hence mo=(cm.07i)-f"CP 
(X) cm : CT::mo : TS, or, TS=:(cT.mo)-*-cm 
(Y) CAzrcm : CT.::fs : T^, hence mo =(p»*.T^)-frxrr* 
(Z) CA : ATllTS : s^, hence mo=(cm*.s/-f-AT.cT 
I A) vm I cmllmn V mo, hence ma=(cm.mw)-T-Pm 
(B) Now it is shewn by writers on fluxions, that the limit- 
ing ratio of the cotemporary increments or decrements of any 
two quantities, will be the ratio of the fluxions of those quasrp 



■i«Wi 



* ]£l6ments de G^ometne par A. M. Legendrey 6th editt page 354^ Vinioe'i 
TrigoQOBMtrjr, pfo» a7. and S8» page 79. aiii'SO.. 9d '^'^ 






titles. If5 4d*efe»,>wepiiit«:lh#fl»»A»H0»^ 

aessuA by ^ and if atss^ pmrsir, a*=;is waid ct=;5, then Tt 

will be represented by i, no by i^ yp {=«w) by », and s/ by i, 

consequently 

I. « =;^= JL_ (W. I2e.and M.104.). j 

CP v'r*-^*' 

II. « =^=4tt. (Y. 126. and P* i05,) 

III. a ?=-^^-^=-4==j=:(Z. 1?6, wd N. IQ*.) 

• • • 

IV. i is -'r-— ^— (A. 126» and JL UK) 

(C) If these (brmttla^ be expanded^ and the fluentBi of each 
^nn be-tahen^ we shall obtain the common series lor ihe arcg^ 
in terms of its sine, tangent^ &c.^ 

L Thus zzn ' ___r ^ rx I— H + f- T— + 

jji^^gf^ V r 2^^ 2*4t * 'SM^'©^ ^ 

8'5*7*J^ & \— , ^"^ 3:r<'^ S-5-4?*i 8'5'7'^i j. 
2-4-6-8-/^ ^^""^ 2r* **■ 2-4-r* "*" 2-4^r^ !*" 2*4i:6-ft^ '^^ 



the fluent of whidi is « =t 3?4. ■ > ■ +— --^ l-— X j. 

8^4'6'8-9-r^ *^ "*^ ^' reversion of the aeries x = ^-^-^^ 

-. -' ^ y ■ -flu- ■ • - ■ "■ '■' 

-4^ —*if iin ■■ i III 1% ' Xr#>-- ^ 

2*3*4*5t* 2-3'4'5-6*7'y^ 

--T-, &atbcfluentofwhich is2?=/^-— -j^-- — -«^-— 7,&c.and 
IT ^ 3r^ Qr* 7# 

by reverting the 8enes*=z+—+—+-^^+^^^^&c. 

In a similar manner the rest may be found. 

But iyr*—.r*=: cosine 2; rad-— cos z=:yersed sines;; 

— ' — =:cot 2;— — =sec «,-: =cosec2. 

tangs cos« 



sine 2 



^■^■^•^^^^■■■■^■.MiVi 



• Vide Baton 'tt8Ni«*t^WgcM»tt«tf7^>tt^ ^ta 



. {D) H^ce, if A«aDy arc, andrsradias; dim ; » 

A — c4«-* 4 , sb^ S ijine* A. 3'5-sine'' a . S-S*7**ineJ> a 
A =: sine A+-rr 1 , . 

2 3r« 2-4*5t* 2*4-6-7t^ 2*4^6'8-dr»^ 

&c. 



A3 A^ AT^ 

2'3t* 2'S*i!'5r 2-3'4'5*6'7"r^ 



Sine An a — — -— h -: '^ — i-^+ 






2'S*4*5'6*7*8'9H'' 

The same series will apply to the chord of any arc by sub* 
stituting the diameter d, or 2r instead of r.* 

(E) If 90^— Abe substituted for A, then we shall obtain 

n/.o . • ,A.vo N i sineS (90°-a) 3sin6S(90°— a) ^ 
90°-A=sme (90^— a) +^ A.-_.-^+ ^) ^ 1^ > &c, ; 

k — QftO_ cots^ A 3cosVa 3*5 cosy A ^ ■^ 
. "" 2*3t*"" 2'4*5t*"" 2*4?*6'7i^ * '^ 
r— cos A r* -* cos' a 3 r^ — cos^ a S*te ' 

^~ 1 "*■ 2-3-r* +2-4-5 ' r* "^«;4;6-7. 
f^— oos^ A ^ : 

3-^> ac* 

• V, 'a* a* a* ' a«' 

2r 2-3*4t5 2*3-4*5*6t5 2-3'4-5-6*7-8t»*' 
-;• ^. , tanir'A tang^ a tangr a tang? a* ' 

} o 3.;.a T 5^ 7;6 9r« 

.(C.'l27.) . . ^ 

_T , A3 2a5 17a7 62a9 1382a"- 

Hence tangA=A+- + 3^+jj^ + ^^^+^^^^, 

21 8 844 A ^3 
+608l075r^^* «^c.t . 

mI «<4 4«( •*& «*I^ 

A= H '• '• 1 • &c. 

cot A 3 C0t3 A 5 COt^ A 7 C0t7 A 9 COt9 A 

- r« A A3 - 2a5 a7 2a9 

Cot A :r — — 



A3 45r* 945r4 4725r^ 9S555r^ 
. 1382 a" &C. 
638512875r^^' ^ . . 



A» 



* Mil, chord a= a 7-r , hence the difference between an arc and Its c9iord> 

the radius being 1, is--> the 24th part of the cube of the length of the arc nmAj\ 

See note, Chap. IV. (G. 83.) 
t £menon*8 Trigmometry, 2d edit, page 32^ &c. ., 



Chap. V. tangents^ &c. or arcs. . 129 

(v»}a;;=90 ""g^^""2.3.gec3A'"2*4'6'sec*A'"2'4*6*7*sec'A 
&a or, 



A= + 



cosecA 2'S'cosec®A 2'4;*5"COsec5A 2*4*6'7*co»ec^ a 
_ A« 5a^ 61a« 277a> 50521a ^^ 

540558a*« fl, 

&5800S20r" 

^ r« A 7a® S1a« 127a^ 

COSeC A = 1 h a^r. o + ,eio/v^^ + 



A ^ 6 S60r« 15120r* 604800r' 
7Sa» 



•, &C. 



3421440r» 

■ • vers A 3 vers* A 3* 5 vefs» A 

(H) A=^2r- ver^A(^l + 3:2j:;+23.4.5.^. + 2*-4-6-7-r** 

A« A* A« ^ A8 J, 

T ffrSf A *T —.. ■ .. 1^ ■■■. . .— • f CCCm 

2r 2*3'4.r3 2*3'4*5*6.r* 2*3'4*5*6-7*8T' 

^ A» A* A^ 

Covers A=:r— A H — ^ ^ ^ ;rrTT~.-i 



2*3t^ 2*3'4'5t* 2'3'4'5'6*7'r® 
A» 



., &C4 



2*S*4*5*6'7*8*9t® 

THE CONSTRUCTION OF A TABLE OF StNES, &C. 

(I) There are various methods of constructing a table of 

sines, but the following, though not the least laborious, is the 

most simple* 

Sine 30°= J radius = cos 6b^ (K. 31.) 

_ cad ^^^ 

Sine 15"=} chord S0°- -5- -v/S - -• S 

Sine 7j^=:i chord l5^-^^/tE^E^,&c. 

^ 2 

These sines are found thus. From the square of the radius 
subtract the square of the sine, the square root of the difference 
is thecosine(M.104). Theradiusdimmishedbytheeosmeleaves 

the versed sine (R.105); and^ vers^+sine^=:chord (T. 105 y, 
the half of which is the sine of the next arc, &c. 

From the sine of 7*.30', find the sine of 3^45', i^ 
continnallv, till the sines are as the arcs, which will b 
the end of the twelfth division from 30° : that is, il^ 
the twelfth division, the arc will be 52^44'^' J''^4« 
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sine K)0oe556634; btil at the end of the 11th division the arc 
is lU5'^W^7'^^SQ''% and its sine -oops 11 3269; tliereforethe 
sine of the 12th division b just half the sine of the eleventhf 
in the sasoe manner as the twelfth arc is half the eleventh. 
No^ in^indefinitely small arcs, the arcs will be to each odier as 
their corresponding sines, hence 52". 44?'^. S^^' •45^. : 1':: 
'0002556634, &c. : *0002908882 the sine of one minute. 

The cosine of l^=the square-root of the radius 1, duniinished 
by the square of the sine of 1', viz. cosine 1'= '9999999577. 

And it is shewn (O. 122.) diat 
2 X cos.1' X sinel'— sineO'=i*0005817764=sine2',orcos.89*^.58' 
2 X cos.l'x sine2'— sinel'=:•0008726645=sine3',orcos.89^57' 
2x co^Ll' X sine3'— sine2'=:-001 1 635526 =:sine4*,orcoB.89*.56' 
2 X C0S.1' X sine4'— sine3'='0014544406=sine5', 8tc. &c. 

This method may likewise be extended to the cosines, by 
be^nning at the other end of the arc, for the cosine is only the 
sine of the complemental arc 

2 X cos.l' X cos.r— cos.0'=:^9999998808=cos.2',orsine89%58' 
2 X cos.l' X COS.2'— cos.l'=-9999996192=:cos.3',orsine89^57' 
2 X cos.l' X cos.8'—cos.2'=: -9999993231 =:cos.4',orsine89^.56' 
2 X cos.r$ccoB.4'— cos.3'=:-9999989423=:cos.5',orsine89*^.55' 
Proceed thus to find the sine and cosine for every minute (£ 
the arc as far as 30^« 

/Tjrx mt -r it siuCA.COSB • . 

(K) Then, if a and b be any two arcs, -= — *=:4sme 

(A+B)4-isine (a— b)E. 115.; let a=30% then sine a= J ra- 
dius (K.31.); and cos B = sine (30° +b) + sine (30®— 3^); hence, 
sine (30^+b)=cos b— sine (80°— b). 

If, therefore, B=r.2'.3''.4', &c. successively, we shall have 
Sine 30o.r=cos 1'— sine 29°.59' 
Sine 30°.2'=:cos 2'-sine 29°.58' 
Sine 30°-3'=cos 3'-sine 29°.57', &c. 

And in this manner find all the sines, and thence all the co- 
sines (M. 104). as far as 45°. By these means all the sines and 
cosines from 0° to 90° will be obtained; for sine (45*^+a)= 
cos (45°— a) and cos (45° + A)=sine (45°— a). 

(L) The sines and cosines being constructed. 

Cosine : sine:: radius : tangent(U.103); hence the tangents 
are found. 

Tangents : radius : : radius : co-tangent{Z. 1 03); hence tiicoo- 
tangents are found. 

Cosine : radius: .'radius : secant (X. 103); hence the secants 
are found. 

Sine : radius:: radius : co-secant (Y. 103); hence the co» 
secants are found. 

The versed sines are found by subtracting the cosine from 
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ni£ii^ or ad^Bng die eoBine te die rftdkis, if thearcbegriottfer 
tkflfr tt'ipHMtrant • 

(M) Artificial, or Logarithmical, sike8| &c. art only 
the- logarithms of the natural sines, &c. 

The natural sines are generally calculated to the radius 1, and 
being in all cases, except when the arc is 90^9 less than radius 
or 1, thejr must of course be decimals. 

Kow the Ibgarithm of a whole number and the logarithm of 
a decimal is the same, only the index or whole number prefixed 
to the former is affirmative, and that to the latter nwative. 
Hence if logarithmical sines, &c. were immediately rormed 
from natural sines which are calculated to the radius I, their 
indices would all be negative. To avoid this, the logarithmical 
ra^ns instead of being takoi 1, as in the natural smes, is ge- 
nerally considered as ten thousand millions. 

(N) Tojind the logarithmical sine qfVto 1 places qfJIgureSf 
without the index. 

Rad. 1 : rad. 10,000,000,000 :: '0002908882 (the natural 
sine of r, tlie radius being 1) : 2908882 (the natural sine of T, 
die radius being 10,000,000,000.) The logarithm of 2908882 
=6.4637261 the logarithmical sine of 1'. Hence the indices 
to the logarithmical sines from 0^ to 4', will be 6 ; from V to 
35' the indices will be 7 ; from 35' to 5* . 45' the indices will be 
8 ; from thence upwards to 89 they will be 9; and at 90^ the in- 
dex will be 10= the logarithm of the radius 10,000,000,000. 

(O) Hence tfyoe take the natural sine of any arc from a table 
rf natural sines (where the radius is unity ), and multiply it by 
10,000,000,000; th^e logarithm of the product mil give the loga- 
rithm sine of that arc to as many places ofjigures as the natural 
sines are carried to. It may be proper to inform the learner, 
that this method will not be exactly true for the first five de- 
grees ; because the natural sines in the tables are not carried to 
a sufficient number of places. 

(P) In logarithms the operation of multiplication is per- 
formed by addition, and division by subtraction. The loga- 
rithm sines being constructed, the tangents^ &c. are formed 
thus : 

Sine+10—cosine= tangent (U. 103.) 
20— tangent =co-tangent (Z. 103.) 
20— cosine =:secant (X. 103.) 
20— sine =:co-secant (Y. 103.) 

If you double the logarithmical sine of half an arcy and sub- 
tract 9*6989700 from the product; the remainder mil be the 
logarithmical versed sine of that arc. 

For radius x ^ versed sine=square sine ^ arc (1. 107*) or, ^ 
radius x versed sine = square sine ^ arc, or, log. 5,000,000,000 

K 2 
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+log. versed sine s: 2 x log« sine ^ arci or, 9.6989700 + log. 
versed sine =: 2 x log* sine ^ arc. Therefore, log. versed sine=: : 
2 X log. sine J arc— 9*6989700. 

(Q) The following Ipgarithmical formulae for the sine, co- 
sine^ &c. of any arc, may in some cases be useful, viz. 

Sine =:GOs-f tang— 10=tang + 10 — $ec=:co6+ 10 --cot=: 
20— cosec. 

Cos::=sine+ 10 — tang = 20— secz=sine + cot— 10 =; cot + 
10-^cosec. 

Tangi=sine+ 10 — cos=:20— cot. 
. Cot=cos+10-:;-sine=:20— tang. 

SQC=:tang+ 10— sinei= 30— sine— cot=cosec+ 10— cot=: 
30— cos. 

. Cosec=:cot+10— cos=30— cos— tang=:sec+10— tangz: 
20— sine. 



THE END OF PI.ANE TRIGONOMETRY. 



CUAP/I. DEFINITIONS, &C. ISS 



BOOK IIL 
SPHERICAL TRIGONOMETRY. 



CHAPTER I. 

DEFINITIONS, &C. OF SPHERICAL ANGLES, ARCS, AND TRI- 
ANGLES. 

(A) SPHERICALTRIGONOMETRY treats on the pro- 
perties of spherical triangles, or the position and magnitudes of 
arcs of circles described upon the surface of a sphere or globe. 

(B) A sphere, or globe, is a round solid body, each part of 
its surfiu^e being equidistant from its centre. This centre is 
common to every circle described on the surface of the sphere, 
wherein spherical trigonometry is concerned, and such circles 
are called great circles. 

(C) All great circles divide the globe into two equal parts, 
and consequently bisect each other at the distance of .a semi- 
circle or 180^. Hence two arcs cannot enclose a space, unless 
they are both semi-circles. 

(X)) A spherical angle is the Inclination of the planes of two 
great circles to each otii^r, which circles intersect or meet each 
other on the surface of the sphere, in a point called the angular 
point. The inclination of Uiese planes must always be mea- 
sured on the arc of a great circle, 90^ from the angular point. 

(E) A spherical triangle is formed on the sur&ce of the 
^here by Uie intersection of three great circles, and consists of 
three sides and three angles ; any three of which parts being 
given the rest may be found. 

(F) All the sides of a spherical triangle are arcs of equal 
circles, and the angles of a spherical triangle are measured by 
arcs of circles, having the same radii as the sides. Hence the 
sides and angles of spherical triangles are always expressed in 
degrees, and parts of degrees. 

(G) If one angle of a triangle be 90^,- it is called a right- 
angled triangle. — If one side be 90^, a quadrantal triangle. 
— If no angle or side be 90% it is called an oblique-angled 
triangle. 

(H) The pole of a circle is a point on the surface of the 
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sphere equidistatit from every part of that circle of which it is 
the pole. Consequently every circle has two poles diametri- 
cally opposite to each c^er, and the arc of a circle compre- 
hended between each tf th^se pbles, and the circumference of 
such a circle, is a quadrant* No two circles can have the same, 
or a common pok* If a straight line be dmkn Aom the pole of 
any circle to the centre of the sphere, it will cut the diameter 
of that circle at right angles. 

(I) All great circles passing through the pole of another 
great circle, cut that circle at right-angles; and if two circles 
cut each other at right'^nglesi in the poles of a third circle, the 
four points of intersection with that third circle, will be the fobr 
poles of the culling circles; vIe. the two opposite points will 
be the poles of that circle which is described between them. 

(K) Sides and apgles of spherical triangles are said to be of 
the same species^ kim^ or ajffectiotiy when by comparing any two 
sides, any two angles, or an angle ahd, a side together, you dis- 
cover each to be greater or less than a jight-angle, or eqi;^ to 
a riffht-angle. 

But when by comparing a side with a side, an angle wfl}i an 
angle, or a side with an angle, you discover one to b^ less and 
another greater than a right-angle; such sides and angles are 
said to be of different s|)ecies. 

(L) Spherical triangles are equilateral, isosceles, or scalene, 
according as they have three equal sides, two equal sides, or 
three unequal sides. 

N.B. In any of the following propositions, wherever the wdrd 
circle, or arc oi a circle occurs, it must always be understood 
to be a great circle, or the arc of a great circle. And, that lA 
circles concerned in spherical trigonometry are equal to each 
other. 

PROPOSITION I.' " 

(M) JJT (me^reat circle intersedi another G 

great circle in any point a, aU the angles de^ / \ 

scribed from the point a, on the same side of / \ 

anj/ arc CADyor eab, are equal to tm) right" Q.-^,.,^^^ 
angles J and aU the angles made about the Ia. \ J 
point A, are eqtud to Jour right^angles. ^sj^^^ o ,j ji 

Demonstration. Let ca be perpendicular to eb, then will 
the angles eac and cab be each of them a right-angle. If al 
be drawi>, then lab and eal are equal to two right-angles, for 
the angle cab is increased by the angle lac, and cae is dimi- 
nished by the same, therefore lab + eal n eac + cab. 

In the same manner it may be proved that the angles EAn 
and dab are together equal to two right-angles, for if ac be 
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perpendicnkr to £B» ad wiQ likewise be perpendicular to it, 
tberefi>re all the angles about the point ▲ are equal to four 
right^aoflles. q. e. d. 

(N) CoBOLLARY I. Iftwo arcs of circles intersect each ofkerf 
ike vertical or opposite amdes xvill be equal. 

For the angles eac and cab are equal to two right-angles^ 
idso CAB and BAD are equal to two-right angles ; from eacn of 
diese equals take the angle cab, then eac is equal to bad* In 
the aame manner it may be shown that the angle cad is equal 
tp the angle bad* 

(O) Coboixary II. AU the exterior and interior an^ks of 
a spheric(U triangle are together equal to six right-angles. 

For the interior angle cab and exterior angle bad are equal 
to two right-angles ; likewise acb and bc& are equal to two 
right-angles ; ud abc and cbg are also equal to two right- 
angles* 

PROPOSITION II. 

(P) If a great circle Bc be described 
meeting two great circles abg and acg, 
VohiA pass through the pde a of the cir- 
cle bc; the angle cdb at the centre of 
the sphere^ upon the circumference bc, is £ ' f| f / 
the same with the spherical angle bac, and the arc bc is called 
the measure qfthe spherical angle bac. 

Demonstration. Since a is the pole of bc, ab and ac are 
quadrants (H. 133.) ond^he angles abc and acb are ri^t- 
angles (1. 134*.) 

liet D be the centre of the sphere, and join dc and db ; then 
bficause the arcs ac and ab are each of diem quadrants, the 
angles adc and add are right-angles (H. 133.}: therefore the 
angle cdb is the inclination of the planes of the circles abg and 
ACG to each other, fmd consequently, (D. 133.) it is the mea- 
sure of the angle cab. q. e. d. 

(Q) Corollary. If two circles cut each other in two points^ 
the armies at these points are eqml to eqch other^ and to the dis" 
tance between the. poles of these circles* Viz. the angle bac is 
equal to the angle bgc, fpr the arc bc is the measure of them 
both ; and the distance between the point b and the pole of 
ADG Is a quadrant, also the distance between c and the pole of 
ACG is a quadrant, (H. 133.) therefore the difierence of their 
distances will be bc. 

proposition III. 

(R) If to the point of intersection a of two great circles^ 
two tangents he and Kf be dnmn ; the angle e^ will be the 
measure qfthe spherical angle bac. 
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For AG b the diameter of the sphere^ and adc and adb are: 
right-angles, butykn and ^ad are also right^angles, being tan- 
gents to the circles abg and acg ; therefore^A and eA are pa^ 
vallel to DB and nc» hence the angle eAf is equal to the angle 
CDS ; but CDS is the measure of the spherical angle bac, there*' 
fore eAf is the measure thereof. 

In the same manner it may be shewn that the angle ilh is 
equal to cdb, for it is likewise the inclination of the planes 
ABG and ACG ; hence all spherical angles must be measured on 
the arc of a great circle 90^ distant from the angular. pointy 
for CB, and not ih, is the measure of the angle bac 

PROPOSITION IV. 

(S) If from the angular poif Us a, b, c, of a spherical triangle 
ABC as pdeSf there be described three arcs of circles ef, de, emd 
DP, forming a newspherieal triangle dfe ; each side of this new 
triangle is the supplement of the measure of the angle at itspole, 
viz, the side fe is the sup^emeftt of the measure c/" the angle a ; 
DE of the angle b ; and df of the angle a — Likewise each angle 
of this new triangle is the supplement of the measure oft^ai ode 
of the original triangle ABCy to which it is opposite; viz, the 
angle d is the stqjplement of the measure ofBC^ the angle f of ACy 
and the angle £ is the supplement of the measure of the side ab. 

Demonstration. Since b is the pole of the circle dghs^ 
every part of this circle is 90° distant from b (H. 1S3.)> there* 
fore the distance between b and e is a quadrant, and bh and 
B6 are quadrants. 

Since a is the pole of the circle elmf, every part of this cir- 
cle is 90° distant from a (H, 1S3.)> therefore the distance be- 
tween A and E is a quadrant, and am and al are quadrants. 

Since a and b have each been proved to be 90° distacntfroni 
£, and AM and bg quadrants, being the side ab produced to m 
and G ; £ is the pole of the circle gabm. 

In the same manner it may be proved that f is the pole of 
KALC, and that d is the pole of nbci& 

Therefore em, Isg; fl, fk; dn and 
DH are quadrants, likewise am, al; 
BH, bg; on and ck are quadrants; 
consequently (D. 133.) lm is the mea- 
isure of the angle a, and nh the mea- 
sure of the angle d. 

Now EM and fl are together equal 
to a semi-circle, or fl, le, and lm are 
together equal to a semi^circle ; but fl 
and LE are equal to fe, therefore fe \ 
and lm are together equal to a. semi- 
circle ; that is they are supplements of *\^ y 

h other : hn* t.m is the measure of ***^**** 
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the Vngle a, tberefere the measore of the angle a in the triangle 
ABG^ and the measure of the side ee in the triangle dfi^ are 
rapfriements of each other. 

In the same manner it may be prored that de is the supple- 
ment of the measure of the angle b, and that df and the angle 
c are supplements of each other. 

It remains now to prove that the angles in the new triangle 
DFE, and die sides of the original trian^e abc, are supplements 
or each other. 

Since cir and bh are quadrants, they are together equal to a 
semi-circle, or ck, ch, and bc, are together equal to a semi-cir- 
de ; but nc and ch are equal to nh, therefore nh and bc toge- 
ther make a semi-circle ; now nh is the measure of the angle 
o; therefore the angle d in the triangle dfe is the supplement 
of the side bc in the triangle abc 

In the same manner it may be shown, that the angle f is the 
supplement of the measure of Aa and the angle £ of ab. q. b. d. 

(T) Corollary I. T^e three angles of any spherical tri- 
angle ABC are together greater than two fight angleSf and less 
than six* 

For, 

The angle a and the side fe are equal to two right-angles. 
The angle b and the side de are equal to two right-angles. The 
angle c and the side bf are equal to two right-angles. There- 
fore the three angles a, b, c, together with the three sides fe, 
BE, and DF, are equal to six right-angles ; but the three sides 
FE, DE, and DP, are together less than four right-angles (Z. 1S3), 
therefore the three angles a, b, c, are together greater than two 
right-angles. 

Every spherical angle is less than two right-angles (M. 1 S4.) ; 
therefore die sum of any three spherical angles is less than six 
right-angles. 

(U) Corollary II. The sides of spherical triangles may be 
changed into angles, and the contrary. 

Thus if three angles of a triangle are given to find the sides ; 
subtract each of the angles from 180% and the three remainders 
will be the three sides of a new triangle, with which sides find 
the angles of the new triangle ; then subtract each of these an- 
gles from 180% and the three remainders will be the respective 
sides of the original triangle, whose angles were given. And 
the contrary when the sides are given to find the angles. 

(W) Corollary III. When the three angles (a, b, c,) ^ a 
triangle (abc) are given to find a side (ac), take the angjLe (b) op* 
posite to the side required from 180% and me the remainder 
and the other tvoo angles (a and c) as sides in a new tria 
(dpe) : In this new triangle Jind the angjie (p) opposite thalt 
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{t>w)where tXe stqfpkmeM is nsed* SnUraet tkU angLeJirom 
180% and the remainder mU be the side (ac) required. 

For if FD and fe be continued till diey meet in p; dp and 
£P beiBg the sopplments of fd andsx areeqoal to the angles 
« and a; and the side dx is the supplement of the angles op- 
posite to AC the side required* 

Now find the angle p which is equal to the angle F^Q. 19S.) 
but the supplement of the angle f is equal to the side ac^ there- 
fore the supplement of the angle p is equal to the side ac. If 
you find the angle poe it will be equal to the side bc» and ped 
will be equal to the side ab. For pde and edf are supplements 
of each other, and edf and bc are supplements of each other, 
therefore the angle pde is equal to the side bc 

(X) Corollary IV. A quadratUal triangle may be changed 
into a right-angled triangle, by calling the supplement cf the 
angle oppodte to the quaS-antal side, the hypothenuse, and the 
c^ker angles the legs* 

For if AC be a quadrant, the angle at p is a right angle, being 
the supplement of ac (W. IS?.)^ ond de is the hypothenuse, 
being the supplement of the angle b (S* 136.) 

PROPOSITION V. 

(Y) Ar^ two sides of a spherical triangle are togeOier greater 
than the third side. 

Demokstration, Let abc be a 
spherical triangle, any two sides ac 
and BC, are together greater than ab. 
Let D be the centre of the sphere, 
and join da, dc, db. 

The solid angle at D is contained 
by the three plane angles bdc, bda, 
CD A, any two of which bdc, cda, are 
greater than third bda {KeitVs Geom. I ofK, or Euclid 20 
o/Xl.) 

Now the arc bc is the measure of the angle bdc, the a^c ac 
of CDA, and the arc ab of bda. 

Therefore ac and bc together are greater than ab. q. e. d. 

(Z) Corol. The three sides of a spherical triangle are to- 
gether less than the circumference of a circle. 

For every solid angle is contained by plane angles which are 
together less than four right angles {KeitWs Geom. 2 qfXj) 
and the three sides of the spherical triangle are the measures 
of a solid angle, and therefore are less than four quadrants, or 
the circumference of a circle. 

proposition VI. LEMMA. 

(A) If two solid angles be composed of three plane angles^ 
such, that the plane angles of the one are equal to the plane 
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oMjgfes of ike other ^ tack to each s the planes in vohich these 
equal at^^es are situatedj shall have the same inclination to 
mh other m 

Demokstration. Let b and 
£ be two solid angles, and let 
the fdane angle abc be equal to 
the [dane angle def; abg to 
DEI, aad GBC to ief; the angle 
formed by the planes abc and 
AB6 is equal to the angle formed 
by the planes B£f and bki* 

For, suppose the straight line 
B6 to be devated above we plane abc, then from any point g 
in that line let &11 the perpendicular gh upon the plane abc 
{Keit/fs Geonu 11 ^ IX.) in which plane draw ha and hc 
pefpendicnlars to ab and bc, and join ag, gc. 

Make ei=bg, and from the point i draw ik perpendicular 
to the plane def, in which plane draw kd and kf at right 
angles to ed and ef, and join id, if. 

Then because gh is perpendicular to the plane abc, and 
that HA is at right angles to ab a straight line in that plane, 
the angle bag is a right angle {Keith's Geom. 4 qflX. CoroL d.)t 
for the same reason edi is a right angle, therdbre the triangle 
ABG is equal to the triangle del 

In the same manner it may be shown that the triangle gbc 
is equal to the triangle ief, therefore the quadrilateral figure 
ABCH, situated in the plane abc, is equal to the quadrilateral 
figure defk, sitcftited in the plane def* 

For, if the angle abc be applied to the angle def, ab, bc 
wHl coincide with de and ef ; and because all right angles 
are equal to each other, ah, which . is at right an^s to ab, 
will fall upon dk, which is at right angles to ed, aqd for the 
same reason ch will fall upon fk, therefore the point h will 
fall upon die point s. ^ 

Now because die triangles ahg and dki are right-angled 
at H and x, and the hvpothenuse ag is equal to the faypothe- 
nase di, these triangles are equal {KeitWs Oeom. lit of IIL 
note 11.), therefore the angle hag is equal to the ande kdi. 

But the angle hag is the inclination of the two planes abc, 
abg; and the angle kdi is the inclination of the two planes 
DEF, DEi; therefore these planes have equal inclinations to 
each other, q*. e. d. 

Scholium. If the angle hag be obtuse, viz. if the point 
h, and the straight line bc fall on contrary sides of ab ; - 1^ 
angle kdi will be equally obtuse. 
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PROPOSITION Ttl. 

(B) In any two spherical triangles^ if the three sides of the 
one be equal to the three sides of the other^ each to eachj the 
angles which are opposite to the equal sides will be equal* 

Let ABC be any triangle on 
the surface of toe sphere.-^ 
From A as a pole, with the 
distance ac, describe the small 
circle cmj> ; from b as a pole, 
with the distance bc, describe 
the small circle cgd, crossing 
onD in the point d. From the 
points A ^and b draw the great 
circles ad and bd, then ac=ad and bc=bd, by constnictiody 
also ab is common to the two triangles abc and abd, therefore 
the three sides of the one are equal to the three sides of the 
other, each to each* 

The angles which are opposite to the equal sides in each tri^ 
angle are equal* For, 

If o be the centre of the sphere, the solid angle formed at 
the point o by the three planes aob, aod, bob, will be equal 
to Uie solid angle at o formed by the three planes aoB| 
AOC, boc. 

Because the sides of the triangles abc and abd are equal each 
to each, by construction; and that these sides are the respec* 
tive measures of the plane angles which constitute the solid 
angles at the centre of the sphere (Prop, v. ¥• 1S8.)* it 
follows, that the plane angles which form one of these solid 
angles, are equal to the plane angles which form the other 
solid angle, each to each. 

But the planes in which such angles are situated have the 
same inclination to each other (Prop. vi. A. 138.)^erefore the 
angles of the spherical triangle abc are equal to those of the 
spherical triangle abd, viz. ^dab^/^cab, Z.DBAr:Z.ABC, 
and Zadb=:Z.acb. 

Scholium. The equal angles acb and adb being situated 
on contrary sides of the centre of the sphere, the triangle ajbc 
will not coincide with the triangle adb, unless we conceive the 
convexity of the one to be applied to the concavity of the other. 

If the equal angles acb and adb were situated on the same 
side of the centre of the sphere, the triangle abc when applied 
to the triangle adb would coincide with it. 

Triangles which are e(]uilateral, or isosceles, will coincide 
when applied to each other. 
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FBOP06ITI0N Till. 

(C) A two triangles^ if the three angles rf the me he equal 
to the three an^esj^ the other^ each to each^ these triangles are 
equal in all respects* 

Dbmohstratiok. The sapplements of the three angles in 
one tsiai^le are equal to the sapplements of the three an^es in 
the odier : and each of dieae tnree supplements form a new 
spherical triuigle, whose sides and angles are respectively equal 
(Prop. IT. woA Til.) ; and the supplements of the equal angles 
in Ae new spherical triangle, are equal to the sides of the ori- 
ginal triangle whose angles were giTen ; but the supplements of 
the aiu[Ies of the new triangle ^ng equal, the sides df the 
oririniu triangle are equal ; and if ue sides be equal, the tri- 
an^es are equal in all respects. (Prop, tii.) q. e. d. 

PROPOSITION IX. 

(D) If there be two sides and the included angle in one spheri-- 
cal irian^^ equal to two sides, and the included angle in another^ 
each to each ; these two triangles are equal in all respects. 

Demonstration. Let abc and 
BFQ be two triangles on the surface 
of the sphere, and let the side 
ABSEF, AC=£6, and tlie angle 
BAC= Z.FE6. The triangle abc 
is ^pud to the triangle efg. 

Jmslf Idt the triangles be on the 
same side of the centreof the sphere. 
Then if the triangle efg be applied 
to the triangle abc, ef will coincide with ab and eg with ac 
(like plane triangles in Eucud 4* ^I.) 

The point f coinciding with b, and g with c, the arc fg 
must OMncide with bc, since only one* great circle can be 
drawn throu^ two given points on the sur&ce of the sphere. 

Hence, the three sides of the one triangle beinff equal to the 
three sides of the other, each to each, the triang^ are equal. 
(Prop, tii.) 

Secondbf, let the triangles be situated on contrary sides of 
the o^tre of the sphere ; then a triangle adb may be consti- 
tuted contiguous to abc, and equal to egf (as in Prop, tii.), 
and consequently egf will coincide with adb. Therefore the 
ade fgs:bc^ the angle efg= Z.abc, and /L^quzz ^lcb. 

g. E. D. 
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• For the centre of every great circle is the centre of the sphere, and three given 
pointf ^etnndne tfie foaition of a'plane. (JTftfA'f Otom, 9 of, IX, Cond.) 
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(E) Corollary. If a side and the taw a^acerU angles, in 
one spherical triangle^ be equal to a side and the two adjacent 
angles in another^ each to each; these triangles are equal in all 
respects. 

For by taking the supplements of each of the two angles, 
and of the sides contained between theni^ two new triangles 
will be fi>rmed which will be equal, by the proposition^ and 
therefore their supplementSi viz. the original triangles will be 
equaL 

PROPOSITION X» 

(F) JTie angles at the baseman isosceles p 
spherical triangle are equal to each other. y 

Demonstration. Let abc be an JS/^ 
isosceles triangle having the side ac equal ^y 
to the side bc. / \ 

Make C£ equal to cD, and draw eb / ^ 
and da; now ac being equal to bc by L—*^^ 
hypothesis, and ec equal to cd by con- ^'^^^-^^^ 
struclion, and the angle acb common to 
both the triangles acd and bce^ these two triangles are equal in 
all respects (D. 141.); therefore ad is equal to eb. 

Again, since ac is equal to Bc, and ec equal to CD, the re- 
roainmg parts ae and db are equal, hence the triangles bae and 
ABD are equal in all respects ; for the two sides ae and eb are 
equal to the two sides bd and da each to each, and the base ab 
is common to both, therefore (B. 140.) the angle bae is equal 
to the angle abd. q. e. d. 

(G) Corollary I. In any spherical triangle if two of the 
angles be equals the sides opposite to them will be equal. 

Make bd equal to ae, and draw eb and ad, then the triangle 
BAE is equal to the triangle abd (D. 141.) ; therefore ad is equal 
to BS, and the angle aeb equal to the angle adb, the angle dab 
equal to the angle eba ; now the angle bec is equal to the angle 
ADC, being each of them supplements of the equal angles aeb 
and bda, therefore the triangle adc is equal to the triangle bec 
(E. 142.); consequently aeH- EC is equal to ED + Da vie. eqaal 
sides are opposite to equal angles. 

(H) Corollary IL Hence every equilateral triangle is 
likewise equiangidar, and the contrary. 

(I) Corollary III. A line drawn Jrom the vertew ofim 
isosceles triangle to the middle tfthe base^ is perpendicular to-ihe 
base* 

For the two sides fb and bc are equal to the two sides fa and 
AC, and the angle fbc is equal to the angle fac, therefor^ the 
angle cfb is equal to the angle cfa (D. 141.); but cfa 9oA CFS; 
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are equal to two right angles (M. 184.X therefore cp is per- 
pandicular to ab. 

(K) C0ROX1.ARY IV. A perpendktUar drmonjhom the verier 
of an isosceles triangle upon the basey always bisects tiie basCj and 
^ vertical anglcy etecept when the two sides are quadrants^ in 
which ease there may be an indefinite mmber ofperpendicuiars. 

For the trian^es fbc and fac are equal in all respects. (D. 
141.) But if AC and bc are quadrants, that is, if c is the pole 
of the hase^ then an infinite number of lines may be drawn mmi 
the pointcuponthe base, to cut it at right angles. (H. and 1. 134.) 

PROPOSITION XI. 

(L) In any spherical triangle (abc) the 
greatest side (ac) is opposite to the great" 
est angle (b), and the least to the least. 

Demonstration. Make the angle 
DBA equal to the angle bad^ then ad b 
equal to bd. (G. 142.) Now ad -f dc is __ 

equal to ac, but ad+dc or bd + dc is T) 

greater than bc (Y. 138.), therefore ac is greater than bc. 

Lastly, DC is less than ad or AB,and itmay be shewn, as above^ 
that the angle dbg is less than the an^e dcb. q* ^* ^* 

PROPOSITION XII. 

(M) If one side {dc) of a spherical triangle (dcb) be proAicedy 
and if the sum of the other sides (cb 4- bd) be greater^ equal tOj or 
less than a semi^rcle j the internal angle (d) at the base (dc) is 
accordingly greater, equal to, or less than the outward and oppor 
site angle (bca) a^acent to the side produced. 

DsMOMSTRATioN. Froduce the 
sides db and do till they meet in a. 
Then the arcs abd and acd are each 
of them a semi-cirde (C. 133.), and 
the angle at d is equal to the angle 
atA. (Q. 135.) 

1. If CB+BD be greater than 180^,^bc will be greater than 
ABf attd the angle cab, or, which is the same diin^ the angle d 
will be greater than the angle bca. (L. 143.) 

2« If c^+bd be equal to 180% then ba and bc will be equal, 
and the angle cab will be equal to the angle bca, or the angle p 
will be equal to the angle bca. (F. 142.) 

d. If cb +BD be less tlian 180% bc will be less than ab, and 
the ai^le cab, or the angle p will be less than the aiigle acb. 
(L. 143.) 12* £. D. 
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(N) Corollary* In any spherical trian^^ if the sum of 
any two sides be greater ^ equal to, or less than a semi'^ircle : 
the stum qfihte opposite angles mil be greater^ equal tOy or less 
than a sem-^irde. 

For, according as cb+bd is greater, equal to, or less than a 
semi-circle, the angle D opposite to the side bc is greater, equal 
to, or less than the angle bca ; but the angle boa and the angle 
BCD, opposite to the side db, are always equal to two right* 
angles (M. 134«); therefore whenever d is greater than bca, 
the sum of the angles bcj> and bdc is greater than two right- 
angles; et contra. 

PROPOSITION XIII. 

(O) A right-angled spherical triangle may have either, " 
1 • One right angle^ and two acute angles* 

2. One right angle^ and two obtuse angles. 

3. One obtuse angle^ and two right angles. 

4. One acute angle, and two right angles, or, 

5. Three right angles. 
Demonstration. Let the angles 

A and D be right angles; and the arcs 
A£ and.ED Quadrants; then s will be 
the pole oftne circle ACGD, and EC and /^ 
EG will be quadrants (H. 133.) Since 
A£ and DE are quadrants, a or d will 
be the pole of eg;' therefore AGand 
GD are quadrants. 

1. Because ae and Ee are quadrants, the angles eac and ace 
are right angles (I. 13if.) ; therefore the angle acb is less than 
a right angle. And since ac is less than ag, the angle abc is less 
than the angle aeg (L. 143.); but aeg is a right-angle; there- 
fore the right-angled triangle cab has two acute angles and one 
right-angle. 

2. The triangle bdc right-angled at d, has two obtuse angles 
and one right angle. For the angles dec and dob are supple- 
ments of the two acute angles abc and acb, and therefore must 
be obtuse. 

3. The triangle ced has one obtuse angle, and two right an- 
gles. For, since gd and ed are quadrants, the angles deg and 
DGE are right angles, therefore dec is an obtuse angle. But lEc 
is a quadrant, and e is the pole of cgd, therefore ecd is a right 
angle. (H. 133.) 

4. The triangle aec has already been shewn to have two 
right angles ; and aeg is a right angle, but aec is less than a 
right angle. 
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5. The right-angled spherical triangle gae has three right 
angles, fixr a is a right angle by the proposition, and a is the 
pole of the circle eg, therefore aeg and age are right angles. 
(H. 1.33.) s* £. D. 

(P) Corollary I. In any right-angled triangle, if the tvoo 
legs be of the tame species^ viz. both acute^ or both obtuse^ the h^ 
pMemae xmll be less than a quadrant, and the contrary. 

For BC the hypothenuse, or side opposite to the right angles 
A and D, is common to the triangle bac having two acute angles, 
and to the triangle bdc having two obtuse angles* 

(Q) Corollary II. In any right-angled spherical triangle, 
if the l^s be of different species, the hypothenuse "dcill be greater 
than a quadrant, and the contraty : but one of the legs, at least, 
will be a quadrant, if the hypothenuse be a quadrant. 

For, in the triangle icd, right-angled at c, ci is less than a 
quadrant and cd greater, from what has already been demon* 
strated; but since d is the pole of the circle ehg, dh is a qua- 
drant, therefore di the hypothenuse is gi*eater than a quadrant. 
And when ci becomes equal to ce, di will become equal to de; 
but ])£ is a quadrant, therefore if the hypothenuse be a qua- 
drant, one of the legs, at least, will be a quadrant. But both 
the legs will be quadrants when all the angles are right angles, 
as in the triangle aeg. 

(R) Corollary III. The sides containing the right angle of 
any triangle, are always of the same species as their opposite an* 
gks, and the angles are of the same species as their opposite sides. 

For in the triangle cab where the two angles are acute, the 
opposite sides ab and ac are acute ; and in the triangle cdb 
where the two angles are obtuse, the opposite sides bd and cd 
are obtuse. 

(S) Corollary IV. If the hypothenuse be less than 90°, the 
legs are ofthe same species as their adjacent angles. If the liypothe^ 
nuse be greater than 90% the legs and their adjacent angles are 
of different species. 

This is evident from the triangles bac, cdb, and dci. 

(T) Corollary V. According as the hypothenuse, and one 
side (or its opposite angle) are of the same, or different species s 
the ^ther side {and its opposite angle) will be less or greater 
than a quadrant. 

Tills is also evident, from tlie triangle dci. 

proposition XIV. 

(U) If any number of arcs of circles cpb, cote, ens, cda, 

CSH, cog, be drawn from one and the same point c, on the suT" 

face of the sphei'e, to the circurnference (fa great circle ahgfeb ; 

Ihe gtyfatest arc will he that which passes through the pole p. 
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0^ tie great drde abgfeb ; and the leatt arc viU be the sup- 
plement ADC Iff the greatest cfb. Jtid that arc which it tie 
nearest to the greatest will be greater than any one more re* 
mote; likewise, that arcwhich is nearest to the least arc^ wiS 
be less than any one more remcAe from, it. 

Dehonbthation. Let z be the centre of tbe sphere, or of 
the great circle amgfeb, and ab its diameter; frtxn c, the point 
where all the circles intersect each otlier, draw ci peipendicular 
to AB, and join ie, if, ig and ih. 

Then of all the strai^t lines which can be drawn from the 
p<HDt I to the urcumterence of the circle ahgf£Bi that line ib, 
is the greatest which passes through the centre z, and its oppo- 
site line lA is the least; that line ie, which is nearest to ib, is 
greater than the line if whidi ia more renii>te ; and the line ik 
which is nearest to ia, is shorter dian the line ig which is more 
remote. (Euclid 7 ^IIL) 

Let AC, HC, GC, Fc, &c. he 
joined by straight lines ; then 
will ciB, CIS, cir, ciG, ciH end 
CIA be all right-angled plane 
triangles, having the perpoi- 
dicular ci commoa to each'; 
therefore that triangle ciB, 
which has the greatest base 
IB, will bare the greatest liy- 
pothenuseBc; and that tri- 
angle CIA which has the least base ia, will have the least Lypo- 
thenuse ac, &c. ; of the others, ec will be greater than fc, and 
HC less than gc 

But these several hypothenuses are all chords of equal circles, 
and the greater chora cuts off the greater arc, or circumfe- 
rence, therefore cpb is the greatest arc, and ado the least ; ens 
is greater than oiF, and csh is less than cog. g. e. d. 

PROPOSITION XV. 

(W) If the angles at the base of an oUique-angled spftertcal 
triangle be of the same species, viz. both acute, or both obtuse, a 'per- 
pendicular from the vertical angle upon the base will fall la^in 
thetrianglei if they be of di^ent species, it wiU faU mthout. 

Demonstbation. Intheright- r. 

angled triangle cdb, cd is of the 
same species as cbd (R.I45.), and 
in the xi^t-angled triangle cda, 
en is of the same species as cad, 
therefore the perpendicular in the -^ 
fiistfigure fiills between the angles 
A and B. 





CllAP^ I. MPHSRfCAL ANGLGSy &C. 1^7 

Ib the second figure^ cbd and cba are supplements of each 
oth^ (M. 134.), and tiie peipendkular cd Ms opposite to 
both CBD and cad being of the same ^^pecies, therefore it cannot 
&11 opposite to CBA at the same time, hence it must necessarilj 
&U without the triangle, q. e. d. 

(X) CoBOLLABT. In an isosceles triangte^ the equal angles 
nre of the same y)ecies as their ai^acent^ or opposite sides. 

For then ad=db (K. 143.) and these segments are always 
iicate» since their sum can never be ecpisA to a semi-circle. 
(C 133.) 

But aeoordiBg as db and nc^ or ad and do, are of the same» 
or differeat species, bc or its equal ac, is acute or obtuse ; or 
since the segments are always acute, bc and ac will be of the 
same species as dc, but nc is of the same species as a and b, 
therefore the sides are of the same q)ecies as their adjacent or 
of^koaiie base angles. 

PROPOSITION XVI. 

(Y) *^the LEAST two sides of a spheriad triangle he tf the 
tame species^ the perpendicular drawn fr obi ihetr included angle 
upon the third dde^ will JaU within the triangle. — Or^ if the 
third side be less than either of the others^ they being (f the same 
species^ but greater jthan their supplements^ the perpendiculat 
mSl/att within the triangle j and the less segment qfihe base and 
less vertical an^ will be adjacent to the greater side^ and the 
greater segment^ and greater vertical single will join the less 
tidef provided the sum of the sides be greater than 1 8Q^« 

Demonstration. Let abc be the 
triangle, cd a perpendicular iq>on its 
base i^i make bn equal to &e hypo* 
tiwnnse bc, and ai equal to the h}rpo* 
tbenuse ac,' then bcn and acl are isos- 
celes triangles ; the angle bnc is of the 
same apecies as bc, and the angle aic 
is of the same species as ac (X.147.)* 
Sut AC and bc are of the same species, 
by the h3^pothesis, therefore the angles bnc and aic are of the 
same species; ^consequently ^cd falls between them (W. 14d.) 
and of course within the triuigle abc. 

Secondly. In the triangle avb, where av and bv are each 
^mailer than ab, the least two sides of the supplemental triangle 
Tnjyfbidk by the hjrpodiesis are each less than ab or is, ate 
^the same species, and consequently vo fiilis between them, 
therefore vd falls between av and bv. But av is greater than 
Bv^ and AB is less than db ; consequently avd is less than bvd. 




GENERAL PRbPEETIES OF BoOK III. 

(Z) Corollary I. The perpendicular let faU on the base qf an 
oblique spherical triangle is either less or greater than each side. 

For since cd is perpendicular to ab, it must pass through p 
the pole of ab (I. 134.); and if c be below the pole p^ that is 
if CD be less than a quadrant, it will be the least of all the lines 
that can be drawn from the point c to the circumference of the 
circle abef, and cg will be the greatest. (U. 145.) 

If c the vertex of the triangle abc fall above the pole p, sup- 
pose in V, then vd will be the perpendicular, and of all the 
^ arcs that can be drawn from v upon the arc ab, vd is the 
greatest (U. 145.), therefo^re the perpendicular is either less 
or greater than each side ; when it becomes equal to one of the 
sides, the triangle will be right angled, as bdc. 

If the perpendicular fall without the triangle, as in boo, or 
BOv, the demonstration will hold equally true. 

(A) Corollary II. When the perpendiadar faUs mthou^ 
the triangle^ it may be either less or greater than a quadrant ; 
or less or greater than each side, .' 

Jn the triangle boc, either cd or cg may be esteemed the 
perp^dicular upon the base ob continued ; the former cd is 
less than d quadrant, and less than either co or cb, and the 
latter cg is greater. 

(B) Corollary III. When the perpendicular falls without 
the triangle, the less perpendicular is next the less side, and the 
greater perpendicular is next the greater side; and either of 
them maiy be considered as the proper perpendicular or the base 
produced. 

In the triangle bog, cd the less perpendicular is next the less 
side CO, and cg the greater perpendicular is next the greater 
side Bc, and either of them may be used for determining the 
several parts of the triangle boc, but the one is sometimes more 
convenient than the other. 

(C) Corollary IV. In any triangle abc or boc, the per* 
pendicular cd Jalli?ig within the triafigle abc upo7i the base ab, 
or NEAREST perpendicular cd Jailing mihout the triangle boc, 
is always of the same species as half the sum qf the two sides qf 
the triangle ; and if half the sum of the two sides of the triangle 
be acute, this perpendicular falls nearest the less ^d% if obtuse^ 
it falls nearest tJie greater side* 

In the triangle abc the perpendicular dc is less than a qua- 
drant, and each side ac and bc is less than a quadrant, there- 
.fore half their sum is less than a quadrah^ and the perpendi- 
cular CD falls nearest to ac. 

In the triangle boc, cd is less dian a quadrant, and each of 
the sides co and cb is less than a quadrant, therefore half their 



Chap. I. spherical angles, &c. 149 

^ sum. is less than a quadrant, and the perpendicular falls nearest 

to CO. 

And, in the triangles abv and bov, where the perpendicular 
VD is greater than a quadrant, each of the sides av, bv, and ov 
is greater than a quadrant ; consequently half their sum must be 
greater than a quadrant, and the perpendicular vb falls nearest 
to AV in the former triangle, and to ov in the latter. 

(D) Corollary V. If an oblique sphcincal triangle have 
two acute sides and ofie obtuse, a perpendicular drawn on the 
lopigest side will always fall within the triangle (Y. 14?7.) — fl'^ 
if it has two obtuse sides and one acute^ a perpendicular drawn 
to fall on the longest side may sometimes fall within^ and some- 
times without the triangle. 

Take any right-angled triangle bdc, and produce its sides 
to a semi-circle; now because db and do are each less than a 
quadrant, the hypothenuse bc will be less than a quadrant 
(Q. 145.), consequently its supplement cf will be greater than 
a quadrant. The angles b and c being acute or each less than 
a right angle, bc is greater than db (L. 14f3.), therefore df is 
greater than cf. 

Make fa equal to fc, then a great circle as hc may be drawn 
between a and d ; now in the triangle fhc, fh is greater thar^ 
FC ; FC, HC, are of different species, and the perpendicular cd 
.falls without the triangle fhc. 

In the triangle foc, of is greater than fc; fc and oc are of 
different species, and the perpendicular cd falls within the tri- 
angle foc. 

Therefore there can be no gcficral rule for drawing a perpen- 
dicular when the three sides of a triangle are given, especially 
if two of those sides be obtuse. 

(E) Corollary VL 2f the two obtuse sides of an oblique- 
angled triangle be equal, a perpendicular drawn from their 
.included angle will fall within tlie triangle. 

For then the triangle is isosceles, and the angles at the base 
.are equal to each other. (F. 142.) 

PROPOSITION XVII. 

(F) In any spherical triangle, 

1 . If the three angles be each acute, 
each side will be less than a quadrant. 

2. If the three angles be each right 
aisles, each side' will be a quadrant. 

25. If the three angles be each obtuse, 
each side will be greater than a qua- 
drant. 

Demonstration. First, Let all the 

l 3 
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Angles A, B, and c of the triangle abc be aeute, fhes apnpeD- 
dicular as cD drawn from any angle will fall within the triAOgle. 

In the right-angled triangle adc, the angles a and Acv are 
acute, and therefore (P. and R.14^5.) ac is less than a qtiadraat 
By the same manner of reasoning from the triangle BDCy Bc h 
less than a quadrant ; and because the angles a and abt ait 
acute, AB is less than a quadrant. (P. and R. 14r5») 

Second. This part is demonstrated (O. 144.) 

Third. If the three angles be obtuse, each side of a fljuppte- 
mental triangle will be less than 90^ (Prop, vi.) ; if the three 
sides are less than 90^, the three angles will be aeute^ by this 
proposition, and the supplements of these three angles must ne» 
cessarily be obtuse ; but (U. 1370 they will be the sides of 1^ 
original triangle, the angles of which were all obtuse, q. £* d. 

(G) Corollary I. In any spherical triangle having two 
obtuse angles and one acute, the sides are of the same species as 
their opposite angles. 

, Imagine the triangle aec to have an acute angle at a, and 
two obtuse ones at £ and c ; then the triangle ceg has three 
f£Cute angles, viz. the angle g is equal to the angle a, (Q. 1S5.) 
and the acute angles at £ and c are supplements of the obtuse 
angles in the triangle aec (M. 184.) : 

Dut when the three angles are acute, each side of the triangle 
CEG is less than a quadrant, therefore ae and ac, opposite to 
the obtuse angles c and £, are greater than quadrants, and ce 
opposite to the acute angle a, is less than a quadrant. 

(H) Corollary XL If a spherical triangle have two sides 
each lesSf and one greater than a quadrard : the angles wUl be 
of the same species as their opposite sides. 

In the triangle ahc, let ah and hc be each of them less thaa 
a quadrant, and ac greater ; the supplemental triangle to it 
(U. 137.) will have two obtuse angles and one acut^ and con- 
sequently the sides thereof by this proposition, arec^tfaenne 
species as their opposite angles : but the supplements of these 
sides are the armies of the original triangle ahc, therefore it has 
two acute angles hac, ach, and one obtuse, viz. ahc* 

(I) Corollary III. The reverse of this proposition is true 
in all its parts. Viz. If the three sides be each less than a qua- 
drant, each angle mil be acute ; if the three sides are each gnor 
drantSi the armies will be right-angles s and if the three sides 
are each greater than quadrants, the three angles wiB be each 
oftuse. 

These follow from considering the supplemeistal triangles. 
(U. 137.) 

PROPOSITION XVIII. . 

(K) If two sides of a spherical triangle be of the same species 
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mid tie angle included acutey the third side is less than a qua^ 
drami ; hut if the two sides be of different species^ and the induded 
angle obtuse^ the third side is greater than a quadrant. Or, 

When two angles ure of the same species^ and the included side 
greater than a quadrant^ the third angle is obtuse : but- if the 
two angles be of different species and the included side less than 
it quadrant^ the third angle is acute. 

I>EM OM6TRATION. Let the tri- 
angles BAG and BDC be right-anf^rled 
at A«id D, then will bc be less than 
aquadrant (Q. 145.); but as the arc 
ABD approaches nearer to acd, it 
will diminish the angles a and d, 
and CI will coQsequently be less 
than CB, which has been proved to be less than a quadrant 

In the triangle cid right-angled, suppose at i, when id is 
greater and ic less than a quadrant, the other side, or hypothe- 
nnse, cd is greater than a quadrant (Q. 145.); and as the angle 
Die increases, viz. when it becomes equal to dig^ the side do 
increases till it becomes equal to dg; hence the first part of the 
proposition is evident. And, 

In the second part, the supplemental triangle (U* 137.) ivill 
have exacdy the same properties as the first part of this pro- 
position. Q. £. D. 

proposition XIX. 

(L) In any right* angled spherical triangle abc, if the sides 
be produced^ visL ac to i, ab to h, and bc to d, so that ci, cd, 
ondAU may be quadrants^ or each 90° / and if from the point a, 
as a poki the great circle hofe be de^ ' 
scribed^ and from the point c, asapote^ 
IDE be drawn of such a length that o£ 
may be a quadrant ; then shall the tri" 
angles cgf and edf have their respeC" 
tvoe sides and angles either equal to 
those of the triar^e ABC, or they will 
he complements of each other ; and 
eight right^ngled spherical triangles 
will be formedj having f every two of 
them J equal angles at their bases. 

Demonstration. Since a is the pole of the circle hgfe, 
AG and AH are quadrants and perpendiculars to fgh (H. 133.): 
and the arcs fgh, fcb, being each of them perpendicular to 
ABH, are each of them quadrants, and f is the pole of abh : 
therefore the triangle cgf is right-ttMlpkid at g; cg is the com- 

l4 




i5^ 'tHE STEREOGRAFHIC BoOK III. 

plement of AC, cf of bc; bh, the complement of ab, is the 
measure of the angle f (D. 133.); and 6h, the complemeat of 
FG, is the measure of the angle a. 

Secondly. The arc ge being a quadrant, and perpendicular 
to CGI, E is therefore the pole of cgi, and ei is a quadrant. 
The arcs cfd and cgi being quadrants, for c is the pole of ids, 
are perpendicular to ide, therefore the triangle edf is right- 
angled at D ; ED is the complement of id, and id measures the 
angle acb equal to dci (N. 135.) ; df is equal to Bc; the bypo- 
thenuse ef is equal to the angle a, for it is equal to gh the 
measure of a, and for the same reason fed is equal to ac» and 
EFD is equal to the complement of ab. Lastly ^ 

The right-angled triangles abc, ahg, have the angle a com- 
mon ; FGC, FHB have the angle f common ; cgf, cid have the 
angle c common ; and edf, eig have the angle e common. 

^. £. D. 

CHAPTER II. 

THE STEREOGRAPHIC PROJECTION OF THE SPHERE. 

(M) 1. Definitio7i. The Sterogiaphic projection of the 
sphere^ is such a representation of the various parts of its syr- 
face, on the plane of one of its great circles, as would be formed 
by lines drawn from the pole of that great circle, to every point 
of the circle, to be projected, viz. ^ 

Conceive a point e (Plate IV. Fig. 8.) situated any where on 
the surface of a globe, and at the same time a plane cd, to stand 
at right angles to an imaginary line eo, connecting the centre 
of the globe and the point £. Then, if an indefinite number 
of lines be supposed to be drawn from the point £, to every 
point of all the circles described upon the spherical surface, 
they will trace out upon the cutting plane cd a stereographical 
projection of the sphere. 

(N) 2. The plane on which the points, lines, and circles of 
the sphere are represented, is called the platie of projection ; 
and the point from which all the lines are drawn through the 
several parts of the circles of the sphere, to this plane, is called 
the projecting point. 

(O) 3. The primitive circle is situated in the plane of pro- 
jection; and the pr<5ecting point, on the sphere, is one of the 
poles of this circle ; but on the plane of projection, the poles of 
the primitive are in its centre. 

(P) 4. A circle, the plane of which is parallel to tlie plane 
of the primitive, is caU|^a parallel circle^ and is represented on 
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the plane of projection, by a circle parallel to, and compre" 
bended within, the primitive. 

(Q) 5. A* circle, whose plane is perpendicular to the plane 
of the primitive, is colled a riglU circle 3 because, passing 
throQgfa the projecting point, its circumference becomes a 
straignt line on th^ plane of projection. 

(R) 6. A circle whose plane is oblique to the plane of the 
primitive, is called an oblique circle. 

(S) ?• Lines drawn from the projecting point to every part 
of the circumference of a circle to be projected, will form the 
convex surface of a cone, whose vertex is the projecting point. 
Thus if Aif be a diameter of a circle to be projected, and e 
the projecting point, then aeb will be a cone, of which t is the 
vertex. 

(T) 8. All writers on conic-sections have demonstrated, 
that if a cone be cut by a plane ab parallel to the base ab, the 
section "will be a circle; hence it follows, that all small circles 
parallel to the plane of projection will become circles in the 
projection. And the radii of all projected small circles, parallel 
to the primitive, will be equal to the semi-tangent of their dis- 
tances from the remotest pole; thus aoz=ob is the tangent of 
the angle a£0, or the semi-tangent of the arc Ae where e is the 
remotest pole. 

. (U) 9. It is also shewn by writers on conic-sections that if a 
scalene, or oblique cone, be cut by a plane not parallel to the 
base, but in such a manner that the cone cut from the base to- 
wards the vertex be equi-angular with the original cone, the 
section shall be a circle. 

Thus (Plate IV. Fig. 9.) if the cone abe be so cut by a plane 
CD, that the angle ode be equal to the angle bae, and dce 
equal to abe, then the section will be a circle, hating cd for 
its diameter. And this is wiiat is termed cutting a cone in a 
siib-contrary position. 

Emerson's Conic Sections, Bdok I. Prop. 89th. 

PROPOSITION I. f Plate IV. Fig. 10. J 

( W) Eveiy circle of the sphere *iS)hich does not pass through 
the poles of the primitive, is projected into a circle. 

LetDcbe the diameter of a circle to be projected on the plane 
of the primitive fb, from the point e. Lines from the point 
£ to the circumference of that circle form a cone^ whose tri- 
angular section is ced. 

Now the extremity c, of the diameter cd, will be [nxyected 
into the point a, and the other extremity d into the point b 
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ill the pfone of the primitive ; therefore ab is the projected 
diameter. 

Through d draw j}d parallel to tb, that isj perpendicqW to 
Bf» then will the ai*c Ed be equal to the arc ed ; and since mn 
anf^ at Ae circumference of a circle is measured by Aalfthe arc 
on which it stands, (KeiiVs Euclid 167 o/^VII). the angle ac» 
will be eqlial to the angle dDE, or, which is-ldhe same thing, 
^uid to the angle abb, beeame ab is paralld to diu 

Hence the cone ecu is equiangular with the cone sba, and 
it is cut hj the line ab in a subcontrary positum^ therefore 
(U. ,l&9e^ die section is a circle. 

YROPOSiTroK 11. (Plate IV. Fig. l\.) 

(X) The distance of the ce?itre of any oblique great circle 

from the centre of the primitive, is equal to the tangent qf the 

angle formed on the sphere^ by that circle and the primitive $ 

and the radius of the projected circle is equal to the secant of 

the same angle. 

Let b be the projecting point, fg the diameter of the primi- 
tive EF^G, and CD the diameter of a circle to be projected. The 
point c will appear at a, and d at b; therefore, by the 1st pro- 
position, AB is the projected diameter. Bisect ab inp^ andp 
will be the centre of the projected circle 6'A£B. 

Now CED=c£B, being an angle in a semircircle» is a right 
angle ; and epa and efb are likewise right angles ; hence uie 
triangles aeb, ape and epb are equiangular and similar. The 
angle ^pc is double of the angle ^ec, the one being at the centre 
and the other at the circumference of the circle, and for the 
same reason a^e is double of abe ; but the angle cbc has been 
shewn to be equal to abe, therefore ^PC==iyE, and CPF=PEp : 
and it is plain that ipp is the tangent of P£p to the radius of the 
sphere, therefore it is equal to the tangent of the angle cpf, 
which is the spherical angle formed by the circle CD and the 
primitive fg. 

It is very obvious that Ap=Ep, the radius of the projected 
circle, is the secant of the angle VEp or cpf. 

PROPOSITION III. f Plate IV. Fig. l\.) 

(Y) The distance of the pole of any oblique great cirdefram 
the centre (f the primitive, is e^jud to the semi-tangent of the 
angle which that circle makes on the sphere with the primitive^ 

Let E be the projecting point, fg the diameter of the pri- 
mitive, and CD the diameter of the circle to be projected. 

Make c^f =&cf, then cm will be a quadrant; draw mn, whidi 
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wiH be Ibe txi&ctcD} And m, f, its poles. If kh be Toiitedy 
the pcde il^ witt appv^r at m in the primitive ; but vm is the taiH 
geat df tbe aagie nm, or the semi-tangei^ of ^PBf^ or of its 
squat CFT. 

Likewise a line drawn from e through n, tbe other pole will 
cot FT, Jircidueed b^ond f, in tbe exterior progected pole. Now 
piV prowited to meet kk^ is evidently the tangent of the angie 
jsse, or tbe soni-Cangent of kft,. which is the suf^ement of 
the are em or of the arc cw, 

(Z) CoROiXAAT. It is also ahnaia that (ap) tie distance of 
Iheprefeded circle from the centre qftheprtmitivej is the semi* 
tangent ef the complement qf{cF) the cirtUfs inctination to tbe 
frisMttve* 

IpQit Ap is the tangeoft of tbe angle aep, which is^ the half of 
cpffy tke complement of fpc. 

PROPOSITION IV. (Plate IV. J%. \^.) 

(A) The distance of the centre of a small circle (perpendicular 
to (he primitive) from the centre of the primitive^ is equal to the 
secant of its distance Jrom its awn pole ^ and the radius thereof 
is equal to the tangent of that distance. 

Let CD be the diameter of a small circle cutting the primitive 
at right angles, or, which amounts to the same tiling, whose 
poles G and f lie in the circumference of the plane of projec- 
tion. Now AB is the diameter of its representative on the plane 
<rf* projection fg; bisect ab in p^ and describe the small circle 
AC8D ; drawee, cp, and ^cb ; then I say pc the radius of die 
small circle, is the tangent of the arc go, the distance of tbe 
small circle from its pole g ; and pp is equal to the secant of 
the same arc. 

The angle pea is eoual to the angTe gba, because jsice being 
in a semi-curde is a right angle, consequently ecb is also a right 
angle ; ihe angle epa is a right angle, and pa£=cab, there- 
fore tlie remaining angle pea =CBA,=i'CB, forpczx:pB; but 
the angle pca is equal to pea, because pc is equal to pe, hence 
pcA=:pcB, therefore the angle acb is equal to the angle pcp, 
but ACB, is a right angle, therefore pcp is a right angle, andpc 
a tangent ta the point c, or arc gc ; hence Fp is the secant 
tbeiea£ 

PROPOSITION v. (Plate IF. Fig. IS. J 

(B) The ismgent ffamf arc of a great circle on the surface (f 
Aespkercy drtaon from any point towards the plane of prcgec^ 
tion^ Kinll be pngeetei int^ an equal straight Une ;^^the secant 
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^the same arc will be represented by a line equal to itself: and 
any angle comprehended between two great circles^ passing 
through the same pointy on the surface of the sphet^e^ is equal to 
the angle comprehended between their representatives on the 
plane of prqjectidn. 

If the sphere be cut in fialves by a plane abcd passing through 
its centre, and extending to an indefinite distance on all sides, 
in an horizontal direction,; and if from any point whatever (ex- 
cept that point exactly perpendicular to the plane) any number 
of tangients be drawn towards the plane, they will all fall upon 
it. For, if this plane be supposed to coincide with the plane of 
projection, or, which is the same thing, to be perpendicular to 
the projecting point e, it is evident that the secant pb, of any 
arc XG, will fall wholly within the plane, and be projected into 
a line equal to itself; but the secant and tangent of any arc will 
terminate in the same point ; therefore one extremity of the 
tangent must necessarily fall upon the plane. . 

Let G be a point on the sphere, gb and gc tangents to that 
point, meeting the plane in b and c, and let e be the projecting 
point ; then it is evident that gb will be projected into pb, and 
GO into Fc'; and I say that gb=fb, oc=fc, and the angle cgb, 
the measure of the spherical angle i gk (R. 13 5.), is equal to the 
angle cfb formed on the plane of projection. 

For, let HG be drawn parallel to ak, and let EP^be drawn 
through the centre p, then og=oh (Euclid S ryilL), and the 
angle egh is equal to the angle ehg. But the angle egb is 
equal to the angle ehg (Euclid 32 of 111.) therefore the angle 
egb or fgb is equal to the angle egh or fgh. 

But HG is parallel to ak, and the angles fgh and gfk are 
equal to each other, being alternate angles (Euclid 29 of I.), 
therefore the angle fgb is equal to the angle gfb, and conse- 
quently (Euclid 6 ofl,) BG is equal to bf. 
, Exactly in the same manner it may be proved that cg=cf. 

Now the triangles cgb and cfb have the two sides gb and 
GC, equal to the two sides fb and fc, and they stand on the 
same base bc, therefore (Euclid 8 of I.) the angle cgb is equal 

to the angle cfb, which was to be demonstratetl. 

J* 

PROPOSITION vf. (Plate IV. Fig. II. J 

(C) The projected extremities of the diameter of any circle ok 
the sphere^ inclined to the plane of projection^ are in that di' 
ameter of the primitive which is perpendicular to the projecting 
point : and distant from the centre of the primitive the semi- 
tangents of the circled nearest and greatest distance from that 
pale qfprqjection^ opposite to the projecting point. - 
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For the diameter cd of a circle on tlie sphere inclined to the 
plane of projection in an angle cpf, is projected into the line ab 
iroiD the projecting point at £. But ap is the semi-tangent oF 
ec the circle's nearest distance irom the pole e, and pb is the 
semi-tangent of^D the circle's greatest distance from the pole e. 
Hence the diameter ab is the sum of these semi-tangents, and 
p the centre is half the sum. 

(D) Corollary I. The projected diameter of a small circle 
inclined to the plane of projections and encompassing the pole (e) of 
the plane of projection^ is equal to the sum of the semi^tangents of 
that circles greatest and least distance from the pole of pro- 
jecticfu 

JFor such a small circle may be conceived to be parallel to 
the gireat circle, and therefore its projected diameter will &11 on 
both sides of the pole p of the primitive. 

(E) Corollary II. The projected diameter of a small circle 
indined to the plane ofprqjectionj and situated wholly on one side 
cfihe pole (e), is equal to the difference of the semi-^tangetits of that 
circles greatest and least distance from the pole (e) (f projection. 

For a small circle on the sphere whose diameter is mo, will 
be projected into mp\ pp is the semi-tangent of po, the circle's 
greatest distance from tlie pole ; vm the semi-tangent of t'M, the 
circle's least distance from the pole ; and the difference between 
these semi-tangents is mp. 

(F) Corollary III. The points where the projected di- 
ameter (^ a great circle terminates^ are distant from the centre 
(fthe primitive^ the tangent and co-tangent of half the comple- 
ment of the circles inclination to the primitive. 

For oe is the complement of fc the circle's inclination to the 
primitive, and ap is the tangent of the half of ce, or tlie angle 
AEP. And, because aeb is a right angle, peb is the comple- 
ment thereof; but pb is the tangent of peb, that is, the tangent 
of the complement of aep, or tho co-tangent of \ ce. 

PKOPOfiiTON VII. (Plate V. Fig, 5.J 

{G) In any projected great circle^ inclined to the ptimitive^ 
the radius of the projected circle^ is to the radius of the primi- 
tivey as the dista?we of the projected pole from the centre of the 
projected circle^ is to the distance of the projected pole from the 
centre of the primitive. 

Let EA^c be the projection of a great circle cutting the pri- 
mitive ENF^G in E and ^, and the line fg produced, in a and c; 
and let p be the centre of the primitive, and o the centre of the 
• projected circle; p the intenial, and r the external pole of the 
*prcgected circle. I say 

EG : EPlI/JO \pv\ or, EG : EPlIro : ;p. 
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Join ^o, vp9 md m' ; tlien the angle nso is the measut^ ef the 
wcU'b indUifition to the primitive: for po is thetangcmtof no 
to the radius of the sphere, aind it is likewise die tangent of the 
circle's indination to the primitive* (X. 154.) 

The angle mp is the measure of half the circle's incltilatiott 
to the primitive (Y* 154<«), therefinre Bp bisecttsthean^e pbo. 

And, because Ep is perpendicular to £r (for j9 and r are the 
two poles), the angle rsp is equal to the angle pBK^ being each 
of them a right angle ; fdso PEp and pzo have been shewn to be 
equal, therefore the angle rxp is equal to the angle osk. 

Consequently isp makes equal angles internally, and rex 
equal angles externally with the sides £f and eo of the trimgle. 
PEO. Therefisdfe (by Dr. Simsoffs or KdiK% Euclid S of VL 
and Proposition a*) 

EO : Ep::po : jot>; and, Eo : Ep::ro : «% 

(H) CoRQLLAEY I. The line ro, comprekeHded between the 
centre of the pngected circk itnd its external palcj is harmwip' 
caUy* divided hy the internal pole of the projected 4:irck$ uni 
ihe centre of the primitivem 

For Eo : ep: :j>o : jEip 
AndEo : EP::ro : rp 

Therefore, ro : rpllpo : pp. 

(I) CoaoLLABY IL Every projected great circle^ makifigem 
angle with the primitive^ is greater than the primitive. 

For the radius eo of the projected great cirdeEA^sc, iatiie 
secant of that circle's inclination to me primitive (X* 154i;); 
and therefore is always greater than ep, the radius of the 
primitive. 

PROPOSITION VIII. {Plate V. Fig. 6*J 

(K) y through the internal projected pole of a great cird(j 
and the extremities of an arc of that prelected circle^ UraigfS 
lines he drawn to ad the primitive ; the intercepted arcs ^tie 
projected circle and the primitive will be similar. 

Let EF^G represent the primitive circle, and ELAa|/*the pro- 
jection of a great circle inclined to the primitive ; p the pc3e nS 
the primitive, andj^ the internal pole of the projectea gi»|it 
circle ; drawjpA,^L, p'K.^ and jpo, then will the arcGK be^ioaiter 
to the arc al. 

For, it is obvious that if a straight line be drawn from a point 
within a circle to meet the circumference, the angle ibrmad at 
the circumference between this line and the radius, will be lass 

■ ■ ■ I ■ ■ I' fill ■ I ■■!' I I ■ I 11—^—^— I I I I ^ii^wy»tMp»M^iet*<^** 

* When a straight line is divided into three such parts, thM the wb^u -tfH^ 
Jirsi .panif as ikt third jtari is t* the second; it is said to he diyided io li^unnopldil 
jr*ti©. 
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dian a right angle : therefore in the triangles VKpiPLO^ the 
angles TKp and J9L0 are each less than a right angle. The angle 
vpiL is equal to the angle Lpo (Euclid 15 qfL% and the sides 
about the remaining angles at p and o are proportional. For 
(XL : pk: :qp : vp (G. 157.) Hence pk : pp::oL : op, there- 
fore the triangles ppK and poh are equiangular and similar 
(Euclid 7 ^ VI.), and consequently the angle Kvp is equal to 
the angle J90L. 

But equal angles at the centres of circles are subtended by 
similar circumforences, therefore the arc gk is similar to the arc 
al; and whatever part of the circumference of the projected cir- 
cle AL is, the same part of the circumference of the primitive 
circle will gk be. For ol : pk : : the arc al : the arc gk. 

(L) Corollary I. If straight lines be drawn from the pro^ 
jeded pole of a great circle (towards the pole of the primitive) to 
ad the projected great circle and the primitive : the arc of the 
primitive intercepted between these lines^ will be the measure of 
an arc on the sphere^ represented by that part of the projected 
great drele intercepted between these lines, 

Letj9F, pH, and/7£ be drawn; fh will be the measure of a 
part of a great circle on the sphere represented by al ; and 
PE will be the measure of a part of a great circle on the sphere 
represented by ae ; for, join oe and pm, then ol : pk : : arc 
AL : arc GK (K. 158.)9 and os : P9»: :arc ae : arc Gm. (K.r58.) 
But OE=:oL and vmzzvKj therefore arc al : arcoKl :arc ae : 
arcoiii. 

H^ice, whatever part of the great circle EA^i^is represented 
by AE, the same part of the primitive om must represent; but 
AE is the projection of a quadrant of a circle on the sphere, 
having the same radius as the primitive, therefore it must be 
measured by fe, and not om ; for the same reason al must be 
measured by fh and not by gk. 

(M) Corollary IL ^Hence itJoOowSf that all great circlet 
inclined to the primitive^ have equal arcs on the spkercj repre* 
tented hjf unequal arcs on the pUme (^projection. 

proposition IX. Problem. (Plate IV. Fig. l^.J 
(N) To find the pole (ffany great circle. 

I. The pole of the primitive aebd is the centre p.(0. 152.) 

II. Let OB be a right circle. Through p the cental cilSh^ 
priButfv^ draw be perpendicular to ab, then d and s av» 
poles of OB. 

III. Let CA^ be an oblique circle. Through the ee&tr^ 
primitive draw cp#, and mvn at right angles to it, col 
oUique cirole in o ; draw eo throuffb r akes oi 
of 90 d^ees; join ew^ then j9 is tne 
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Or, the semi-tangent* of the complement of po set from p 
to j», will give the pole. (Y. 154.) 

The pole of a small circle is the same with die pole of 
its parallel great circle. 

. (O) The truth of this proposition is shewn at Y. 154. ;. for 
o;i, the measure of the angle c, is the complement of po, and 
the semi-tangent of on is applied from p to ^. 

(P) PROPOSITION X. Problem, f Plate IV. Fig. lif.J 

Through ani/ given point in the circumference of the primitive 
circle^ to describe a great circle making any given angle with 
the primitive. 

Let E(7DB be the primitive circle, and c the given point. 

Through c draw cpe, and mvn at right angles to it; make 
the angle per equal to the given angle, and draw or ; with r 
as a centre, and distance re, describe the circle CAe, th^ acb 
will be equal to the given angle. 

Or, Make pr equal to the tangent of the given angle to the 
radius cp ; or make er the secant thereof. 

Or thus: Set off the semi-tangent of the complement of the 
given angle from p to o, and through the three points coe de- 
scribe a circle. 

(Q) These constructions are obvious from X. 154. and Zl 
155. 

(R) PROPOSITION XI. Problem. (Plate IV. Fig* 15.) 

Through a given point a in a right circle as, to describe a great 
circle cAe, making a7i angle at a, equal to a given number of 
degrees. 

Draw DE at right angles to as ; find the centre s of a circle 
which will pass through the three points dae. Through s 
draw dsm parallel to de ; with the centre a, and a radius equal 
to PB, describe an arc ww, set off bo from a scale of chords 
equal to the complement of the given angle a, and draw Kod; 
then d is the centre of the circle ca^ required* # 

(S) The truth of this construction may be shewn thus: 6 is 
the centre of the circle dae, and since ail great circles.ciit each 
other at a semi-circle's distance (C. 133.), all circles passing 
through a must necessarily pass through the point g, and there- 
fore their centres must be somewhere in the line dm. ^Now 
diLC is a right angle, therefore SAf =:cab (N. 135.) tak^ from 
dAe, leaves dxs the complement of the angle cab, agreeably tci 
the construction. 



* The common plain scale generally contains a line of scini-tangentSy maikeil 
S. T. See Book I. Chap. IV. page 16, 
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(T) proposition XII. Problem. (Plate IV. Fig. 16.J 

TAraugh a given point c, within the primitive^ to drcno a 
great circle Ace making a given angle bag, with the primitive. 

From the centre p of the primitive, with the tangent of the 
^ven angle as a radius, describe an arc ; and from the point c, 
with the secant of the same angle as a radius, cross it in o. The 
point o is the centre, and oc is the radius of the circle ac^ re- 
quired. 

(U) The truth of this construction is shewn at X. 154. 

PROPOSITION XIII. Problem. (Plate IV. Fig. 17.) 

(W) Through two given points within the primitive^ to draw 
a gretU cirde, 

LfCt o and m be the two points. Through one of the points, 
as o, and the centre of the primitive, draw ab of an unlimited 
length towards b, and draw cd at right angles to ab. Join co, 
and produce it till it cuts the primitive in v, through v draw 
the diameter vuoj meeting the circumference in tr, and from c 
through VD, draw cu^e, meeting ab in £. Then a circle de- 
scribed through the three points o, m^ e, will be the great cir- 
cle required. 

(X) The angle vcw being in a semi-circle is a right angle 
(Euclid SI ^in.), therefore the distances po, andpE, measured 
on the line of semi-tangents are together equal to 180 degrees, 
consequttitly the point £ is diametrically opposite to o, and 
09RE is a great circle. ' 

PROPOSITION XIV. Problem. (Plate IV. Fig. 18.J 

(Y) Through a given pointy in any projected great circle, to 
dram another great circle perpendicular to the given one. 

General Ride. Find the pole of the given circle (N. 159.) 
and through that pole and the given point draw a great circle 
(W. 161.) For (I. 134.) if one great circle pass through the 
pole of another, it cuts it at right angles. 

Or, L The pole of the primitive is in the centre, therefore a 
diameter of the primitive dways cuts its circumference at right 
angles. 

II. To draw an oblique circle petpendictdar to an oblique circle. 
Let bad be the given oblique circle apd a the given point, 

find p the pole of the oblique circle bad (N. 1 59.), and through 
the points;, and a, draw the great circle ECAp. (W. 161.) 

III. To draw an oblique circle perpendicular to a right circle. 
Let HG be the right circle and a the given point, draw db 

at right angles to kg, then b, and d, are the poles of hg ; 

M 
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through the three points b, a, d, draw the circle bad, and it 
will cut HO at right angles* 

^PROPOSITION XV. Problem. (Plate IV. Fig. 19, 20, and 2Uj 

(Z) Aboui any given pointy as the pole of a great circle^ to 
desaibe a smaU cirde at a given distance Jrom that pole. Or^ 
at a proposed distance from a given great circle to describe a 
parallel circle. 

J. If the small circle be parallel to the primitiye. With the 
semi-tangent of its distance nrom the pole p, (Plate IV. Fig. 19.) 
or radius pg, describe the circle ode. 

II. If the small circle be parallel to a right circle. Let the 

fiven right circle be ab, whose poles are c and d. (Plate IV. 
'ig. 20.) Set off the chord of the small circle's distance from 
its pole, from cton and m ; or the chord of its distance from 
the right circle ab, from b to n^ and from Atom; and draw 
Amp and Aon^ where these lines intersect the axis ff, in o and 
p, will give the two extremities of the diameter of the cirde 
won to be projected, the middle point s will be the centre. 

Or, Having found the points m and n^ draw pn, and nx^ at 
right angles to it, and it will cut the axis pe produced in By 
the centre of the parallel circle mon. (A. 155.) 

Or, Find the three points m, o, and n, as above^ and draw 
a circle through them. 

III. If the small circle be parallel to an oblique circle. Lei 
ihe oblique circle be dab. (Plate IV. Fig. 21.) Find p the 
pole of the oblique circle dab, and through p draw Dps ; make 
Ev and £tK7 each equal to the proposed distance from the pole, 
and draw nw and uvy cutting the axis gf produced in o and f, 
the two extremities of the diameter of the circle mon to be pro- 
jected, the middle point c will be the centre. 

Or, Find J9 the pole of the oblique circle dab (N- 159.\ and 
measure its distance vp from the centre of the prinutive by a 
scale of semi-tangents. Then add and 3ubtract this distance to 
and from the complement of the parallel circle's distance £rom 
the oblique circle ; set off the sum, by a scale of semi-tangents, 
from p to F, and the difierence from p to « ; the middle poiiit 
between o and f, {viz. c) is the centre. (D. 157.) 

PROPOSITION XVI. Problem. (Plate V. Fig. I.) ^ 

(A) About any given pointy as the pole of a great circle^ to 
describe a great circle in a given primitive cirde. 

I. If the given point be (p) in the centre of the prim^hre^ 
the primitive is the great circle required. 

II. If the given point be (c) in the circumference of the 
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primitive) through c^ draw a diameter cp^, and another bvB 
at right angles to it. Then, 6pb is the great circle required. 

IIL If the given point be (j)% neither in the centre nor in the 
circumference of the primitive. Through p^ and the centre 
of the primitive^ draw a straight line rPBj and cross it at right 
angles with the diameter ec, through p draw epWf make wm 
equal to wc^ and through m draw emr^ then with r as a centre 
and radius re^ describe the required great circle ca^. 

(6) This problem is easily deduced from X. 154. 

PROPOSITION XVII. Problem. (Plate V. Fig. 2.J 

(C) To measure any arc of a great circle. 

General JBtde. Find the pole of the given circle (N. I59.)j 
from which draw straight lines through the ends of the arc to 
be measured, cutting the primitive in two points, the distance 
between these points applied to a scale of chords, will give the 
measure of the arc. 

Or, I. The pole of the primitive is the centre p, llierefiire 
any arc of die primitive is measured by taking the extait tif the 
arc (as be) and implying it to a scale of chords* 

II* To measure any part of a right circle as po, ]^, pv, &c 
From c the pole, draw cqf, cp^, cpg^ caw; then' ^ applied 
to a scale of chords is the measure of po, eg of p/7, and gw 
cipvm 

Or, va^Tp^Wt applied to the line of semi-tangoits, will give 
thdr respective measures. And, it is evident that vp is the 
di£feraice between the measures of pt;, and Tp^ and that up is 
the sum of the measures of pa and vp. 

III. To measure any part of an oblique circle as cr, ro, oa^ 
&c. Find p the pole thus: draw caji make ^ an arc of 90 
degrees, and join ^c, then p is the pole. From p through r, o, 
d^- m, draw pn^ jpo, px^ pM. Then bo, applied to a scale of 
dboitbb Is ^ measure of an arc on the sphere represented by 
ro; 04 IS iJbe measure dTan arc on the sphere represented by 
cai and am is the measure of an arc on the sphere represented 
hj idn^&c (L. 159») 

PROPOSITION XVIII. Problem. (Plate V. Fig* 2.J 

(D) To cut amf number of degrees from the arc of a greai 
I 1^9 from a given point, in a projected great circle^ to ctti 
q^an arc equal to a given arc. 

This proposition is the reverse of Prop. XVII. 
J. If the projected great circle be the primitive whose pole 
is Tf and e tne given point. Take the number of degrees in 

jvf 2 
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the given arc from a scale of chords and apply the extent frora 
e to i, then eb is the arc required. 

11^ If the projected great circle be a right circle (as xa) whose 

pole is c, and a the given point. From the pole c, through at, 

draw cqfj make^ equal to the given arc, by a scale of chords, 

.and join eg, then will pa contain the required number of 

degrees. 

Or, any number of degrees may be cut from ^a by the 
scale of semb-tangents, in the same manner as the arcs were 
measured in the XVIIth Problem. 

III. If the projected circle be an oblique circle (as cae) whose 
pole is Pj and o the given point. From p through o draw^co, 
make or equal to the given number of degrees, and join pR, 
then or will contain the number of degrees required. 

PROPOSITION XIX. Problem. (Plate Vi Fig. S.J 

^K) Any girat circle cAe in the plane of projection being 
given : to describe another great circle bad, which shall cut the 
given circle CAe, and also the primitive in any assigned Singles. 

About the pole p of the primitive describe the parallel dircle 
no^ at a distance equal to the angle which bad is required to 
make with the primitive (Z.162). About p, the pole of ca^, at 
a distance equal to the measure of the angle which bad is re- 
quired to make with ca^, describe the parallel circle ab (Z. 162.) 
cutting no in rf. 

About </ as a pole describe the great circle bad (A. 162.), 
cutting the primitive in B, and ca^ in a : then bad is the great 
circle required. 

(F) This construction is evident from Q. 135. 

PROPOSITION XX. (Problem. Plate V. Fig. ^.) 
(Q.) To measure any spherical angle. 

General Rtde. Find the poles of the two great circles which 
form the angle (N. 159.) Straight lines drawn from the an- 
gular point through these poles, will cut the primitive in two 
points; the distance between which, applied to a scale of chords, 
will give the measure of the required angle. 

The truth of this appears from Q. 1 S5. 

Or, I. If the angular point be at p, and rpv, the angle to be 
measured, then pr, w are quadrants ; and as a spherical atigle 
is always measured on the arc of a great circle at a quadrant's 
distance from the angular point (R. 135.), rv applied to a scale 
of chords is the measure of the angle rw. 

II. If the angle be formed by the primitive, and an oblique 
circje, as oce. 
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Find m the pole of ca^, and from c draw anw; and through 
p, the pole of tl)e primitive, draw cp^, then we applied to a 
scale c^' chords gives the measure of oce. To measure c^cp, 
the angle formed by the right circle cp^, and the oblique circle 
GA^; tbrough m, the pole of ca^, and r, the pole of cp^, draw 
cw, and cr; then wr applied to a scale of chords is the mea- 
sure of <7CP. 

Or, The angle oce may be measured by the line of semi- 
tangenta; thus, let oe be applied to the scale of semi-tangents 
from 90 towards the left hand, the number of degrees con- 
tained between tl)e points of the compasses, will be the mea- 
sure of OCE ; and po, applied to the scale of semi-tangents, 
from the beginning of the scale towards 90, will give the 
measure of oyp. 

Ill* If the angle be formed by two oblique circles, as CAe and 

BAD. 

Find m the pole of ca^, and n the pole of bad (N. 159.) 
From the angular point a, through m and n, draw Ams and 
ATiv^ cutting the primitive in 5, and v; then svj applied to a 
scale of chords, will give the measure of the an^e bag, or of 
its equsi ^ad. 

CHAP. HI. 

INVESTIGATION OF GENERAL RULES FOR CALCULATING THE 
SIDES AND ANGLES OF RIGHT-ANGLED SPHERICAL TRIAN- 
GLES. 

PROPOSITION XXI. 

(H) In any right-angled spherical triangle. 

RadiuSj is to the sine of any side ; as the tangent of the ad" 
jacent angle^ is to the tangerU of the opposite side* 

Demonstration. Let abc be a 
spherical triangle, right-angled at a. 

rad : sine ab : : tang Z. b : tang ac. 

For, let D be the centre of the 
sphere, and draw the radii dc, da, 
and db; also from the right-angle 
A, in the plane dba, draw ae perpen- 
dicular to DB, and it will be the sine 
of the arc ab. 

At the point £, in the plane dbc, 
draw £F perpendicular to db, then 
will the angle fea be the inclination 

M 3 
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of the planes dba and dbc, and consequently (D. 133.) equal 
to the spherical angle cba. 

Draw AF from the point a^ a tangent to the arc ac^ and pro^ 
duee the radios dc to f ; then since the arc ac is perpendicular 
to the pbne dba (for by hypothesis it cuts the arc ab at right-^ 
angles) af will be perpendicular to ae. 

Because ac is less than a quadrant, and da, db, and ae^ are 
m the same plane dba, and that ef is at right-angles to db (by 
construction); dc cannot likewise be at right-angles to db.^ 
Therefore Dcand ef being in the same plane dbc, and not pa- 
rallel to each other, must meet 

The plane triangle fae is right-angled at a; the perpendi- 
cular AF is a tangent to the spherical perpendicular AC ; the 
base AE is the sine of the spherical base ab ; and the angle fea 
is equal to the spherical angle abc. 

Hence, rad : ae ; : tang fea : af. 

That is, rad : sine ab : : tang abc : tang ac q* ^* ^' 

(I) Scholium. 

The foregoing [Proposition is of con- 
siderable importance in spherical trigo- 
nometry, and therefore ought to be 
clearly understood. — It will perhaps be 
of advantage to some students, to illus- 
trafte the nature of it in a mechanical 
way I in wder to render the preceding 
demonstration more perspicuous. 

Upon a piece of pasteboard, with any radius describe a circle, 
make ac of any length less than a quadrant ; draw af perpen- 
dicular to the radius ad, and draw dcf through c ; let ab be of 
any length lessihan a semi-circle, and draw db. From a draw 
aef cutting bd at right-angles,^ make df equal to dcf,. and 
draw BG a tangent to bd. 

Then cut out the figure fabgfdcf, next cut the back of the 
line AD half through, do the same with the line db, and raise af 
till it is perpendicular to the plane adb ; then raise up the pkne 
DEBGF, so that the points f may coincide, and you will have a 
plane triangle fae right-angled at a, which will shew the nature 
of the problem as clearly as possible. 

PROPOSIeTION XXII. 

(K) In any right-angled spherical triangle. 
Radius is to the sine of the hypothenuse^ as the sine of any 
angle is to the sine of its opposite side. 
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Dehonstbatioh. Let abc be a 
spherical triangle, right-angled at a. 

rod : sine bc : : sine L fi : sine Ac 

'SoXy let D be the centre of the 
sphere draw the radii dc, db, and 

DA. 

In the plane dbc draw og perpen- 
dicular to DB, and it will be the sine 
of the bypothenuse bc. -** 

From the point q in the plane »ba, draw oh perpendi- 
cular to DB, and join ch; then (H. 165.) guc will be a right- 
angle, and the angle coH will be equal U> the spherical angle 

ABC. 

The [^ne triangle ghg b ligbt-angted at h, the hypotbenuse 
Gc is the sine of the spherical hypotbenuse bc; the perpendi- 
cular CH is the sine of the spherical perpendicular ac, and the 
angle caa is equal to the spherical angle abc 
Hence, 

Radius : Gc::sine cgh : ch; that is, 

Radius ; sine of the hypoth, Bcirsine of the angle cba : 

Sine c^ the perpendicular ac. q. e. d. ^ 

(L) Scholium. 

This propositicu may periiaps be rendered more familiar to 
the nnderstandiog by a mechanical iUustradon. 

Upon a piece of pasteboard^ with any 
radius describe a circle, make bg, the hy- 
potbenuse of any length less than a qua- 
drant; and draw the radii bo, cd; mitn 
c draw ca at right-angles to bd ; set off 
AB of Buch a length that when ca is pro- 
duced it may cut ad somewhere, as in h ; 
• at H erect the perpendicular hc, and let dc be drawn. 

Cut out the figure cdcabc, then cut the lines ad and bd half 
diroagh, as in the xxist proposition, r^ge the plane adc per- 
pendicular to the plane adb, and the plane bdc, till the points c 
coincide; youwiU then have a right-angled plane triangle chg» 
Irom which the whole proportion wilt appear exceiedingly 
simple and easy. 

PB0P06ITI0N XXIII. 

(M) Id any two right-angled sptudcal triangles, having tk 
suae acute angle at the base. 
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Tke sines of their bases have the same ratio 
to each other as the tangents of their perpen* 
dicidars: and^ the sinas of their ^pothe* 
nuses have the same ratio to each other as tke 
sines of their perpendiculars. 

Demonstration. Let the right-angled 
spherical triangles abc and ahg have the J^ 
acute Z a common. 

Radiiss : sine ab::^^;^^. a : tang. bc. (H. 165.) 
Radius : sine ah: I tang, a : tang.HG.(H. 165.) 
Therefore, sine ab : sine ah : : tang, bc : tang. hg. 
Radius \ sine hcWsine a : sine bc. (K. 166.) 
Radius : sine AGWsine a : sine hg. (K. 166.) 
Hence^ sine ac : sine ag! ;sine bc I sine hg. q* ^* ^* 

SCHOLIUM. 

(N) The different cases or varieties that may happen in the 
solution of right-angled spherical triangles, wherein two things, 
together with the right-angle, are always given to find a. third, 
are in all sixteen, and from this proposition alone (by produc- 
ing the sides of the triangle to quadrants (L. 151.) the whole 
may be solved. The five following corollaries, or cases, in- 
clude the whole practice of right-angled spherical triangles, 
and are the foundation of Baron Napier's rules. 

Case L Sine ah : sine AB::tang gh : tang bc (M. 167.) 
Viz. rad : sine AB::tang a : tang bc (L. 151.)- 
But rad : tang:: cot : rad (Z. 103.) 
'.• Cot A : rad : : sine ab : tang bc 
Also, rad : sine Acirsine c : sine ab (K. 166.) 

Case II. Rad : sine BcIItang c : tang ab (H. 165.) 
But, rad : tang:: cot : rad (Z. 103.) 
••• Cot c : rad I : sine bc : tang ab 
Sine AG : sine Ac::sine hg : sine bc (M. 167-) 
Viz. rad : sine Ac::sine a : sine bc (L. 151.) 

Case III. Sine ei : sine ED::tang ig : tang df (M. 167v 
Viz. rad : cos c::tang ac : tang bc (L. 151.) 
But, rad : tang!: cot : rad. (Z. 103.) 
••• Cot AC : rad : : cos c : tang bc 
Sine DC : sine in:: sine cf : sine fg (M- 167.) 
Viz, rad : sine cTTcos bc : cos a (L. 151.) 
Or, rad : sine^i: cos ab : cos c 

Case IV. Sine fh : HR fg: :taug bh : tang cg (M. 167.) 
Viz, rad : cos a : : cot ab : cot ac (L. 151.) 
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Bat, rad : cotrrtang : rad (Z. 103.) 

V Tang AB : rad::cos a : cot ac 

Sine CF : sine cnrisine fg : sine id (M. 167.) 

Viz. cos Bc : radrrcos a : sine c (L. 151.) 

Case V. Sine cg : sine cilltang fg : tang di (M. 167.) 
Viz. cos AC : radrrcot a : tang c (L. 151.) 
But, rad : tangricot : rad (Z. 103.) 
•.• Cos AC : cot a : : cot c : rad 
Sine BH : sine CGlIsine fb : sine cf (M. 167.) 
Viz. cos AB : cos Ac::rad : cos bc (L. 151.) 

(O) If the extremes and means of each case be multiplied 
together, we shall obtain the same equations as are produced 
by Baron Napier's rules. 

I. Rad X sine ABzztang bc x cot a 
Rad X sine AB=:sine ac x sine c 

II. Rad X sine Bc=tang ab x cot c 
Rad X sine BC=sine ac x sine a 

IIL Rad X cose =cot ac xtangBc 
Rad X cose =sine a xcosab 

IV. Rad X cos a =cot ac x tang ab 
Rad >r cos a z=cos bc x sine c 

V. Rad X cos ac =cot a x cot c 
Rad X cos AC =cos ab x cos bc 

(P) If we use the notation of Legendre *, and call the hypo- 
thenuse bj the base c, and the perpendicular a^ and their oppo- 
site angles b, c, and a, the equations may be thus expressed. 

I. Rad X sine c=tang a x cot A=sine b x sine c 

II. Rad X sine a=tang c x cot c=sine b x sine a 
IIL Rad x cos cncot &xtanga=cos ex sine a 
IV. Rad X cos A = cot ft x tang c=: cos ax sine c 
V.f Rad X cos 6=cot ax cot c=cos ex cos a 

Any two of these quantities, together with the right-angle^ 
being given, the rest may be found. 



* £l&nents de Geometrie, page SSa 

■f- A late writer on trigonometry, after telling us in bis preface that the well- 
known rules of Napier, called the FivK CIRCULAR PARTS, are <<too artificial and 
restricted to be generally employed in the present advanced state of the science ;" 
gives the rules above, and actually solves all his cases of right-angled spherics by 
them, though they"lare exactly the same as those of Napier, but less commodiously 
expressed. And whatever improvements may have been made in trigonometry, 
either by the £nglish or foreign mathematicians, it is a certain truth that <* Ma* 
tliematival science cannot boast of a neater compvidium of resultSi or a more va- 
luable aid to the meinory or the student/' than Napier's rules. Vide Monthly 
Review, Vol. LIII. page 280. 
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BARON Napier's universal rules for solving right- 
angled SPHERICAL TRIANGLES. 

proposition XXIV. 

(Q) I. Radius x sine of the middle partzzrectangle of the 
tangents of the extremes when conjunct. 

And, 

IL Radius x sine of the middle partzzrectangle of the cosifies 
of the extremes when disjunct. 

Observing to use the complements of the hypothenuse and 
angles. 

EXPLANATION OF THE RULES. 

In every right-angled spherical triangle there are five cir- 
cular PARTS, exclusive of the right-angle, which is not taken' 
into consideration : and these five parts are the hypothenuse, 
the two legs or sides, bnd their opposite ahgles; they are 
called circiuar parts, because the measure of each of them is 
the arc of a circle. 

Now in every case proposed for solution, there are three of 
these five parts concerned, viz. two given and a third required. 

It is therefore obvious that when the three parts follow each 
other in a successive order, the middle one is the middle peaif 
and the two others the extremes conjunct^ that is, joined t& tb^ 
middle part 

Stti^x)se in the triangle arc, that 
the angles a and c, and the hypothe- 
nuse AC are the parts concerned, it is 
evident ac is the middle part, and that 
A and c are joined, or adjacent to ac, 
and therefore are conjunct. 

Again, if the three parts do not 
follow each other in a successive or- 
der, that which is not connected with 
either of the other two is invariably 
called the middle part ;■ and the other two, which are not con- 
nected with it, are called the extremes disjunct ; that is, not 
joined to the middle part. 

Suppose the hypothenuse ac, the base ab, and the perpondi* 
cular Bc, the parts concerned; ac will be the middle part, fi>r 
it is not connected either with ab or bc, the angle a interven- 
ing in the former case, and the angle c in the latter; the aides 
ab and bc are extremes disjunct^ that is, not joined to ac, because 
of the intervention of the angles a and c, but the sides ABand 




CHAF. III. RIGHT-ANGLED SPHERICS. 171 

BC are considered as joined though the right-angle b is between 
them, for, as we have before observed, it is excluded, or not 
taktti into consideration. 

It most be remembered that, in speaking of the hypothenuse 
or either of the angles as a middle part, or extremes conjunct 
or disjunct, their complements are to be used; but when we 
gpeak of the sides or legs, their complements are not to be used, 
but the real sides or legs. 

Hence the middle part must universally be either the base ab, 
the perpendicular bc, the complement of the angle c, the com- 
plement of the angle a, or the complement of the hypothenuse 
AC, that is, it must be some one oi the five circular parts. 

(R) Case I. First, let ab, bc, and the angle a, be the parts 
under consideration, in the triangle ABa 

Here the three parts are joined together, because the right 
angle b is not regarded. — Therefore ab is the middle part, bc 
and the complement of a, are the extremes conjunct. 
Hence, rad x sine AB=:tang bc x cot a. 

Secondly. Let ab, ac, and the angle c, he the parts under 
consideration^ in the triangle abc 

The base ab is still the middle part, for it is not connected 
eidier with ac or the angle c, therefore these parts are the ex" 
tremes di^nct; the former being separated from ab by the angle 
A, and the latter by the side bc. Here we apply Uie second 
rxHej recollecting tnat the cosine of the complement of an angle, 
or the Iwpothenuse, is the sine itself. 

Hence, rad x sine AB=ssiiie ac x sine c. 

(S) Case II. First, Ld ab^ bO^ and the angle c, be the parts 
under consideration^ in the triangle abc. 

This is exactly like the first part of the preceding case ; the 
three parts are connected, bc is the middle partj ab and the 
complement of c are the extremes coryunet. 

Hence,^ rad x sine Bc=tang ab x cot c 

SficOKDLY. Let Bc, the hypothenuse ac, and the an^ a, be 
the parts concerned in the triangle abc. 

This is similar to the second part of the preceding case; the 
perpendic o larBc is still the middle part^ for thean^e c separates 
it firom AC, and the side ab from the angle a : therefore ac and 
the angle a are extremes dis/unct, that is, not joined to bc the 
middle part. Here we must apply the second rule^ takuig care 
to remember that the cosine of die complement of* the hypo- 
thenuse^ or an angle, is the sine itself. 

Hence, rad x sine Bc=sine ac x sine a. 
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(T) Case III. First, Lei bc, ac, and the angle c, be the 
parts under consideration^ in the triangle abc. 

The three parts follow each other, without the intervention 
of any other quantity ; therefore the complement of c is the 
middle pari, bc and the complement of ac are the extremes can^ 
juncty that is, joined to the angle c. 

Hence^ rad x cos c=cot ac x tang bc* 

Secondly. Let ab, the angle a, and the angle Cj be the parts 
under consideration, in the triai^le abc 

The complement of the angle c is here the middle part, being 
separated from the angle a, by ac ; and from the side ab, by the 
peipendicular Bc;, therefore, ab and the complement of the 
angle a, are the extremes disjttnct, or not joined to c. 
Hence, rad x cos c=sine a x cos ab. 

(U) Case IV. First, Let ab, ac, and the angle a, be the 
pai-ts under consideration, in the triangle abc. 

This is exactly similar to the first part of case Sd. 

The complement of the angle a is the middle part, ab and 
the complement of ac, are the extremes conjunct, that is, they 
are joined to the angle a. 

Hence, rad x cos A=cot ac x tang ar. 

Secondly. Let bc, the angle a, a7id the angle c, be the 
paHs under consideration, in the triangle abc 

This is exacdy of the same nature with the second part of the 
3d case. The complement of the angle a is the middle part s 
bc and the complement of c, are the extremes disjunct, the 
former being separated from the middle part a, by the base 
AB, and the latter by the hypothenuse ac 
Hence, rad x cos a=:cos bc x sine c 

(W) Case V. First, Let the hypothenuse ac, the angle a, 
and the angle c, be the parts under consideration, in the triangle 

ABC 

The three parts follow each other ; therefore the complement 
of AC is the middle part, the complement of a and the comple- 
ment of c are the extremes conjunct, that is, they are joined to 
the middle part ac 

Hence, rad x cos Ac=cot a x cot c 

Secondly. Let the hypothenuse ac, the base ab, and the 
perpendicular bc, be the parts under consideration, in the tri* 
angle abc 

The complement of ac is here the middle part, being sepa- 
rated from AB by the angle a, and from bc by the angle c; 
therefore ab and bc are the extrcDies disjunct. 
Hence, rad x cos ac=:cos ab x cos bc^ 
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SCHOLIUM. 

The preceding cases include all the varieties that can possibly 
happen in the practice of right-angled spherical triangles. 

Any of the equations may be turned into a proportion by put- 
ting dbe required term last, that with which it is connected 
first, and the other two in the middle in any order. These 
equations are exactly the same as those already given (O. 169.) 
and therefore Napier's rules are universally true. 



CHAP. IV. 

INVESTIGATION OF GENERAL RULES FOR SOLVING THE DIF- 
FERENT CASES OF OBLIQUE SPHERICAL TRIANGLES, BY 
DRAWING A PERPENDICULAR FROM THE VERTICAL ANGLE, 

• UPON THE BASE* 

PROPOSITION XXV. 

Shewing the maimer of applying Baron Napier's rules to ob' 

lique spherical triangles^ Jrom which several useful corollaries 

are deduced. 

(X) When the three gzv^w parts do not follow each other 
in a regular order, viz. when an unknown part intervenes, a 
perpendicular should always be drawn from the end o( a given 
side, and opposite to an adjacent given angle. 

But when the three given quantities follow each other with- 
out the intervention of an unknown quantity, the perpendicular 
should be drawn in such a manner, as to fall not only from the 
end o£sL given side and opposite to an adjacent given angle, but 
likewise from the end of a required sine, or opposite to a required 
angle, according as a side or an angle is the subject of enquiry.* 

(Y) Having drawn a perpendicular, agreeably to the fore* 
going directions; then, if the vertical angle of the oblique tri- 
angle be given or sought, find the vertical angle of that right- 
angled triangle wherein two things are given; but, if the base 
of the oblique triangle be given or sought, find the base of that 
right-angled triangle wherein two quantities are given. 

Compare the perpendicular, the part given, and the part 
sought, in that triangle wherein only one quantity is given ; find 



* The reafion of these rules for drawing a perpendicular Is founded on practice 
and observation. For in every right-angled triangle there must be two ffven quan- 
tities, exclusive of the right angle, and it is obvious that the perpoidicular must be 
so dnwn as to fonn one right-angled triangle vriierein two quantities are given 
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the middle part, and make an dquation agreeably to Napier's 
Rules, marking the term sought with an asterisk (*). 

Compare iii& perpendictdar and the similar parts in the tri- 
angle where tmo quantities are given, and make an equation, 
which place exactly under the former, and strike out such terms 
as are common to both the equations. 

Turn the remaining quantities into a proportion ; thus, if all 
the terms which are to be struck out of the equations be on the 
same side of both, put the required term last, that with which 
it is connected first, and the other two in the middle in any 
order. 

But if the terms which are not struck out of the equations 
stand on both sides ; one unmarked term, in the lower equa- 
tion, is to the unmarked term exactly above it ; as the other 
unmarked term in the lower equation, is to the marked or re- 
quired term which stands above it. 

(Z) Case I. Suppose two angles at the base of an obKque' 
angled triangle^ and a side opposite to one of these angles were 
given^ tojind the vertical angle. 

First, find the vertical angle 
BCDf in the triangle bdc, 
where two entire quantities 
are given. 

Here bc is the middle part^ and the other parts are the eX" 
tremes conjunct. Hence, ^ 

rad X cos Bcizcot Z. b x cot bcd. 
Therefore cot Z b : rad : : cos bc : cot bcd. ^ 

In the triangle adc ; rad X x cos LAzzcosiycx sin acd. 
In the triangle bdc ; rod x cos Z. bizcos dc x sin bcd. 
Therefore cosZb : cos Z. a:: sine bcd : sine acd. 

Had the L c been given, and the Z a required, we must have 
proceeded exactly in the same manner, only the Z. a must have 
been marked instead of acd, and the proportion would have 
been thus; sine bcd ! sine acd::cosZ.b : cosZ.a. 

The sum, or difierence, of acd and bcd, gives acb according 
as the perpendicular falls within, or without the triangle. 

(A) Corollary I. The cosines of the armies at the bastf 
are in proportion to ea^h other as the sines of the angles at the 




•f* When both the angles at the base are given ; if the perpendicuhir fall without 
the triangle, it is the most convenient to draw it so that troo known parts may come 
between the perpendicular and the given angle to which it is opposite, henoe CD ii 
the proper perpe^icular in this case. 

\ The terms which are to be struck out of the equations are printed in tkoiki* 




CbaP* IV. OBLIQCHB SPHlRICS. 1 75 

vertex^ made by a perpendicular drawn Jram the vertical angle 
upon the base. 

(B) C!oROiXART II. 7^ sum of the cosines qf the angles at 

thebase. 
Is to their difference ,• 

As the sum of the sines of the angj^es at the vertex^ 
Is to their difference. For, 

Cos B : cos A::sine bcd : sine acd; 
And by composition and division, 
Cos A + cos B : cos A ~ cos Bl Isine Acn+sine bcd : sine 
ACD ~ sine bcd* 

(C) Case II. Suppose the two angles at the base of an oblique 
spherical triangle, and a side opposite to one qf these angles 
were given to find the base. 

First find the base db in the C d C D 

tnangle bdc, where two entire ''^^^^^^ ' ^ ^ 

quantities are given. Here the 
complement of cbd is the mid'^ 
die party and the other parts 
are the extremes conjunct. Hence, 

RadxcosZ.B=:tang DBxcot bc; 
Therefore cot bc : rad::cosZ.B : tang cb, 

In the trianglci adc, radxsm& AD=:cot a x tar^ dc, 

In the triangle, bdc, rod x sine nnncot b x tang dc, 
Therefore cot Z. b ! cot Z. a : : sine db : sine ad. 

Had the base ab been given, and the angle a required, the 
same method of solution must have been observed, only the 
angle a must have been marked instead of the segment ad, 
and the last proportion would have been. 

Sine DB : sine ADlIcotZB : cotZ.A. 

The sum, or difference, of ad and db, gives the base ab, ac- 
cording as the perpendicular falls "within, or without the tri- 
angle. 

(D) Corollary I. T?ie co-tangents qf the, angles at the 
base are in proportion to each other, as the sines of me segments 
qfthe base. 

(E) Corollary II. 271^ snm qf the cotangents qf the base 

angles. 

Is to their difference i • 
As the sum qfthe sines eftiie segments <fthe basei 
Is to their difference. For, 
cotZ.B : cotZA::sine DB : sine ad, 
And by composition and division, 
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CotZB + cotZ-A : cotZ.B~cotZ.A::sineDB+sineAD : sine 
DB ^ sine AD. 

(F) Case IIL Suppose the two angles at the base^ and a side 
opposite to one of them were given^ tojind the side opposite to the 
other. 

Neither the base nor vertical <P 

'angle being here concerned, it |5\\ ^- J? -P 

would be superfluous to find £ L J\^ 
any thing in the triangle bdc. A B^^^\^ 



In the triangle adc, rad x sine DC=:sine ac x sine/, a, 
In the triangle bdc, rad x sine DC=;sine bc x sine Z. b ; 
Therefore sine Z. a : sine Z. b : : sine bc : sine ac. 
Had the side ac been given, and the angle a* required, the 
angle a must have been marked, and the proportion would have 
been, sine ac : sine bc : ! sine b : sine a. 

(G) Corollary L The sines of the sides^ are in proportion 
to each other as the sines of their opposite angles^ et contra, 
(H) Corollary IL The sum of the sines of the sides^ - 

Is' to their difference ; 
As the sum of the sines of the angles at 

the bascj 
Is to their difference. For, 
sme Bc::sineZB : sineZA; 
And by composition and division, 
Sine AC + sine bc : sine ac ~ sine bc : I sine Z. b + sine Zl a : sine 
ZB^sineZ.A. 

(I) Case IV. Suppose two sides and an angle opposite io 
one of them were given, tojind the base. 

First find the segment ad f 
in the triangle adc where two 
entire quantities are given. 

Here the complement of a 
is the middle part, and the 
other two parts are the e«r- 
tremes conjunct, ^ 

Hence, rad x cos Z A=cot ac x tang ad ; 
Therefore, cot ac : radrrcosZA : tang ad. 

In the triangle bdc, rad x cos bc=co5 dc x cos db, 
In the triangle adc, rad x cos ac=co5 dc x cos ad ; 
Therefore cos ac : cos bc : : cos ad : cos db. 



Sine AC 




t WhcH ofUy one angle at the base is given ; if the perpendicular fall without 
the triangle, let it be drawn so as to faU opposite to that given angle, whether it 
be acute or obtuse, hence co it the proper perpendicular in this case. 
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Had the side ab been given, and bc required, the ope- 
ration would have been the same, only bc must have been 
marked instead of db, then we should have had this pro- 
portion : 

Cos AD : cos DB : : cos AC : cos BC 

The difference between the base ab and the segment ad mves 
the segment db ; if ab exceeds ad the perpendicular falls within 
the triangle^ if not, it falls without. 

(K) Corollary I. The cosines of tJie sides are in propor- 
tion to each other, as the cosines of the segments, of the base. 
(L) Corollary II. The sum of the cosines of the sides. 

Is to their difference ; 
As the sum of the cosines of the seg- 
ments of the base, 
Is to their difference. For, 
Cos AC : COS BC : : cos AD : cos db ; 
And by composition and division, 

. Cos AC + COSBC : cos AC'^COS BC 1 1 COS AD + COS DB I COS AD 
'^COS DB. 

(M) Case V. Suppose a side, ani its two adjacent angles 
"were given, tojind a side opposite to one of these angles. 

Find the vertical angle acd, q ' 

in the triangle adc. /^\^ d C D 

Here the complement oi ac 
is the middle part, and the com- 
plements of A and c are the '^ ^ ^ ife 
e::tremes conjunct. ^ 

* 

Hence, rad x cos AC=/cot Z a x cot acd ; 

Therefore, cotZ a : rad:: cos ac : cot acd. 

Then the difference between acb and acd gives bcd. If 

ACD be less than acb the perpendicular falls within the triangle, 

if greater, it falls without. 

* 
In the triangle bdc, rad x cos YkQU-iztar^ dc x cot Bc, 

In the triangle adc, rad x cos ACD=/ang dc x cot ac 
Therefore cos acd : cos bcd: : cot ac : cot bc 
Had the side bc been given, and the angle acb required, the 
same mode of operation must have been observed, only mark- 
ing BCD instead of bc, and the proportion would have b^en thus. 

Cot AC : cot BC : : cos acd : cos BCD. 

(N) Corollary I. The cosines of the vertical a?igles are in 
proportion to each other, as the co-tangents of the sides. Or the 
tangents of the sides are reciprocally as the cosines of the vertical 
angles. For, 

Cot AC : cot BC : : cos acd : cos BCD ; 
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But the tangents are inversely as the co-tangents, 
Hence, tang bo : tang ac: :cos ago ! cos BCD. 
(O) Corollary II. The sum cfthe co-tangents ^ihe ddes^ 
is to their difference ; as the sum of the cosines of the vertical 
angles, is to their difference^ 

And, The sum of the tangents ^ the sides^ 
Is to their difference ; 

As the sum of the cosines (^tbe vertical angles. 
Is to their difference. For, 

Cot AC : cot Bc: :cos acd : cos ncD, 
and tang bc : tang ac: Icos acd : €06 bgi>. 
By composition and division. 

Cot AC + COt BC : cot AC^COt BClICOS ACD + COS BCD I COS 

acd 'w cos BCD, and 

Tang BC + tang AC : tangBC~tangAc::cosAcb-)-cosBCD^ 

COS ACD <^ cos BCD. 

(P) Scholium. / 

From the preceding cases and their corollaries^ we deduce 
the following general rules for solving ten cases of obfigoe 
spherical triangles, viz. 

I. The sines of the sides are directly proportional to the sines 
of their opposite angles, et contra. 

II. The cosines of the vertical angles {made hf u perpendicu* 
lar) areas the co^tangenfs of their adjacent sides s and the 
sines thereof as the cosines of the base armies. 

III. The cosines of the segments of the base {made hf a per^ 
pendicular) are as the cosines of their adjacent sides i and the 
sines thereof as the co-tangents of their adjacent base angles. 

PROPOSITIOM XXVI. 

(Q) In any spherical triangle. 
I. If the perpendicular fall witnin 

the triangle, 
The co-tangent of half tJie sum of 

the two sides. 
Is to tangent of half their d^erence; 
As the co-tangent of half the base. 

Is to the tangent of the distance of a perpendicular Jr cm the middle 
ofthebase. ll. Or, If the perpendicular fall without the triangH 

Tangent of half the difference of the sides, is to co^tangerit of 
half their sum ; as tangent of half the base, is to co-^angent of 
the distance of a perpendiadar from the middk of the base. 

Demonstration. Cos ac+cos bc : cos ac'^cos bcIIcos 

AD + COS DB : cos AD'^eOS DB (L. 177.) But, 

Cos AC -i- cos BC : cosAC'^cosBc::co-tangi(Ac+Bc) • tang 
4 (ac^bc)(R. 112.) And, 




> 
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Cos AD 4- COS BD I COS AD '^ COS bd!! co-tang ^ (ad+db) : 
tang I (aD'^db) (R. 112.) 

•.• €o*tang J (AC + bc) : tang i ( ac '^ bc) : : co-tang i (ad + 
db) : tang i (aD'^db.) 

But ^ (ad+db) =AB, and -^ (ab~db)=:de, hence co-tang 
i (ac+bc) r tang ^ (ac ^^bc) I : co-tang ae : tang de. 

But when the perpendicular falls without the triangley j^ 
(aD'wdb)=ae and J (ad+db)=de. 

V Co-tang 4 (AC -H bc) ! tang 1^ (ac^bc):: co-tang de : 
tangAE; and by inversion, tang ^ (ac '^ bc) : co-tang^ (ac + bc) 
: : tang AE : oo-tang de. q. e. d. 

(R) Corollary I. The distance of a perpendicular from 
the middle of the base, or as some writers call it the dltern^ or 
aUemate base, is always equal to half the difference of the seg- 
ments of thabase, when the perpendicular falls within the tri- 
angle; or equal to half the sum of the segments, when a per- 
pendicular falls without the triangle. Either of the above 
rules will bring the same conclusion, whether the perpendi- 
cular falls within or without the triangle ; only in the first case, 
the fourth number will be less than half the base, and in the 
second case, it will be greater. 

That tlie rules ai'e both the same may be shewn thus. 
When the perpendicular falls within the triangle. 

Co-tang i (ac + bc) : tang \ (ac~bc):: co-tang ae : tang 
DE ; and inversely, tang ^ (ac '^ bc) : co-tang i ( ac + bc) : : tang 
DE : Qo-tang AE. 

But the tangents are reciprocally as their co*tangents. 

•.• Tang i (ac^bc) : co-tang i (ac + bc) : : tai^ ae : co- 
tang de; the same conclusion as when the perpendicular falls 
without the triangle. 

(S) Corollary II. The tangent qf half the base. 
Is to the tangent of half the sum of the sides ; 
As the tangent of half the difference of the sides^ 

Js to. the tangent of the distance of a perpendiadar from the 
nddcBe if the base. Or, 

The tangent of hxiJf the sum of the sides, is to the cO'tangent 
if h$il^ their difference i as the tangent qf half the base, is to the 
fO'iangerU of the distance of a perpendicular from the middle if 
iieit^p And, 

According as this distance is less or greater than half the 
base^ the perpendicular SeJIs within, or without the triangle. 
For we have already shewn, 

do-tangent i (ac+bc) : tang ^ ( ac~bc):: co-tang ae : tang 
dk; ^and tangi(AC'^Bc) : co-tang i (AC+Bc)::tapg ae r co- 
tang OE. 

N 2 
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' (T) Corollary III. If the triangle be isosceles, or equila- 
teral, the perpendicular will fall on the middle of the base, ex- 
cept the sides be quadrants^ and then it may fall in any part of 
the base. 

(U) Corollary IV. In a right-angled triangle, the red" 
angle of the tangents of half the sum and half the difference^ of 
the hypothenme and one legy is equal to the square of the tangent 
qf half the other leg. For in this case b and d will coincide^ 
and JDE will be equal to ^ ab, or equal ae. 

PROPOSITION XXVII. {See the Fig. to prop, xxvi.) 

(W) In any spherical triangle, 
I. If the perpendicular fall within the triangle. 
The co-tangent of half the sum of the angles at the base^ 
Is to the tangent qf half their difference,- 
As the tangent qf half the vertical angle, 
Is to the tangent of the excess of the greater of the two «w- 
tical angles, made by a perpendicular, above half the ^foresaid 
vertical angle. 

II. Or, If the perpendicular fall without the triangle. 
The tangent qf half the difference between the base angles. 
Is to co-tangent (f half their sum ; 
As the co-tangent qf half the vertical angle. 
Is to the co-tangent qf the excess of the greater of the two 
vertical angles, formed by a perpendicular upon the base, above 
half the aforesaid vertical angle. 

Demonstration. Cos a + cos b : cos a -^ cos b : : sine acd + 
sine BCD : sine acd '^ sine bcd. (B. 175.) 

Cos A + C05 B : cos Af^cos B i'. cot ^ (a + b) C taug i (ai^b) 
(R. 1 1 2.) Sine acd + sine bcd : sine acd ^ sine bcd 1 1 tang^(ACi> 
4- bcd) : tang ^ (acd '^ bcd) (P. 111.) Therefore, 
Cot ^ (a + b) : tang ^ (A'^B)::tang J (acd+bcd) : tang| 

(acd '^ BCD.) 

But ^ (ACD-f bcd)=5 acb, and i (acd'^bcd)=ecd, hence 
cot i (a + b) : tang ^ (a ^^b):: tang ^ acb : tang ecd. 

But when the perpendicular falls without the triangle, 
I (acd — bcd)=:^ acb, and ecdzz^ (acd + bcd.) 

Cot ^ (A'-'B) : tang ^ (a + b) :: tang i (acd — bcd) : tang 
^ (acd + bcd); by inversion, tang ^ (a-|-^) : cotj (A'^b):; 
lang BCD : tang 5 acb. 
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But the tangioits and co-tangents are reciprocally pn^r- 
tionaL 

Tang I (A~b) : cot | (A + B)::COt| ACB : COtECD. Q«£.D. 

(X) Corollary I. The excess of the greater of the two 
vertioil angles (formed by a perpendicular) above half the ver- 
tical angle, is equal to half the difference of those vertical anflr|es» 
when the perpendicular falls within the triangle ; or half their 
sum, when it £dls without Either of the above rules will bring 
the same conclusion, whether the perpendicular &lls within or 
without the triangle; only in the former case, the fourth numb^ 
will be less than half the vertical angle, and in the latter it will 
be greater. That the rules are the same may be shewn thus, 
When the perpendicular falls without the triangle. 

Tang 5 (a'^b) : co-tang § (a + B)::cot ^ acb : cot ecd; 
by inversion, cot 5 (a + b) : tang ^ (A'^-BJIIcot ecd : cot i 

ACB. 

But the tangents are reciprocally as the co-tangents.. 

V Cot ^ (A-f b) : tang ^ (A'^B)::tang i acb : tang ecd, 
the same expression as when the perpendicular falls within the 
triangle. 

(Y) Corollary II. The co-tangent of half the sum of the 
angles at the base, is to the tangent of half their difference ,«^ as 
the tangent of half the vertical arigle, is to tangent of half the 
difference hetmeen the two vertical angles, formed ly a perpendi" 
cular, or to tangent of half their sum, according as the perpen^ 
dicular falls within w without the triangle* 

CHAP. V. 

investigation of general rules for calculating the 
sides and angles of oblique-angled spherical tri- 
angles without making use of a perpendicular. 

proposition xxviii.* 

(Z) If the cosine oj any side of a spherical triangle he multi" 

plied by tlie radiums, and the rectangle of the cosines of the other 

two sides be deducted from the product ; the remainder divided 

by the rectangle of the sines of these two sides, will be equal to 

the cosine of the included angle divided by the radius, 

. . , . , . , (cosABXrad)— (cosACXCosBc) 

V iz. m any spherical tnangle abc, : ^— : 

7 ^ o --» gjjjg ^^ X sme BC 

cosZ-C 

rad 

^ Legendre*! Geometry, 6th Edition; page 386, et teq. 

N S 
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DsMONSTRATioir. Let abc be 
the triaDgle proposed, and let o be 
die centre of the sphere; join ao, 
BO, and CO. Take any point n in 
DC, and in the planes aoc, boc, 
draw D£ and df each at right an- O 
gles to oc, and join ef. 

Then because the L £]>f is the 
ineasare of the inclination of the ^ 

planes aoc, boc, it is also the measure of the spherical /I acb. 
(D.1380 

_ - - . - cos £DF ED® + I>r* — BF*,T.T ^^\ 

In the plane triangle edf, -= — =: — -^ ^ -(^J. 9Z,) 

rad ^|)E X DF 

, . _ , , . cos EOF EO®+0F* — i&F* 

also m the plane tnanme eof, —y — = — r ^ — ^ • 

^ © . » p^J 2EOXOF 

From the second of these equations ef*=;eo^ -f of*— 

2E0 X of X COSEOF , . , , . a . » 2? 

J ^ which substituted m the first equation gives 

rad (ed*+df^— Eo®-^OF*) + (2eoxofxcos eof) 

cos EDF = ^ ^^ . 

2DE X DF 

But OE« — ED* = OD* (Euclid 47 of I.) and of* — DF* = od*, 

, (eo X of X cos eof)— (oD* X rad) 

consequently cos edf zz,- ^^ ^* 

^ ^ . DE X DF 

'^ OE rad ^ 

Now, L EDF = ^ c; Z. eof=:ab; — :=:-: (O. 44'.) r= 

DE sine L DOE^ ' 

rad or rad . rad od cos z. doe 

(O. 44.) :r-r 



sine ac' df sine L dof ^ sine bc de sine Z. doe 

cos AC od cos Z. dof cos bc 1 ./, , 

z=-. ; — =-: ; =-: ; and if these values be 

sine AC of sine L dof sine bc 

substituted in the equation, cos Z. edf = 

(rad^ X cos ab) — (rad x cos ac x cos bc) . cos Z c 

sine AC x sine bc ' ' rad "" 

(cos AB X rad)— (cos ac x cos bc) 

— ; ; • • Q. E. D. 

Sine AC X"sine bc 
(A) Since the preceding conclusion does not depend on any 
peculiar relation which theZ c has to the other angles, a simi- 
lar equation will be equally true for the angles a and b. Hence 
n — (''^^^ ' ^^^ a)— (rad . cos h . cos c) 

VyOS Z. A — ; . , 

Sine o . sine c 
(rad^ . cos 5) — (rad . cos a . cos c) 

{.OS L B^:-" r— r ■ 

sine a . sine c 
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^ ^ (red* . cos c)-*-(rad I cos 6 . coa a) 

Cos Z. G =:i r^ — i : f • 

Sine o • sine a 
These are the fcnrmulas from which Lagrange and Legendre* 
begin their investigations, and of the four quantities involved, 
any three being given the fourth may be found. They are ap- 
plicable to every species of spherical triangles, whether right- 
angled, quadrantal, or oblique-angled, but the formulae for 
right-angled and quadrantal triangles haVe already been giten* 
(O. 169,a»dP. 169.) 

(B) If A, B, c represent the three angles of a spherical tri- 
angle^ the opposite sides may be represented by 180°— a, 
180*— B, 180**— c; and if a, 6, c represent the three sides, 
their opposite angles may be represented by 180°— {?, 180°—^, 
180^-^ (U. 137.) Hence 

Cos (180 ^a)zz ,f.e(lS0°-.»).8ineri80o.c) 

Bnt cos (180®— /z) = — cos a ; cos (180°— a) =: — cos a, &c. 

(N. 101.) consequently 

(rad^ • cos a) + (rad . cos b . cos c) 

cos a:=:^ . ^ — : • 

sme B • sine c 

In the same manner the cosines of the other sides may be 

determined. 

(C) It has been shewn (G. 176.) that the sines of the sides 

of any spherical triangle have the same ratio to each other as 

the sines of their opposite angles ; hence by using the notation 

<^ Legendre, we shall have ^ 

_ ^. sine a • sine b sine a • sine c 

I. Sine A=: : — . 3^ -; ^ — * 

sine o sme c 

^. sine b • sine a sine b . sine c 
Sine B= ; =; — ^ 



Sine ci= 



sine a sine c 

sine c • sine a sine c . sine b 



sine a sine b 

-^ ^. sine b . sine a sine c • sine a 

U* Sine a=s : = : • 

sine B sine c 

^. , sine a . sine B sine c • sine b 

Sine b — =s : • 

sine A sine c 

^. sine a . sine c sine b • sine c 

Sinec= : : =: ; -^ • 

sine A sine b 

(D) The general expressions for the cosines, which have 

been obtained by this proposition, may be arranged thus : 

, * The fonner in the Journal de VEcciU Pofytechniquct and the latter in his 
EUments de Gipmitrys* 

N 4 
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jjy p _(rad* . COS a)— (rad . COS 6 . COS c) ' 

sine b . sine c 
^ (rad* . cos 6)^(rad . cos a . cos c) 

Cos B=^^ V-^ ^ ; ^* 

Sine a . sine c 
^ (rad* . cos c) — (rad . cos b . cos a) 

Cos C n ; i ;: ~ • 

sine b • sine a 

And by reducing these last equations. 

(cos A . sine b • sine c) + (rad . cos b • cos c) 

IV. Cos a= -J- . , 

rad* 

^ , (Cos B .sine a. sine c) + (rad • cos a. cose) 
Cos b= ^ -^^ ^ . 

p _( Cosc . sine b . sineg)-h(rad . cos b . cosfl) 



^T ^ (rad^.cos A)+(rad.cosB .cose) ,„ 

V. Cos a=- r-^ — ^^ — ; (. (BJLSS.) 

sine B . sine c ^ ^ 

p (rad^ . cos B) + (rad . cos a • cos c) 



^ (rad* . cos c) 4- (rad . cos a . cos b) 

Cos CZZ' r^ ^ : • 

sine A . sine b 
And by reducing these equations, we shall have 
VT r — (^^^ ^ • ^'"^ ® • ^^"^ c)— (rad . cos b . cos c) 

Vl» V/OS Aim ■ ■ "^"T • ■ " ■ m 

rad« 

C —(^^^ ^ • ®^^^ ^ ' ^^^^ ^) "" (^^^ • ^^s -^ • cos c) 
— rad« "• 

r" — (^^® ^ • '^'"^ '^ ' ®^"^ ®) "" (^^^ • ^os "^ • cos ®) 

cose- ^ ^ ^^^^ 

(E) The six preceding articles afford solutions to all the dif- 
ferent cases of oblique-angled spherical triangles. 

The 1st. Finds the angles, when two sides and an angle 
opposite to one of them are given. 

The lid. Finds a side, when two angles and a side opposite 
to one of them are given. 

The Hid. Finds the angles, from the three sides being given. 

The IVth. Finds the third side, when two sides and their con- 
tained angle are given. 

The Vth. Finds the sides, from the three angles being given. 

The Vltli. Finds the third angle, when two angles and the side 
adjacent to both of them are given. 

(F) But none of, the foregoing formula? are conveniently 
adapted to logarithmical calculation. 
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Let thevalue of the cosine of c(D. 183.) be substituted in the 

formula rad^—rad . cos en 2 sine^ ^ c (2d equation 1. 1 17.) we 

, ,,, 1 cosc_2sine*ic (rad^cosc) — (rad.cosa.co8i) 

rad rad^ sine a • sine o • rad 

(sine ff* sine &) + (cos a. cos i)—(rad. cost) , ,. . ,. 

= H : — ; ^ ; but(sine a . sine6) 

sine a • sine o ^ 

2 sine* -^c 
+ (cos a . cos 6)=rad • cos (a— 6)(D.115.)5 hence -j^ — =: 

rad . cos (a— 6) — (rad . cos c) 

sine a . sine b 

From the 4fth equation (F, 116.) rad • cos q— rad . cos m 

2 sine i (p+fi) . sine i (p— q)j which, by putting g=(a— i) 

and F=f, becomes rad • cos (a—5)— rad . cos c=: 

2 sine -J (c+a— i) . sine i (c— a+ft), hence we obtain 

2 sine*'Jc^2 . sine^ {c+a^b) . sine {c—a+b) . . 
jT — • • T > tnat is 

rad^ sine a • sme 6 

sine i c = mdi/ ^^"^ ^ (c+a-6) >sine i(c-g+6 ). g^^ 

^ sine a . sine b 

^(c+g— i)=i(fl-f 6-f c)—6>and^(c-hft— g)=i(g-f-6-i-g)— g, 

h^nri.Mne^c=raiil /sinei(a-H&+c)-&.sinei(a-f6+c)- fl, 

sine a . sine 6 
and it is evident that the same formula will be obtained^ with 
only a change of the letters, for the angles a and b. 

' When i Z. c is near 90° this will not be a convenient rule 
for producing an accurate result, because the difference of the 
logarithmicalsines for 1^' is then very small (see tlie note page 
54) ; if ^ Z. c be less than 45°, it will be proper to use this rule. 

(G) Again, if the value of the cosine of c (D. 183.) be sub- 
stituted in the formula rad* + rad . cos c=2 cos* ^ c (1st Equa- 
tion 1. 117. we shall have 

cose 2 cos^ A c , (rad . cos c) — (cos b . cos a) 

i^d rad* sine a . sine b 

(sine a . sine b) + (rad . cose) — (cos b . cos a) . , 

i ; . — . but (cos a . cos b) 

sme a . sine o ' 

— (sine a . sine6)=:rad . cos (a + 6), (D. 115.) Hence 

(sine a . sine i)— (cos a . cos 6)= —rad . cos (« 4-i), therefore 

2 cos* i P_ (rad . cos c) — rad . cos (a + i) 

rad* "" sirte a . sine i. 

From the 4th equation (F. 116.) (rad . cos q)— rad . cos p=: 
2sine J(p + 2)- sine J(p*-2), which, by putting g^c and p=: 
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(i3( + &),becomes (rad. cost} -^Tad . co$(a + 6)z= 2 ftiiie i (a + i + c) 
• sinerf(fl+6— c), hence we dpCain 

S'cos^ic 2sinel(a+&+c) . sifie4(tf+6-Tci, , 

— :^ 2 ; ^-^ — .— i . that IS 

rad* sine a . sine o 

r^ §r^rfldv/ «i»^ J (fl+»+c) .sioe j (g^^ft^-g) . But 

sine a • sine b 
i (a+6— c)=:i(a + 6+c)— c hence 

cos i r^r«.»\A"^e T(g + & + c).sinej.(a+&+c) ^c^ ^„j j^ j^ 

sine a • sine 6 

obvious that the same formula will be obtained, wirii only a 
diai^ of the letters, for the angles a and b» 

When 4- Z. c is very small, this rule should not be used where 
a very accurate result is wanted, because the logaritbimcal ca> 
sines of very small arcs, in a table carried to seven places of 
figures, differ but little from each other (see the note page 
54) ; if 4-Z.c be between 45°, and 90°, this rule may be used 
with advantage. '. 

rad sine •k- c 
(H) Also, because '" — - — — =:tang | c (N. 104), and 

rad cos * c 

— r^ ^— n cot ^ c (O. 104.) we shall obtain by division, 

sme 7 c 

^ 8ine^(a + d*l'c;).sine^(a+&4c)— *c 
Cot 1 c = rad Y/ sine^(a-h6-f c) . sinei(a4-&-Hg)-c 

^ sine^(a+6-|-c)— 6. sine^ (« + &+<?)— a 
(I) Any of the three preceding formulae (F. 184, G. 185, 
or H. 186.) will determine an angle when the three sides are 
given, and by continuing Legendre's* mode of investigation, 
formulae for determining a side in terms of the three angles 
may be obtained; thus, let the value of cos a (B. 183.) be 
substituted in the formula rad*— rad . cos a=:2 sine ^ ^ a (2d 
Equation I. 117.) we have 

cos a_^2 sine* | a^ ^(rad* • cos a) + (rad . cos b . cos c)^ 

rad "^ rad* "" sine b . sine c . rad "* 

(sine B . sine c) — (rad . cos a)— (cos b . cos c) 

« • , UUl 

sine B • sine c 
rad . cos (b 4-c)r:(cos b . cos c)— (sine b . sine c), (DJ 15.) or, 
(sine B . sine c) — (cos b . cos c)= —rad . cos (b + c), therefore 



Elements de Geometric^ ^th edition, page 391 > et seq. 
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2sme*ia — rad.cos(B + c)— (rad.cos a) _ ,, «, 
yj_ -s-i ^ L^ \ From tbeSd eqoa- 

rad* sine b . sine c 

tion(F.116.)rad,cosp+rad.cose=:2cos|(p + Q).cos|(p— q), 

^hich, by putting p=:B + candg=A, becomes rad . cos(b + c) -H 

rad . cos A=2cosi(B + C + a) . cos^(b+c— a), hence we obtain 

Ssine®i« — 2 cos4(b+c+a) . cos|(b+c— a) , ^. 

--2—— i-i — : ; i-i , that is 

rad^ sine b . sine c 

S;n..|^-roHt /-COS§(B+C + A) . COS (^8 + 0^ ) But 

■ ^ sine B . sine c 
|(a+c— a)=:|( b+c+a)--a, hen ce 

sine jn^rsulC/'''^ i (a + bT"c) . cos 1 (A + B-HC)- A^ 

^ sine B . sine c 

It is evident that the same formula will be obtained for the 
sides b and Cy by a change of the letters only. 

When I a is nearer 90°, this rule should not be used where 
extraordinary accuracy is required ; but if ^ a be less than 45°, 
it may then be used with advantage. See the conclusion of 
(F. 184.) 

(K) Again, if the value of the cosine of a (6. 183.) be 
substituted in the formula rad^-frad . cos azz 2cos ^ ^ a (1st. 
Equation I. 117.), we have 
^ cos a 2 cos* 4 a (rad . cos a) + (cos b . cos c) 

. rad rad' sine b . sine c 

(sine B . sine c) + (cos b . cos c) + (rad . cos a)^ » 



sme B . sine c 



rad . cos (b— c) == (sine b . sine c)— (cos b . cos c), (D.115.) 

, - 2cos*— ^a rad . cos(b— c) + rad. cos A ^ 

therefore -j- — = ~ : . From the 

rad^ sine B . sine c 

Sd Equation (F. 1 16.) rad . cos p + rad . cos g=:2 . cos^(p + q) 

. 008 1 (P— e), which, by putting 8=(b — c) and p=a, becomes 

rad.cosA+rad.co8(B— c)=:2cos^(a+b — c).cos|(A-f-c— b), 

- . 2cos*|a 2cosi(A4-B— c) • cosA(A-f c— b) 

hence we obtain r=-- = ^ : -—, — ^ 

rad smeB . smec 

* Tbough the quantity under the radical sign appears under a negative form, it 
is alvmys positive ; for, since the three angles of every spherical triangle are to- 
gether greater than two right angles (T. 157.) -1^ (a + b + c) must be greater than 
90°, Slid the cosine of an arc greater than 90®, is negative, (K. 100,) therefore the 
expression— cos -I- ( a + b 4- c) becomes positive. The other part under the radical 
sign is always positive ; for, if the supplements of the three angles ▲,lB, o be taken, 
tbey win give the three sides of anew trianglc=180°— a, 180®- 1^ 180®— c^ 
(U. 137.) any two of which taken together are greater than the third (Y. 138) ; 
hence 180°— a is less than 1 80°— b -f 180°— c, that is, — a + b + c is less than 180°, 
consequently ^ (b + c— a^ or its equal ^ (a + b + c) — a is less than 90°, and the 
cosine of an arc less than 90*^ is always affirmative. J^K. 100. ) Logcudre^ page 392. 
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fW .-., ^^.->,H4 /C08-(A+B-C) . CO» i (A + C-iT ^ 

^ .Sine B . sine c 
but i(A+B— c)= i (A + B+c)— c, and i(A+c— b)=: 
\ (a+b 4-c)— By hence cos |g= 

rfld y/ ^^^ ^ (A + B4-C)^C . cos i (A + B + C)-B ^^^J J^ i, 

^ sine B . sine c 

plain that the same formula, with only a change of the letters, 
will be found for the sides b and c. 

When "^ a is very small it will not be proper to use this rule, 
but if i a be between 45° and 90°, it may be used with ad- 
vantage. (See the conclusion of G. 185*) 

(L) Also, because rad . j-- =tang J a (N. l04f.) and 

cos 2 (^ 

rad.cos|fl_^ , ^ Q jQ^ J ^g gjj^jj ^^^^^ ^y division 
sine ^ a 

Tang i a=:radv/-'=°"^(*+° + ^)•'^^^(*+°+^>"^ 

^ COSi(A-f-B-f-C) — C.C0S^(A4-B + C) — B 
^ — COS ^ (A + BH-C).C0S i (A-f-B+c) — A 

And by the same process a similar formula will be obtained 
for the other sides. Also for the reasons already giv^ (Note 
1. 187.) the quantities which appear with a negative sign are 
positive. 

Any one of the three preceding formulae (I. 186. K. 187. 
L. 188.) will determine a side when the three angles are given. 

(M) From the third set of equations (D. 183?) we have 
Cos A . sine b . sine c=rad* . cos a— rad . cos b . cos r, 

and cos c . sine b . sine a=rad^ . cos c — rad . cos b . cos a. 
By exterminating cos c and reducing the equations, we get 
rad . cos a . sine cz=(rad . cos a . sine i) — (cos c. sine a . cos b-) 

This last equation, by a simple permutation, gives 

rad . cosB . sine c=(rad . cos b . sine a) —(cos c . sine b . cos a).* 

By adding the last two equations together, and reducing them 

we obtain sine c • (cos a + cos B)i=(fad— cos c) • sine (a + i). 

_ . sine c sine a sine i ^ -, 

But smce-:^ =-: =-; (C 183.) we have 

sine c sme a sine b 

sine c . (sine a + sine B)z:sine c . (sine a + sine b)* 

And sine c . (sine a — sine B)=sine c . (sine a— sine 6). 

Dividing successively these two equations by the preceding 

equation, we obtain 

* Lcgendre's Geometry, page 394. 
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sine A + sine B ^ sine c jsine a + sine b 

cosA + cosB ""rad— cos c ' sine {a-\-b) 

sine A sine b sine c sine a— sine b 

and \ = — 1 • — : ; TT— • 

cos A + cos B rad— cos c sine (a + 6) 

Reducing these equations by the formulae G* 116, and 1. 117, 

1 / . \ .1 cos i (a— 6) 
weget, tang i(A+B)=cotic.^-^j, ^ 

A ^ I / • \ , sinei(a-i) 

and tang | (a - b) =cot i c . -: r-; — 7T\* 

^ ^ ^ ' * sine i (a-f 6) 

These equations give the analogies of Baron Napier for 
finding the angles A and b, when the two sides a and 5, and 
the angle c comprehended between them are given, viz. 

cos J (a+6) : cos I (a— J)::cot ^ c ! tangj (a+b). 

sine \ (a+i) : sine| (a— 5)::cot \ c : tangi (A'^b). 

(N) Again, if a, b, c, represent the three angles of a sphe- 
rical triangle, the opposite sides may be represented by 180^ 
—A, 180*^— B, 180°— c; andif^i, 6, c represent the three 
sides, their opposite angles may be represented by 180°— «, 
180° - 6, 180° — c '(U. 137.) By substituting 180° - a, 
180°~Bfora and b\ i80°-£:fojr c; and 180°---a, 180°— 6 
for A and b respectively, in the preceding analogies, we shall 
obtain the following 

cos J (a4-b) : cos i (A— B)::tang i c : tang^ {a + 6.) 

sine| (a+b) : sine \ (a— B)::tang | c : tang \ (a— M 

These are Baron Napier's analogies for finding the sides a 
and b when two angles a and b, and the side c adjacent to 
both of them are given. 

(O) From the preceding formulas, which are more than suf- 
ficient for solving all the cases of oblique-angled spherical tri- 
angles various others may easily be deduced. 
(rad.cos A.sinec) + (cosc.sinea.cos6)=irad.cosff*sine5(M*188.) 

By substituting in this equation sine c=i r^ — — -(C. 18S.) 

Cot A ="^.-«"^and cota="^;*^^ (0. 104.) we shaU 
Sine a sme a 

obtain cot As^"** ^ ' ""^ ^^"<^°^ ^ ' ''^^ ^\ and by substU 

Sine c 

tuting B for a, and b for a, 

_ (cot b . sine a)— (cos c > cos a) 

cot B— ' , ' ' • 

Sine c 
These rules may be applied, when two sides anc 
contained between them are given, to find the other 
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for it is evident that similar formulae may be obtained for the 

angles a and c, or b and c, by merely^ changing the letters. 

(P) By substituting 180'' -a for a ,180°— b for 6, 180°— a 

for a, and 180°— c for c, and reducing the equation^ 

(cot A . sine b) -|-(cos c . cos b) " . . .^ . 
cotflzr^- 1 — '-, — ^ ^, and by substituting 

9IU6 c 

b for A5 &c, as in the preceding article, ^e get 

, , (cot b . sine a) + (cos c . cos a) 

cot 6=^^ r — ^ '• 

sine c 

These rules may be applied, when two angles and the aide 
adjacent to both of them, are given, to find the third angle. 

(Q) The foregoing formulae (O. and P. 189, 190.) are not 
conveniently adapted to logarithmicai c^culation,but they may 
be rendered so by the assistance of other quantities; thus, 

(cot A . sine c) + (cos c • cos b)zz,cot a • sine b (O. 189.) 

_ ^ cos 6 . tang A , , rad' , 

Let tang ^ r: , , then because tang Az= — r — and 

racL vOw A 

rad . sine ^ ,^_ . , . cos b . cos ^ 

tang <p = (N, 1 04.) we obtain cot a = • : — - — 

^ ^ cos <p ^ ' sine ^ 

hence, by substitution and reduction « 

-: . [(cos « . sine c) + (sine . cos c)]=cot a . sine i. 

smef i-v r / V r 

But (cos ^ . ane c) + (sine ^ . cos c) = sine(^ + c) . rad (D. 1 1 5.) 

, ' . , V cot a . sine b . sine ^ , , 

hence, sine (p + c) = ^ ^ , and because cot a zzl 

cos o • raci 

rad* J sine 6. rad ^ 7 ,xt ,/x^ \ j • 

(0. 104.) and -, =tanff b (N. 104.) we derive 

tanga^ cos b o v 

, . . tang b . sine f 

sine (« + c)= — • 

^^ ' tang a 

Now the value of </> is already known, therefore the value of 
c is easily obtained ; these formulae may be applied when two 
sides a and &, and an angle a, opposite to one of them, are 
given to find the included angle c. 

(R) From the fourth equation (D. 183.) we have 

(cos A . sine b . sine c) + (rad . cos 6. cos c:)=rad* .cos a. 

_ . , rad . cos J . sine (p ^ .^ ;a/\ 

Let cos A . sine 6= ^ = tang (p . cos (N. 104.) 

cos 9 . . 

cos A . sine b , sine b . rad ^ . ,^-. . ■ ^ . 

hence tang ^= = jbut ■; — = tang 6 (N. 104.) 

° cos b cos b 

t n ^ cos A . tang b — ^ . . 

therefore tang ^ = ; — ^^^— . By substitution 

° rad 



. [fcos c . COS o) 4- (sine c . sine (p)]=:rad . cos a. 

cos (p 

But (Cos c . cos ^) + (sinec . sine4>)=cos (c=<p) . rad (D. IIS.) 

hence cos {c— (p)zz *—- — » Now the value of $ is already 

known, therefore the value of c is easily determined. These 
formulae may be applied when two sides a and 6, and an angle 
A opposite to one of them, are given to find the third side. 

(S) Again, rad* . cos <:=:(sine a . sine b . cos c) -f-rad . cos a 
. cos 6 from the 4th equation. (D. 183.) 

t: ^ -. >» cos X3. tang* . r . ^ 

xjet tang ^=: ° ; then cos.fi - tang ^ = 

tABjsr^ • cos b . , ,v N , , , 

cos c. ° — -, =cos c . sin b (L. 104.); heiice, by sub-> 

stitution, rad* . cos c= (sine a . cos b . tang<p) + rad . cos a . cos b, 

rad* cos c , . v , \ \ % 

or J — =(sme a . tang 4>) + (rad . cos a), but tang (p =: 

cos o 

rad • sine ^ , . rad • cos c 

: — ' — •• therefore z — = 

cos (p cos b 

(sine a . sine <P) + (cos a . cos 0) Cos (a — (?) . rad,_ , , - v-^ 

■ := ———(U. 11 5.) Con- 
cos ^ cos <p 

" COS 6 , . 

sequent]ycos^:=: . cos (a— 9j. 

cos (p 

These formulae may be applied when two sides a and b and 

the angle c, contained between them, are givai to find the 

third side c, 

(T) From the 6th set of equations (D. 183.) we hay^ 

rad* . cos c= (cos c . sine a . sine b)— (rad . cos a • cos b.) 

_. cos c . tauff B , 

Letoot^^air-.*— . • "■. ; then cos b • cot ^ := 00s o 

rad 

isaaS' B • eos *b . - ■ 1 \ 1 . • 

— ^ , ' zicosr.smeB (L.104.); hence by substitutiM^ 

R^d* . cos c=(cos B. .cot (p . sine a)— (rad . cos a .. cos b), 

cos C* rad 

but cot ip = — TT—^ (O. 104.) and by substitution and re- 

sme(p / ^ , 

rad . cos c (cos <p . sine a) — (cos a . sine ^) 

duction, we get zz^ -. — ^ = 

° cos B sme p 

sine (a— (p) . rad,_ , , , > , _^ sine(A— ^) 

— ..^-- — 1 (D, 115.) therefore cos c ^ cos b . — . 

sme<P sme <p 

These formulae may be applied wjben tW9 an^es a and b, ami 



\ 
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the side Cy adjacent to both of them, are given to find the third 

angle c. 

(U) (Cot a. sine c)— (cose, cos B)=cot A .sines. (P. 190.) 

_ cosB.tani^a , , ^ ^ , , 

Let tang <p=: ■ , then rad . tahg f zicos b . tang a, but 

rad 

i*fld sme rad 

TBd^tansozz (N. 104?.) hence . sine^ncosB. 

° cos <P tanga 

cos (Py that is cot a • sine f =:cos b • cos ^ (0. 104.)^ or cot a=: 

cos <p . , , . . cos B ^, . . 

cosB.-T — ^.hence, by substitution-: [(sine c . cos ^) — 

sine <P sine <p 

(cos c.sine^)]=cotA.sine b. But (sine c. cos ^)— (cos c, sine^)=: 

sine {c^(P) . rad (D. 1 15.)> by substitution cos b . sine (c— <P). 

rad=:cotA . sineB .sine<p. and sine (c-^^).rad^:=cotA.sine$ • 

sine B . rad ,, . . , v rad* , ^ ^ ,xt ,rv^ \ 
• that is sine (c— 0) . =sine<P.tanffB(N.104j.) 

COSB ' V r/ ^^^ © V / 

... ^^ Sine (p . tang b,^ , ^^ . 

andsine(c— ?)=: ^— (O. 104.) 

^ ' tang A ^ ' 

These formulae may be applied when two angles a and b, 
and a side a, opposite to one of them, are given to find the side 
c adjacent to both the given angles* 

(W) From the 6th set of equations (D. 183.) we have 

(cos a . sine b . sine c) — (rad . cos b • cos c) = rad* • cos A. 

_ cos fl . tang B sine b ,._ , ^, . . 

Letcot<p= , ^co^a • (N. 104.)) but 

rad cosB 

rad • cos 
cot <p = — r 5 (O. 104.) hence cos a . sine b=z 

sine(p ^ 

rad . cos b . cos p , , ... , 

r 9 and by substitution we have 

sine (p '' 

cos B 

-: . [(sine c . cos ^)— (cos c . sine ^)]=rad . cos a. 

sme^ ^ ^ ^'-^ 

But (sine c . cos ^) — (cos c . sine ^) n sine (c — ^) . rad 

(D. 115.) therefore cos b . sine (c— ^)=cos a . sine ^, hence 

, . cos A . sine ^ 
sine (c— p)=: -. 

cos B 

These ibrmulse may be applied when two angles a and b, 
and a side o, opposite to one of them, are given to find the 
third angle. 

(X) Any of the preceding formulae may be turned into 
proportions, and by introducing the versed sines, &c. they 
may be extended almost without limit, but the versed sines 
are seldom used in trigonometry. 
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2 sine* ^c . - r a / ji\ / j \ 

_3^. sinea . sme i=rad . cos (a-A)-(r^ . cos.); 

(F, 184«}bence2siii^4<^«sinea. sine6=rad3*[cos(a— &}— cose]. 

And cos £r=:cos (a— ft) —sin a . sine i . sine- i c • — r— • 

^ ' . rad3 

This formula, by the assistance of a table of Ic^rithms and 
a table of natural ^ines, fiimishes us with a very convenient 
rule fer finding the third side of a ^herical triangle^ when two 
sides and the included angles are given. 

(Y) 2 oos^i a • sine b • sine csrad • cos(b^€) +(nKi • cos a); 
(K. 187-) 

Hence 2 cos^^a . sineB . sine crrrad^ . [cos (b—c)+cos a]: 

And cos A=:(sine b • sine c • cos i a • — -r- 1 — cos (b-^c). 

This formula, by the assistance of a table of logarithms and 
a table of natural sines, gives a usefiil rule for findkig the third 
angle of a spherical triangle, when two angles and the sides 
adjacent to both of them are given. 

(Z) Scholium. 

Spherical triangles whose sides are very small ares, may be 
considered as straight lined, and, therefore, the sides may be- 
come nearly equal to their sines or tangents ; hence, all the 
fi>r^oing propcN*tions and formulae^ wherein cosines or cotan* 
gents of the sides are not concerned, are equally applicable to 
plaiie trigonometry, using the word side instead of sine qf a 
side or Unngefit qfa $ide. 



^OLyTJONS OF THE DIJTFBRENT CASES OF RIGHT-ANGLED 

SPHERICAL TRIANGLES. 

Rules Ibr solvii^ the different cases both 
of iriglifrangled and oblique-angled sphe- 
rical triangles, have already been ^ven; 
the subject is here resumed for the express 
pntpose of concentrating some of the prin- 
dpid formulae. 

li%e three angles of the triangle are 
represented by a, b, c^ and their opposite 
side&by Ot A^ c, as in the figure annexed ; 
r2=:tadius:=:^ine of 90^. 

^ Case L Oiven the bypotbenuse and an angle, to find the 
side adjacent to the given angle. 
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Solution. Tang c='^°^ ^ ' ^=,'=?!-* :.^!!gj=*°"g \:\ 

cot b r sec a 

-^ ^ cot 6 . r sec a . r cot b . sec a 

Cotc= = —= . 

cos A tang r 

A J rp ^cos c . r^cos c . tang b tang b . r 

cot i "^ r "" sec c 

cot b . 7* sec c . r cot b . sec c * 



Cotar: 



cos c tang b 



Case II. Given the hypothenuse and an angle, to find the 
side opposite to that given angle. 

o CI* sine A . sine b sine a • r sine b • r 
Solution. Smear: 



Cosec«{= 



r ' cosec b cosec a ' 
cosec b . r cosec b . cosec a cosec a . r 



sine A 7* sine b 

. - -,. sine c . sine b sine c . r ,sin i . r 

And, Sine czz = r= . 

r cosec b cosec c 

^ cosec b . r cosec i . cosec c cosec c . r 

CJosec czz — ; =: = : r — . 

sine c ?' sine o 



Case III» Given the hypothenuse and one angle, to find the 

other angle* 

^ rn sec b . r sec b . cot a cot a . r 

Solution. Tang c= =: = r-. 

tang A r cos b 

^ ^ cos b . r cos b . tang a tang a . r 

C/Ot C — ■ zz zz , • 

cot a r sec o 

^ _ _ sec b . r sec b . cot c cot c . 7* 

And, Tanff a= = = r— 

° tanff c r cos b 



tang c 
cos b . r^cos b . tang c tang c . r 

"" cot c "" r sec b 



Case IV. Given the hypothenuse and a leg, to find the 
angle adjacent to that given leg. 

_, _, tang c . cot b tang c . r cot.i . r I . 

Solution. Cos a= — — =-- 7-= — - — • V 

r tangb cote \$ 

cote ^r cot c . tang b tang 6 .r 

SecA= -r-=z — = .oL^ ' 

cot r tang e 

^ , ^ tang a . cot b tang a .r cotb .f 

And, Cose- — 2-,- =— r^ — 7-= — ;;: 

' 7' tang 6 cot a 
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^j^ _oota • r^cot g » tang&_ tangfe>r 
"" cot b '^ r ^ tang a 

Also, Tang i a= v/^Sand tang c =r v/^^J 

'^ sine(c-fo) ^ sine(6+a) 



Cass V. Given the bypothenuse and a 1^ to find the angle 
opposite to that given l«g. 

« o- . sinec%r~ sinec.coseci coseCi&.r 

Solution. Sine czi—. — =-= = ^ 

sine r cosec c 

^ cosecc.r sinei.r sine&.cosecc 

Coi»ec c= r-=— : = . 

cosec o sine c r 

^ . ^. sine a. r sinea.cdseci cosec &.r 

Aaa^ Sine a=: — : — 7- = -' = . 

sine o r cosec a 

^ coseca.r sined.r sine 6 .cosec a 

Cosec Arr r-:=z—. =: • 

cosec o sine a r 



Also, tang (45° + i c) = ± >/ tang j {b+c) . cot j (b^c). 
And,.tang (45° + i a) = ± ^/tang i (b+a) . cot i (6-fl). 



Case VI. Given the bypothenuse and one side or leg, to 
&id die other leg. 

_. ^ cos b . r cos 6 • sec c sec c . r 

Solution. Cos a = ■ = = 7— "• 

cos c r sec o 

^ cos c . r__^cos c . sec 6 sec b . r 

cos i "" r "* . sec c 

, ' ^ cos J . r cos fr • sec a sec a . r 

J\nd. Cos c =: — = '— = ^^^ i —* 

- cos a r sec 6 

cos a . r cos a . sec b sec ft • r 



Sec c = 



cos b r sec a 



Also, tang i « = y tang j (6-hg) . tang j (6— g)> 
And, tang \ c zz s/taUg i (6+fl) • tang J (6—0). 

* 

Case VIL* Given a side of a right-angled spherical tri- 
angle, and the angle adjacent^ or joining to it, to find the side 
opposite to the given angle. 

^ ^ sine c . r tang a . sin c tang a . r 

Solution. Tang a = =-^-^ — • 

° cot a r cosec c 

^ cot A •r cosec c.r cosec c. cot a 

Cota = •-: = - 11- ■■ ■ — ss ■ • 

sine c tang a r 

o 2 
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. , m sin^.r tahirc.sma tauQC.r 

' And, Tang c = — Si — ^ ■■ — = — s r. 

cot c r cosec a 

^ cot c • r co^ec a • r cosec a . cot c 

Sine a tai^ c r 



■y ■ 



Cass VIII. Given a side of a rigbt-angled spberi^ tri- 
angle, and its adjacent angle, to find the angle of^HiyitQ to tb< 
given side. 

* -^ ^ cos e? . »B A cos t • r sin A .^ 
Solution. Cos c = =: = . 



Sec c = 



r cosec a sec c 

cosec A. r cosec a. sec c secc.r 



cos c r sm a 

. , ^ cos a . sine c cos n . r sine c . r 

And, Cos A = = =: • 

r cosec c sec a 

-^ cosec c . r cosec c . sec a sec a • r 

Sec A = — 2: =: -i • 

cos a r smQ c 

>i II II ■ > I .» I , I ,i I I I II I m f * * 

» 

Case IX. Giv^i a side and its adjacent angle, to find the 
^ypothenuse. 

^ ^ , cos A. r cote, cos A cot ^.r 

Solution. Cot b = 



w^ammitm 



tang c r sec A 

^ , tang c .r sec a « r sec A . ta^g c 

lan£^6 = — - zs z: 

° cos A cot c r 

^ - ^ , cos c . r cot a . cos c cot a . r 

And, Cot 6 =: =: = • 

tang a r sec c 

tang a . r sec c . r ^s ec c . tangfl 
LVLiiQo z: ' ss 'z: -. 

*^ cos c cot a r 



Case X. Givto a side of a right-angled sph^ricid triangle, 
and its opposite angle, to find the side adjacent to that ^anj^e. 

tang a • cot A tang a.r cot a . r 

Solution. Sine c =: ---S zz — z: — - — . 

r tang a cot a, 

^ tanff A . r tang a . cot a cot a /r 

Cosec c s: ■■ ■ z:' ■ '^ ■ " ' " ■gi "" ' » '■ ' '■'» 
tang a r cot a 

A , r.. tanc£?^«otc tangc.r cotc.r 

And, Sine « z:— -2 = ^ " =-115:^ • 

' r tang c cot c 

^ tangc.r tango, cote cotc.r 

Cosec a s-t'-^ = ^ ' ' = ^^i.^ ' 

tang c r cot c 
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Abo^ Tang (45^+^^)= ± r\/?!5iil+l) 

And, Trag (45<^+ia)= ± y\/^M±^. 

^ sine (c — e) 



Case XI. Given a side of a right-angled spherical triangle, 
and its opposite angle, to find the adjacent angle. 

o o" ^^s A . r cos A • sec a sec a . r 

SoLUTiOK. Sinec=: =2—— 



COS a r sec a 



^ sec A • r sec A . cos a cos a • r 
iJosec C3: -^ s — =: • 



And, Sine a= 



sec a r cos a 

cos c • r cos c • sec c sec c • r 



*m 



cose f* sec c 



^ sec c • r sec c • cos c cos c . r 

CoseC ASS ■ ■■ > S5 . =S' • 

sec c r cos c 



Also, Tang (45^ +i c) =: ± Vcot \ (a+a) . cot j (a— g) . 
And, Tang (45^+ J a) = ± >/cot i (c+c) . cot \ (c-c). 



Case XII. Given a side of a right-angled spherical triangle, 

and its opposite angle, to find the hypothenuse. 

^ • ■^. , sine-g • r sine a . cosec a cosec a . r 

Solution. Sine bzz 



Cosec 6z= 



sine A r cosec a 

sine A . r sine a .cosec « cosec a . r 



sine a 7^ cosec a 



. , ^ , sine 1; . r sine c . cosec c cosec c . r 

And, Sine 6=2 — ; •=;— ^ =: • 

sine c r cosec c 

^. , sine c * r sine c . cosec c cosec c . r 

CoSfC ors — I rZ — r^-SZ " ' ■ • 

sine c r cosec c 



. Ak<H tang (46^+ Ji)=± >/taHgi(c4-g) .cot^ (^'"^)* 
A^d, tang (45° + i 6)=:± ^/tangi (A+a) . cot \ (A-a). 



n I w j t (■ I I m tf i. j i I m ■ I ■■ ■ > ■■■■ PI'— I '■ •' 



Case- XIII. Given the two sides, or legs, of a right-angled 
spherical triangle, to find an angle. 

"" sine c . r sine c . cot a coi a . r 
. SoLUTiOl^. Cot A.:r 



tang rf r cosec <? 

o 3 
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T ^ tang g.r tang a . cosec c cosec c.r , 

sine c "* r cot a 

sine a . r sine a • cot c cot c • r 



And, Cot c— _ _ 

tang c r cosec a 

T __tang c . r^ tang c . cosec a^cosec a . r 

"" sine a "" r "*" cot c * 

Case XIV. Given the two sides, or legs, of a right-angled 
spherical triangle, to find the hypothenuse. 

o* r> t cos a. cose cos a • r cos cr • r 
Solution. Cos fiir = =: . 



SecJz: 



r sec c sec a 

sec a • r sec a • sec c sec c • r 



And, Cos £= 



cos c r cos a 
cos c • cos a cos c . r Cos a • r 



Sec 6= 



r sec a sec r 

sec c • r sec c • sec a sec a • r 



COS a r cos c 



Case XV. Given two angles of a right-angled spherical 
triangle, to find a side, or leg. 

. ^ ^ cos A . r cos A . cosec c cosec c . r 

Solution. Cos «= — ; = '■ = -• 

sine c r sec a 

_, sine c • r sine c . sec a sec a . r 

Sec azz = ■ zi • 

cos a r cosec c 

. , ^ cos c . r cos c . cosec a cosec a . r 

And, Cos c^i—. == == • 

sine A r sec c 

_, sine A . r sine a . sec c sec c. r 

Sec e:= =: =-- • 

cos c r cosec A 

Also, tang|c=\/tang (j^^ ^5°) . cot(^-^+ 4.5°) • 
And, tangia=\/tang Q^- 45°) . cot(~^+ 45°) • 



Case XVI. Given two angles, of a right-angled spherical 
triangle, to find the bypothenuse. 

^ _ _ cot c • cot A cot a . r cot c. r 

Solution. Cos b:= =-- = • 

r tang c tang a 

tang c . r tang c . tang a tang A . r 

Sec 0=; ■ ' =: = " • 

cot A r cot c 
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k J r% r cot A . cot C COt C • T COt A . T 

And, Cos bzz ri:: — . 

r tang a tang c 

^ A— ^^"g a . r _tang a . tang c tang c . r 
"" cot c "" r "" cot A 

Also, tang ii=:\/^^ii±p. 

^ COS (a~c) 

GENERAL OBSERVATIONS ON THE SPECIES AND AMBIGUITY OF 

THE CASES. 

(A) The species of the sides and angles may be determined 
from the equations produced by Baron Napier's Rules, or from 
the preceding formulae, by attending to the signs of the quan- 
tities which compose the equations or formulae. 

The sides which contain the right angle are each of the same 
species as their opposite angles, viz. a is of the same species 
with A, and b is of the same species with b. (R. 14^.) 

It may be proper to observe that where a quantity is to be 
determined by the sines only, and a side or angle opposite to 
the quantity sought does not enter into the equation, the case 
will be ambiguous, thus in the xiith case, where sine b zz 

— ; —. the hypothenuse b is ambi^ous. 

sine A ' ''^ , ^ 

...,*, , . . sine A • sine b . 

Again, m the iid case, where sine a}=: y the sme 

r 

of a is evidently determinate, because it is of the same species 

with A which is a given quantity. 

(B) When an unknown quantity is to be determined by its 
cosine, tangent, or cotangent, the sign of this value will always 
determine its species ; for, if its proper sign be+ , the arc will 
be less than 90^ ; if the proper sign be—, the arc will be greater 
than 90^ (K. 100.) 

(C) Again, in Case vith, where rad x cos 5=icos c x cos a, it 
is obvious that the three sides are each less than 90^, or that 
two of them are greater than 90^, and the thii*d less; as no 
3ther combination can render the sign of cos c x cos a like that 
3f cos b as the equation require^.* 

QUADRANTAL TRIANGLES. 

(D) Any spherical triangle pf which a, b, c, are th^ angles, 
md a, by c, the opposite sides, may be changed into a spherical 
Tiangle of which the angles are supplements of the sides a, bj r. 



* Legendre*! Geometryi 6th Edition, page 381. 

O 4 
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and the sides dupplettietits of the angles a, Bj c^ (U 137.) viz. 
if we call a^, b^ c' the angles of the supplemental triangle, and 
ci^ b\ € the sides opposite to these angles, we shall have 

.A'=i80°-a; B'=;l80°-ft; CizlSO^— c 
a'=:180°— a; ^=180°— b; ^^1=180°— c 

Hence it is plain, that if a spherical triangle^ bais aside b equal 
to a quadrant, the corresponding angle b' of the supplemental 
triangle will be a right angle, and since there are always three 
gix)en parts in a triangle, the supplemental triangle will be a 
right-angled triangle, having two parts given to find the rest ; 
consequently, by finding the required parts !n the suppIeQiental 
right-angled triangle, the different pmts of the quadrautal tri- 
angle will be known. 

(E) Formuliee might have beeh inserted for solving the di& 
ferent cases of quadrantal triangleiS, but this would be making 
an increase of formulae to very little purpose, since all quadraii*> 
tal triangles are easily turned into right-angled trian^es. . 

SOLUTIONS OF THE DIFFERENT CASES OF OBLIQUE-ANGLED 

SPHERICAL TRIANG^LES. 

Case I. Given two sides of an oblique-angled spherical tri* 
angle, and an angle opposite to one of them, to find the ai^Ie 
opposite to the other. 

Solution. 

sine B • sine a sine c • sine a 

sme A = ; — zz ; — ' 

sme b sme c 

sine A . sine b sine c . sine b 

sme B = ■: = : 

sme a sine c 

sine A . sine c sine b . sine c a 

sine c r= : = : — "- 

sine A sine 6 

- 

Case II. Given two sides of an oblique-angled spherical tri* 
atigle, and an angle opposite to one of them, to find the angle 
contained between these sides. 

Solution. Find the angle opposite to the other given side 
by Case I. 

Then, Cot i a= '!^^ f {^"^f? . tang J (c-b) 

^ ^ . sine i (c+a) , ^ . 

CotiB=-T — Yl ^(. tangi(c-A) 




\ 
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-,\ , sine i (a-i-b) » , > 

Colic =^ — fi—LJ.tang i (A'-b) 

U. Tang ^ s: -^^-^ then,sine(t + B)r: ^ 

m. Tang ^t= j^^-2-; then,sme(4> + c)=: ^^ - 

Cas£ III. Given two sides of an oblique-angled spherical 
Iriangle, and an angle opposite to one of them, to find the 
other sMe. 

^ l^LUTioN. Find the angle opposite lo the other given side 
by Caas I. 

Then, Tang i a zz^^^^^^,. tang i (c-i) 
^* sinei(c-B) ^^^ ' 

^ - ^ sinei(c+A) ^ i / \ 

Tang i ftn-T — ri (. tang f (c«-a) 

^ ^ sinei(c~A) ^ * ^ ' 

-, . sinei(A + B) , , -. 

4 1 T rr» . cosB.tangc . ^ ^x cos5*cosp 

Also, I. Tang (f> t= "a^I ^^^9 cos {a^^^jzn-^ 

racl 



cose 



-- -, cos c.tanga , ,_ ^ cos c . cos ^ 

II. Tmig (pir: 7--^—; tlien, cos(£^ <p):=i • 

° rad » V r/ cos a 

_-_ -_, cosA.tan£r& cos a. cos ^ 

III. Tang ^s ^-^; then, cos(c-f)=: ——^ — • 

Ca^b IV. Given two angles of an oblique-angled spherical 

triangle and a side opposite to one of them, to find the other 

opposite side. 

' ' ^. sine A . sine b sine A • sine c 

' Solution* Sineasc — =: ^ 

sme B sine 

^. , sine B . sine a sine b . sine c 

Sme 6= : == : 

sme A sme € 

^, sine c • sine a sine c • sine b 

Sme (Jr= - 



i«MMt*i 



sme A sme b 



- - - * 



Case V. Given two an^es of an oblique-angled spherical 
triangle, and a side opposite to one of them, tx> find the side 
adjacent to these angles. 
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Solution. Find the side opposite to the other given angle 
by Case IV. 

Then, Tans i a^rz-, — —7 {. tang iic^b) 

^* sinei(C'-B) ^*^ ' 

^ sine J(a + c) ^ ^ , , ., 

Tang ic=$5i|il±±;. tang i(a~i) 

^^ smei(A~B) ^^^ ' 

Ai T rn cose, tang 6 . . , . sine^.tangc 

Also, I. Tang ^n t— ^-; then,sine(a'^^)r: ^ ^. 

° rad tang b 

TT m cos A. tang c . . ,_ . sine<p.tangA 

11. Tang(p= ° ; then, sine(& '^ ^) n ^^ ^-* 

paci lang c 

TTT rr. cosB.;tang« ,1 . , X sine<p.tangB 

III. Tang (p= V^-5then,sine(c~<p)=, 2_. 

^ rad \ T, . tang A 

Case VI. Given two angles of an oblique-angled spherical 
triangle, and a side opposite to one of them, to find the third 
angle. 

Solution. Find the side opposite to the other given angle 

by Case IV. 

mi ^ 1 sine i (c+i) ^ , , . 
Then, Cot i a=-: — ^ — j^.. tang ^{c^^) 

sinei(C'^6} 

^ , sine i (« + c) ^ , . . 

Cot i B z: -, — 4t \' *a"g i ( A -- c) 

sine ^ (fl5~c) ° ^ ^ 

^ sine \ ia-\'b) . , 

Cot 1 c=-^ — ^f^T t;. tang ^ (a~b) 

^ sine t (a'^^) ° ^ 

w i-i . cos i . tang g , cos b . sine ^ 

Also, I. Cot<P= ^r-S^— ;then,sine(A'w(p=:) 

rad . cos c j 

»* ^ cos c • tang a , . ^ . cos c . sine p 

II. Cot<p=: p-2--;then,sine(B'^^)=i -. 

raci cos a 

^,^ ^ cos a . tang b , . ^ . cos a . sine ^ 

III. Cotip= ir^- ;then,sine(C'^<p)= — 

rao cos b 



Case VII. Given two sides of an oblique-angled spherical 

triangle, and the angle contained between them, to find the 

other angles. 

Solution, /-^r. i / , „\ cos ^ (a~A) , 

I TangI (a + b) = , .; , ,. . cot 4 c 



Chap. V# spherical triangles. 203 

{ryr , , . COS | (fl'-c) ^ , 

Tangi(A + c)=^^^.cotiB 
Sine 5 (fl + c) 

{rrr , , . COS t (C«-J) 

Tang i (c~b)=i^^ — r^ — f,. cot § a 
^^^ ' sine i{C'\-b) 

p _{cot a • sine 6)— (cos c . cos b) 

Also, I V."S _(cot 6 . sine a)— (cos c • cos a) 

"" sine c 

.^ (cot c . sine a)— (cos b . cos a) 

Cot c=^ — ; — ^ 

I sine B 

V-'a ^ (cot a . sine c) — (cos b . cos c) 



{ 



VI. 



p _(cot i.'sine c)— (cos a . cos b) 

"" sine A 

^ (cot £r . sine b) —(cos a . cos b) 

Cot C^ ; 



sine A 

^ cosA.tangi . cot a . 

Tanff «=r r— ^2— ;then,cotB=:-^ •sine(c~ ^) 



i rp . cos A . tang c ^^ ^ • /jl w.a 

I lanff^r: ^ i — 2— ;then,cotc=-: .sine(o'^^) 

V ^^ rad sine<p ^ 

Here b, c^ and the included Z a are given, and formulse 

will be obtained by a mere change of letters, if a, b^ and the 

jLc; or if rr, r, and the L b are given. 

Case VIII. Given two sides of an oblique-angled spherical 
triangle, and the angle contained between them, to find the 
third side. 

Solution. Find the other two angles by Case VII, and 
then find the third side by Case V. 



' f 



r\^ X rt^ COS A. tang c . , cos c ,, ^. 

Or, 1. Tang ^ =: ; — ^—\ then, cos a =: . cos {b'^<p) 

^^ rad cos p V 

TT m cos B . tans « • , cos a , ^s 

II. 1 an&:^=: . ° ; then, cos 6= -^ — . cos (c*^9) 

^^ rad cosip / 

TTT rr. ^ COS c. tang b . cos b , . 

III. rang^zz- 7—2 — • then, cos c^ .cos(flf'*'(p) 

^ rad cos^ v r/ 

Or, the sides «, fi, or c respectively, may be found by thejbtirth 
set of equations, page 184. 
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Case IX. Given two angles of an oblique-tfngled spherictl 
tnangle, and the side adjacent to both of them, to find a side 
opposite to one of the given angles. 

Tang J (a + J)=??l|if^J. tang i c 

I T^ 1/ 7\ suieifA'wB) 
lTangi(«.^)=_|i_j.«„,gf.c 

rTangi(«+c)=SSiMl2:£!.tongi4 

jj J '* ' ' COSi^A + c) ^ 

I T-- z/ \ sine*iA~c) 
\T:axigi{a~c) = - — .A_^_i. tang J 4. 
^ sine j(A+c) ° * • 

Tang*(c+fi):,?2?4i£:r2) tang*a , 
ITT < '"-cosiCc+B) ^ 

\rr X TK sineifC'^B) , 

■ Tang i ^ J)= -, — ^—^.. tang i a 

sme^(c+B) ® ' 

Also, /'C t — ^^^ "^ • ^'"® ®^ "*" (^^^ ^ • ^^^ ^^ 



IV. 



r J. jL — (cQ^ P * sine a)+ (cos a . coa c) 



sine e 
)+(c< 
sinec 



^ (cot c . sine a) + (cos a . cos b) 

Cot c=^ — ^T -: 

sine 6 

V* ^ r>. (cot a . sine c)H- (cos c . cos b) 
I Cot «=: : 7 

sine b 

^ , (cot B . sine c) + (cos c.cos a) 

Cot b zz>- i^-^ •■ 

sine a 

VI. \ (cot c . sine b) + (cos b ^ cop a ) 



Cot c = 



sine a 



vi ^ tangA.cosd - . ^coti ^ . ^x 

- Cot ^r: — - — ; 1 then, cota:=: — -—. coste'^?] 

VII. J rad cos* "^ 

^ ^ tangc.cosft . ^ cot 4 ^ ^\ 

Cot ^=: — ^— 5 ^; then, cot c= • oosfAf^^f) 

rad cos ^ 

Here Z a, Z c and the included side b are given; and fermnls 
mil be obtained by a change of letters, if ZAand /.Band the 
included side c are given ; or if Z. B and L c and the indoded 
side a are given. 

Case X. Given two angles of an oblique-angled ^herical 
triangle^ and the side adjacent to both ot them, to find the 
other angle. 
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Solution. Find the other two sides by Case IX, and 
then find the other angle by Case VI. 

/\_ T ^ ^ <50s a . tan^cc . sine (b •w a) 

Ur, L Cot0=: r-^-; then, cos a=; cos c • r^ ^ 

rad sme ^ 

TT ^ , cos b . tang a , sine (c*^*) 

IL Cot z: , ° : then, cos b=cos a. — r-^ ^, 

rad sine 9 ' 

TTT ^ cos c . tani? b , sine {a *** c) 

111. Cot ^=: , ^ ; then, cos c=:cos b . : — r^ — 

rad sine f 

Or, the angles a, b, or c, respectively, may be found by the 

uxth set of equations, page 184. 



Case XI. Given the three sides of an oblique-ahgled spheri- 
cal triangle, to find the angles. 

Solution. Let 11+ ft +^r:«, then 

I. Siae i A=nA\/^3]=E^^SE£) 

^ sine b • sine c 

II. Cos i A=radv/^i*Ip]iI=iLZ 



sine b • sine c 



HI. TaDgiA=radv/'^'"^/*^-^);"°^(*^- 

^ Sine i 5. Sine (t 5— a 



) 



IV. Cot i A=rad\/ /'°t*';f°'^*fr"\ 

'^ Sine (i 5 — ft) . sine (i 5— c; 

L Sine i B=riidv/'3^343I5«Ii£E£) 

^ sine a . sine c 

II. Cos i B=:radV^ sine §.. sine (^.-6) 



Sine a . sine c 



m.~ TangiB=rad v/?i5^%=^^U^^5f(i^ 

^ sinei5.sme(4s— ft) 

IV. Cot i B=:nid\/-J?*"'^^°^^*^"^^— 

^ sine(i5— fl).sine(i5— c) 

L Sine i c=r«dv/!Si4ESi^p^> 

^ sine a • sine ft 

II. Cos i c=rad\/ sine|5.sinett«-c) 

V sine a .sme ft 



206 GENERAL SOLUTIONS OP • BqOK III. 



III. Tangic=:radV^!!Hiiip*llil5l(if-f.) 
*» * V- sine 4 « . sine (4 s— c) 



IV. Cot i C=rad\ / sine is. sine (4 ^•-<:) 

^ sine(is— i).sine(§s— 



c) 



Or, the angles a, b, or c^ respectively, may be found by the 
formulae A. 182. 



Case XII. Given the three angles of an oblique-angled 
spherical triangle, to find the sides. 

SoLUTi ON. Let A + B + c = s, then ^ 

L Sine i «=rad\/Z^iKl^J?E^ 

^ sine B • sine c 

11. Cos i a=rad\/ ^ (j s -c) . cos {j s-b) ' 

^ sine B . sine c 

.* cos(i s— c) . cos(is— b) 
IV. Cot i a=Tad\/^3l^^I^SIE^ 

cos I 8 . cos (4 S — a) 
I. SmA 1 7,^ rafl V / COS ^ 8 . COS (^ S -b) 

sine A . sine c 

II. Cot i /^^rnrl <^ A»S (^ S-a) . COS {j i^^) 



Sine A . sine c 



III. Tang i i = rad \/ cos ^^ . cos (§ s - b) 

^ COS (^s — a) .cos(|s— c) 

IV. Cot i ^^r«Hi/coS q S -a) . COS il S^C) 

'^ COS i s . COS (i s— 3) 
I. Sine i /-^r«^v/ cos(|s.cos(|s-c)~ 



sine a . sine b 



II. Cos i c = rad\/S2i(ii=^^LL^2i(ilnB) 

V sine A . sine w 
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v/5 



(i s—a) . COS a s— c) 

IV. Cot i c = rad\/ '^°^(^r^^-Tf^^'7° ^ 
'^ '^ COS 4 s . cos (i s— c) 

Or, the sides a, 6, or Cj respectively, may be found by the^ 

formulas in Axejl/ih set of equations, page 184. 

OF THE AMBIGUITY OF THE DIFFERENT CASES. 

(F) When two sides, and an angle opposite to one of them, 
•are given, to find the rest (see Case ist, iid, and iiid), the 
values of these required parts are sometimes ambiguous* 

(G) Practical Rules for determining whether the quantities 
nought are acute, obtuse, or ambiguous, are given in the 
solutions of the different cases. 

The two following tables 'are the same as those given by 
Legendre at pages 400 and 401 of the 6th edition of his Geo- 
metry, and are deduced jfrom Prop, xvii, page 149, and Prop. 
XVIII, page 150 of this treatise. 

Table I. Let a, a and b be the given parts. Then, 

1. Air90<>,5ir90°-f''"^J*'°«'°l»;!°°- 
' (^ a CO two solutions. 

Q Ar-ono j,-,Qnoia + b-3l80° one solution, 
i. Airyo,o-3yo -^a+jt^igoo twosolations. 

« A -lono Ar-Qrto / «+*"3 180° two sdutions. 

3. A^go.ocrso j^+j^igO" one solution. 

4. A^90°, h-y^°h~^\ ''"^ '°1"J"°*- 

' ^au'h one soiutiou. 

If A=:90% azzh^ or a-h6=180, the cases will not be ambi- 
guous, but if 5=: 90% there will be two solutions* 

When two angles, and a side opposite to one of them, are 
.^ve% to find the rest (see Case ivth, vth, and vith), the values 
.<^ the required parts are subject to ambiguity; this triangle 
being supplemental to that wherein two sides and an angle op- 
posite to one of them are given. 

Table IL Let a, b, and a be the given parts. Then, 

1. a-390°, B-DgQ^^"^^ f°« ^l"!l°"- 
' / (. A -3 B two solutions. 

o /.—ono a^onoP^+^'^lSO" one solution. 
i. a-ayo.Bc-yo "[^+8-3 180° two solutions. 

3. a[r90% B^gO"!*!""^!!^" ^''^ solutions. 

' 1 A +B-a 180° one solution. 

4. fl.r90°,B.r90°i*"*'^°''*'l"?''«- 

' I a-db one solution. 
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If « = 90^ A =; B, or A + B = 1 80% there will be but one solu- 
tion, but if B=90% there will be two solutions. 

(H) We may likewise remark, that Since any side or ansle 
of a spherical triangle is less than 180S the half of any RDjdey 
or half the difierenoe betvt^eu any two sides, or lialf the di&r- 
ence between any two angles, must be acute. 

Hence in the equation, where cot ^ c • cos ^ (a-^i)s:tang | 
(a+b), cos ^ (a+b) ^M. 188) it is plain that cot ^ c and cos'| 
(a— &) are botli positive (K. 100. )» and therefore tanff |(a4-b) 
and cos ^ (a + &) niust be both posttive ; consequent^, hqilfthe 
sum of any taoo sides of a spherical triangle is of the same ^e^ 
cies as hay^ the sum of their opposite an^s. This rule it ap- 
plied in the practical solutions of the different cases, and 
wall frequently remove the ambiguity whidi would other- 
wise arise, where a quantity sought is to be determined by 
means of a sine. 



CHAP. VI. 

I. PRACTICAL RULES FOR THE SOLUTIONS OF ALL THE DIF- 
FERENT CASES OF RIGHT-ANGLED SPHERICAL TRIANGLES, 
WITH THEIR APPLICATION BY LOGARITHMS* 

Every spherical triangle consists of six parts, three sides, 
and three angles ; any three of which^ being given, the rest 
may be found. 

In a right-angled spherical triangle, two given parts, besides 
the right angle, are sufficient to determine the rest. 

The questions arising from a variation of the given and r&- 

Snired parts are 16, but if distinguished by diedd^thennm- 
er of cases is 6. 

* 

THE GIVEN QUANTITIES ARE, EITHl^R 

1. The hypothenuse and an angle. 

2. The hypothenuse and one side. 

3. A side and its a^acent angle. 
4« A side and its opposite angle. 

5. The two sides. 

6. The two angles. 
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(I) RULE I. 

Draw a rough figure as in the margin ; 
and let ag, ah ; fb, fh ; ci, cd ; ei, eg, 
be considered as quadrants, or 90^ each ; 
then you have eight right-angled spherical 
triangles, every two of which will have equal 
angles at their bases: And the trtangles cgf 
and edf will have their respective sides and 
angles either equal to those of abc, the tri- 
angle under consideration, or they will be the complements 
thereof. (L. 151.) 

Then^ 

In triangles having equal angles at their hoses. The sines 
of their bases have the same ratio to each other, as the tangents 
(rf their perpendiculars. 

And, 

The sines of the hjfpothenuses have th£ same ratio to each 
other, as the sines of the perpendiculars. (M. 167.) 

(K) Illustration. 1st. In the triangles abc and aug. 

1. Sine AGrsineAc: : sine hg : sine bc. \ and these are propor- 

2. Sine AH:sine ab : : tangHG: tangBC. J tional by inversion. 

2d. In the triangles fgc and fHb. 

-S. SineBH : sine CG.'.'sineFB : siueFcl „«j- „^^i^„ o^^ 
AC*' . • . . ^ .J. r aod mverseiy, occ. 

4f. SmeFH : smeFG::tangBH : tangcG.J ^' 

Sd. In the triangles cgf and cid. 

5. Sine DC : sine pc: : sine id : sine fo. 1 a„d inversely, &c. 
-6. Sme cg : smeci::tangFG : tangio. J '^^ 

4fth. In the triangles edf and eig. 

7. Sine ei : sine ed: :tang ig : tangOF, and inversely, &c. 
The student must remember that abc is the proper triangle 

in the preceding proportions, and that ag, ah, &c are each 

90% consequently sine ag, sine ah, &c. are each equal to 

radius. 

BH is the complement of the base ab: 1 In any of the§e 
CG is the coiiiplemfent of the hypoth. ac. | cases, for sine, or 
FC is the complement of the perp. bc. >.tangent, write co- 
FG is the complement of the angle a. sine, or c6-tan- 

ed is the complement of the angle c J gerit. 
HG=:£F is the measure of the angle a. 
ID is the measure of the angle c. 

ig=:ac the hypothenuse, and DFr:BC the perpendicular. 
Since ab and bc are perpendicular to each other, either of 

them may be considered as the base, and to avoid a number of 

p 
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different figures it will sometimes be necessary to make a and 
c change places, as is done in some of the succeeding cases ; 
then, in considering these remarks, where ab occurs read BC, 
and instead of the angle a read c ; and the contrary. 

(L) RULE II. BARON NAPIER's RULES. 

1. In every right-angled spherical triangle there are five 
parts, exclusive of the right-angle, which is not taken into 

•consideration; and these five parts are the hypothenuse^ the 
two sides or legs, and their opposite angles. Now in every 
case proposed for solution, there are three of these five paxt& 
concerned, that is, two given (together with the right-angle) 
and a third required. 

2. If the three quantities under consideration, viz. the two 
which are given and" that which is required, are joined toge- 
ther, or follow each other in a successive order, without the 
interventioii of a side, or angle, not concerned in the question ; 
the middle one is called the middle part^ and the other two 
the extremes conjunct^ because they are joined to the middle 
part. 

8. If only two of the three things under consideration are 
connected, or joined together, they arc invariably called ex^ 
tremes disjunct^ that is, not joined to the middle part, and the 
other term which is not joined with them, is called the middle 

Then, 

4. Radius x sine of the middle part zzrectangle, or product ^ 
of the tangents of the extremes ^irhen they are conjunct* 

5. Radius x sine of the middle fartzz.rectangle^ or product^ 
of the cosines of the extremes *mhen they are disjunct. 

Observe to write cosine or co-tangent, instead of sine or tan- 
gent; and sine instead of cosine, &c. when you make use of 
either of the angles, or the hypothenuse ; but not when you 
use the sides or legs. 

6. Having found which is the middle part^ and written the 
teniis down as expressed in one or other of the above rules, ac- 
cording as the extremes are conjunct or di^unct^ turn the terms 
into a proportion, thus : Put the required term last^ that with 
which it is connected ^;'5/, and the remaining two in the mid- 
dle in any order. » 

(M) RULE III. 

1 . Radius x sine of either side = sine of the opposite angle x * 
sine of the hypothenuse. 
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% Radius x sine of either side = tangent of the other side x 
cot of its, opposite L . 

3* Radius X cosine of either of the angles = tangent of the 
adjacent side x cot hypothenuse. 

4. Radius x cosine of either of the angles =:: sine of the other 
angle x cosine of its adjacent side. 

5. Radius x cosine of the hypothenuse = cot of one angle x 
cot of the other Z • 

6. Radius x cosine of the hypothenuse = cosine of one side x 
cosine of the other side. 

Then put the required term last, that with which it is con- 
nected first, and the remaining two in the middle in any order, 
and you will have a correct proportion. 

Note. This rule is the same as Baron Napier's (O. 169.) 

OP THE different SPECIES OR AFFECTIONS Ot RIGHT- 
ANGLED SPHERICAL TRIANGLES. 

(N) I. When the hypothenuse and an angle are given, 

1. The side opposite to the given angle, is of the same spe- 
cies with the given angle. 

2. The side adjacent to the given angle, is acute or obtus^ 
according as the hypothenuse is of the same, or of diiBPerent 
species with the given angle. 

3. The other angle is acute or obtuse, according as the hy- 
pothenuse and the given angle are of the same or of different 
species. 

(O) II. When the hypothenuse and one side are given^ 

1. The angler opposite to the given side, is of the same spe« 
cies with the given side. 

2. The angle adjacent to the given side, is acute or obtuse, 
according as the hypothenuse is of the same or of different 
species with the given side. 

3. The other side is acute or obtuse, according as the hypo- 
thenuse is of the same, or of different species with the given 
side. 

(P) III. When a side and its acfjacent angle are given. 

1. The other angle is of the same species as the given side. 

2. The other side is of the same species as the given angle. 

3. The hypothenuse is acute or obtuse, according as the 
given angle is of the same or of different species with the given 
side. 

(Q) IV. When a side and its opposite angle are given. 

The required parts are always ambiguous or doubtful, tliat 
i^ they may be either greater or less than 90°, and therefore 
admit of two answers. 

V 2 
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(B) V, When the two sidesj containing the right^ng^j are 
given. 

1. Each angle is of: the same species, as its. opposite side. 

2. The hypothenuse is acute or obtuse, according as the 
sides are of the same or of different species. 

(S) VI. When the two angles^ adjacent to the hypothenuse^ 
are given. 

1. Each side is of the same species as its opposite angle. 

2. Tile hypothenuse is acute or obtuse, according as the 
angles are of the same or of different species* 

(T) Case I. Given the hypothenuse and an angley to Jmd 

the side adjacent to the given angle. 

Example. In the spherical triangle, abo. 

1^1. r The hypotbenulse ac=78°20'> Rqquire^ the adja- 

vjiven I ,j,jj^ ^^gj^ ^ _ g^o25' J cent leg ab. 

BY NAPJERfs RULE. 

The complement of the angle a is the middle partj, AB.and 
the complement of ac are the extremes conjuncty or joined to 
the piiddle part. 

* 
Rad X cos A = tang ab x cot ac. 

*•' (lO-flogcos a)— logcotAC=logtangAB. 
or, cot AC - - =78°.20' - 9^31489 

.'radius, sine of - 90°. - - 10-00000 
::cosZ A - - =S7°.25' - 9-89995 

rtangAB - - =:75''.25^ - 10-58506 
Here ab is acute. (N. 211.) 

BY RULE I. 

Sine EJ : sine ed : I tang ig : tang df. But sn is radius, di 
the measure of the angle a, and ed is complement^. I6=:ac, 
and df=:ab. Hence, 

rad I cos Z. a : : tang ac : tang ab. 

BY CONSTRUCTION. {Plate V. Fig, 8.) 

1. With the chord of 60 degrees describe the primitive 
circle; and through any point a in the primitive, draw a great 
circle ac^, making an angle bac=37°.25^ (P. 160.) 

2. Set off the hypothenuse 78°.20' from a to w?, find 7? the 
pole of the oblique circle ac^ (N. 159.); join /ww, and through 
the point c, where it cuts ac^, draw bpw ; then abc is me 
triangle required. 

To measure the required parts, 

3. AB applied to a scale of gbords gives the measure of ab=: 
75^.25'. 




I 
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4. Take bc in your compasses, set one foot of the compasses 
on 90^ on the scale of semi-tangents, and the other towards the 
left-hand of the scale, the degrees between the points =36^.31' 
will Jbe the measure of bc. 

5. Produce mp to &, and find a the pole of nPB (N. 159.) ; 
then ab applied to the scale of chords will be the measure of 
the BBgle c=:8lM2'. 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

Given 4 '^^^ hy pothenuse ac = 6 1 °. 4?'. 5 6" \ Required the ad- 
1 The angle a =61.50.29. J jacent leg ab. 

Anmtr. ab=:40°.80',20\ acute. (N. 211.) 

2. In the right-angled spherical triangle abc 

Given / '^'*® hy pothenuse ac=: 1 13°.55' \ Required the ad- 
\ The apgle a =31°.51' J jacent leg ab, 

Ansfwer. ab= 117^.34?'. obtuse. (N. 211.) 

(U) Case II. Gwen the hypothenuse and one angle^ tojind 
the side opposite to that given angle* 

Example* In the right-angled spherical triangle abc 
C 1 vi»n / ^^ hypotteenuse ac = 78°.20' ) Required the oppo- 
vjriven I The angle A =3r-25'/ site leg bc 

by Napier's rule. 

Here bc is the middle part^ and the complement of a and the 
complement of ac are the extremes di^7ict ; that is, not joined 
to the middle part, because of the intervention of ab and the 
angle c 

* . • 

Rad X sine Bc=:sine ag x sine a. 

••• (log sine ac + log « ne a) — 1 = log sine bc 

or. Ramus, sine of - - 90^. - laOOOOO 

: sine AC - - - =78°.20'- 9.99093 

,::sineofZA - =37^25' - 9.78362 

: sine bc - - - =36°.31' - 9.77455 

Here bc is actOe, (N. 211;) 

by Rule i. 

Sine AG' I: sine ac: :sine Ha \ sine bc But ag is radius, and 
HC^is the measure of the angle a ; hence, 
Jlad. : sine Acllsine a : sine bc 

BY CONSTRUCTION. 

See the construction of Casi^ I. (T. 212.) 

p 3 
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PRACTICAL EXAMPLES, 

1. In the right-angled spherical triangle abc. 

rivpn J "^^^ hypothenuse ac=61^4'. 5&^ \ Required the 
vjiven -^ ,j,j^^ ^^g^^ ^ =z6P.50'.29" J opposite legBC. 

Answer. bc=:50°.30'.30^ acute. (N. 211.) 

2. In the right-angled spherical triangle abc. 

p. fThehypothenuse Ac= 11 3°.55'\ Required the op- 

vjiven ^ rpi^^ ^^gj^ ^ =104^. 8' J posite leg bc. 

Jnsfwer. bc = 1 1 7^34". obtuse. (N. 2 1 1 •) 

(W) Case III. Giveti the hypothenuse and one angle^ to 
JindfKe other angle. 

Example. In the right-angled spherical triangle abc. 
p. /The hypothenuse ac=:78*.20' \ Required the 
VJiven I The angle A =37.25 / angle c. 

BY NAPIER's rule. 

Here the three parts are connected or joined together, 
therefore the complement of ac is the middle parts and the 
complement of a and the complement of c are extremes con- 
junct. 

* 
Rad X CCS AC =:cot. a x cot. c. 

•••(10+ log cos Ac) —log cot A=r log cot c. 
or, CotZA - =37V25'- - 10-11633 
: radius, sine of 90° • - lO'OOOOO- 
:: cosine AC =78°.20' - 9-30582 

;cotZc - =:81°.12' - 9-18949 
Here angle c is acute. (N. 211.) 

BY RULE I. 

Sine CG ! sine ci : I tang fg : tang di. But cg is the com- 
plement of AC, CI radius, fg the complement of the angle a, 
and Bi the measure of the angle c. Hence, 

Cos AC : rad 1 1 cot a : tang c. 

BY CONSTRUCTION. 

See the construction of Case I. (T. 212.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 

^. r The hypothenuse ac=61°. 4i\5e" \ Required the 
Uiven l^j^^ ^^gj^ ^ ~©l°.50'.29'' j angte c. 

Jnswer. The angle c=47°.54.^20" acute. (N. 211.) 

2. In the right-angled spherical triangle abc. 

^ . J The hypothenuse ac= 1 1 3°.55' \ Required the 
^^^^^ t The angle a = 3l.°5l'j angle c. 

Answe7\ Tke angle c=i04 . obtuse. (N. 211.) 
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(X) CaIbe IV. Given the hypolhenuse and a l^gj tojind the 
angle adjacent to that given leg. 

Example. In the right-angled spherical triangle abc. 
Given / ^^^^ hypothenuse ac=78°.20' ) To find the angle a 
\ The side or leg ab ^ 75^.25' J adjacent to ab. 

BY Napier's rule. 

The three parts are here connected ; therefore the comple- 
ment of a is the middle party ab and the complement of ac are 
the extremes conjunct, 

Rad X cos A=cot Afc X tang. ab. 
••• (log cot AC + logtang ab) — 1 O=log cos a. 
or, Radius, sme of - 90° - 10*00000 
: cot AC - - - =78°.20' 9-31489 
::tangAB - - =i75°.25' 10-584.74 
:cosZ.A - - - =37°.28' 9-89963 
Here the angle a is acute. (O. 2 11.) 

BY RULE I. 

Tang Gi : tang df : I sine ei : sine ed. 
But Gi=AC, bf=:ab, ei is the radius, and ed the complement 
of the angle a. Hence, 

Tang AC : tang ab : : rad : cos Z. a. 

BY CONSTRUCTION. {Plate V. Fig. 9.) 

1. W^ith the chord of 60° describe the primitive circle, and 
through the centre p draw cpf, and avb at right angles to it. 

2. Set off the hypothenuse, by a scale of chords, from c to 
172, and draw the small circle mxm parallel to the right circle 
ot6. (Z. 162.) 

3. Take the complement of ab (viz. 14j°.35') from the scale 
of semi-tangents, with which as a radius and the centre p de- 
scribe a small circle parallel to the primitive (Z. 162.) intersect- 
ing the circle mkm in a. 

4. Through the three points ca^ draw a great circle, then 
ABC is the triangle required. 

To measure the required parts. 

5. The angles a and c (G, 164.) are 37°.28' and 8lMl'. 

6. BC, applied to a scale of chords, will be 36^35'. 

PRACTICAL examples. 

1. In the right-angled spherical triangle abc. 
^. / The hypothenuse ac— 61°.4'.56'' 1 To find the angle 

\The side or leg, ab=:40**.30^20^'/ a, adjacent to Ap. 
^nstuer. The angle A= 61 °.50'.29". acute. (O. 21L) 

p 4 
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2. Jn the right-angled spherical triangle abc* 
^ . /The hypothenuse ac = 78°.20' \ To find the adjacent 
Uiven |xhesideorlegAB=117°.34'J anglje a. 

jinswer. The angle a=113°.18', obtuse. (O. 211.) 

(Y) Case V. Griven the hypothenuse and a side or legf to 
^nd the angle opposite to that given leg, 

Exampie. In the right-angled spherical triangle abc. 
P . f The hypothenuse ac = 78°.20' \ To find the angle e^ 

Miven -^ The side ab=75°.25'J opposite to ab. 

BY NAPIER's rule. 

The three parts are here disjoined by the intervention of the 
ai^gle A ; therefore ab is the middle part ^ the complement of 
AC and the complement of c are the extremes disjunct, 

Rad X sine ab ==sine dc x sine c. ^st^"^ "^ 

'.'(10 4- log sine ab) — log sjneAt = log sine c. 
or, Sine ac - - - =78^2(/ - 9-99093 
: radius, sine of - 90° - 1 0-00000 
;:sineofAB - - =75^25' - 9-98578 
;sineZ.c - - =8lMl' - 9-99485 
Here the angle c is acute. (O. 211,) 

BY RULE I. 

Sine AC : sine c.&::sine ab : sine gh. Qut cg is radius, 
and Gp is the measure of the angle c. Henc^ 
Sine AC I radius: -.sine ab : sine c. 

BY CONSTRUCTION. 

See the construction of Case IV. (X. 215.) 

PRACTICAL examples. 

1. In the right-angled spherical triangle abc. 

p. f ThehypothenuseAC=i:61°.4'.56" 1 Required theangle 

Uiven ^ rpj^^ g. j^ ^j, j^g ^^ _ 40°.30'.20" J c, opposite to ab. 

Answer. The angle c= 47 °.54'.20'', acute. (Q. 211.) 

2. In the right-angled spherical triangle abc 

p . ( The hypothenuse ac z: 78°.20' \ Required the angle 

ven -^ rpj^^ gjj^ ^^ j^g ^^_ 1 17*^.34' J c, opposite to ab. 

Answer, The angle c=:115°.9'. obtuse. (O. 211.) 

(Z) Case VI. Given the hypothenuse and one side or leg^ 
to find the other leg. 

Example. In the right-angled spherical triangle abc 
p.. / The hypothenuse ac= 78°.20' \ To find the other 
Uiven Ixheside ab=75°.25'/ side bc 
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BY NAPIER^S RULE. 

Here the complement of ac is the middle party because it is 
not joined either to ab or BC, the angles a and c coming be- 
tween them : hence, ab and bc are extremes disjunct, viz. not 
joined to the middle part. 

Rad X cos AC = cos ab x cos bc. 

•.• (10 4-IogCOS Ac)— log cos AB=:log€OSBC. 

or, Cos ab r - 75^.25' - =: 9*401 QS 

: radius, sine of - 90'' - - - 10*00000 

::cosAC - - 78°.20' - = 9-30582 

: cos BC - - S6°.35' - = 9*90479 

Here bc is acute, (O. 21 1.) 

BY RULE I. 

Sine bh : sine cg! Tsine fb : sine cf. But bh is the com- 
plement of AB, CG the complement of ac, fc the comple- 
ment of)BC, and fb radius. Hence, 

Cos AB : cos Ac: :rad : cos bc 

' BY CONSTRUCTION. 

See the construction of Case IV. (X. 215.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 

p. /The hypothenuse ac zr 61 °.4'.56'^1 Required the 

Uriven -^rpi^^ gjj^^ ^^ j^g^ AB=:40^30'.20''j o&er leg bc 

Answer. bc=50°.30'.30". acute. (O. 211.) 

2. In the right-angled spherical triangle abc 

p. f The hypothenuse ac = 78°.20' 1 Required (^e 

uiven -^xhesideAB = 117°.34' J other side bc 

Answer. bc=115°.55'. obtuse. (O. 211.) 
(A) Case VII. Given a side and the angle aijjiacent^ or 
joining to it, to find the side apposite to the given angle. 

Example. In the right-angled spherical triangle abc. 
p . f The side or leg ab iz 75^.25' \ To find the side bc, 

Urivea ^ rpi^^ adjacent angle a = 37^25' J opposite to a. 

BY NAPIER's RULE. 

Here the three parts are joined together, because the right 
angle b is not regarded in the rule ; therefore ab is the middle 
parti the complement of a, and bc are the extremes conjunct, 

Rad X sine ab = cot a x fang, bc ^Scr"*T 4 

•.'(10 + log sine ab) — log cot a = log tangBc. 

or, CotA - - - =37*^.25' - 10-11633 

: rad, sine of - - 90® - - lO'OOOOO 

IIsineAB - - =75^25' - 9*98578 

;taiigBC - - =: 36^^.31' - 9*86945 

Here bc is acute. (P, 211.) ^ 
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BY RULE I. 

Sine AH : sine ABirtang gh : tang bc. But ah is radius 
and GH is the measure of the angle a. Hence, 
Rad : sine ab : : tang Z. a : tang bc. 

BY construction. (Plate V. Fig. 11.) 

1. With the chord of 60 degrees describe the primitive 
circle^ and through the centre p draw ap£z, and mn7* at right 
angles to it. 

2. Set one foot of your compasses on 90 degrees in the 
]ine of semi-tangents, extend the other towards the begin- 
ning of the scale, till the degrees between them be equal to 
the angle a 37^.2^^, and apply this extent from m to n. 

3. Through the three points Ana draw a great circle. 

4j. Set off AB=:75°.25' from a to b, by a scale of chords, 
and draw bp cutting the oblique circle in c, then abc is the 
triangle required. 

To measure the required parts* 

5. BC measured by the scale of semi-tangents (as in Case I.) 
will be 36°.31'. 

6. The angle c measured (G. 164.) will be 8lM2^ 

?♦ The hypothenuse ac measured (C. 163.) will be 78°.20'. 

PRACTICAL examples. 

1 . In the right-angled spherical triangle abc. 
Given /'The leg ab zz40^30'.20''1 To find the leg 

\ The adjacent angle a = 6 1 °.50'.29'' J bc, opposite to a. 
Ans^wer. bc=50°.30'.3Q". acute. (P. 211.) 

2. In the right-angled spherical triangle abc. 
Given /The side ab = 54^.22' | to find tiie leg bc, 

\ The adjacent angle a=l136°.40'/ opposite to a. ' 
Jnswer. bc=142°.31'. obtuse. (P. 211.) 

(B) Case VIII. Given a side and its adjacent angle^ to 
Jind the angle opposite to the given side. 

Example. In the right-angled spherical triangle abc. 
Given -f The side ab =75°.25'\ To find the angle c, 

\ Its adjacent angle A=37°.25' J opposite to ab. 

by napier's rule. 

Here the complement of the angle c is the middle part ; and 
the complement of a, and ab are the extremes disjunct] being 
neitlier of them joined to the middle part. 
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Rad X cos c=:sine a x cos ab 

V (log sine a +log cos ab)— 10= log cos c 

or, Radius, sine of - - 90"^ - 1000000 

:sineZ.A - - ^ST^'-SS' - 9-78362 

::cosofAB - =75°.25' - 9-4.0103 

:cosZc. - - =81°.12' - 9-18465 

Here cis acute, (P. 211.) 

BY RULE I. 

Sine AD : sine af : : sine id : sine fg. But ad is radius, 
AF the complement of ab, id the measure of the angle a 5 
and FG the complement of gh, which measures the angle c. 
Hence, 

Radius : cos ab : : sine a : cos c. 

BY CONSTRUCTION. 

See the construction of Case VII. {A. 217.) 
practical examples. 

1. In the right-angled spherical triangle abc. 

G' ven I ^^^ ^ ^^ ^ 40°.30'.20'' 1 Required theangle 

iltsadjacentangleA=61°.50'.29"j c, opposite to'AB. 
Answer. The angle c=47°.54»^20''. acute. (P. 211.) 

2. In the right-angled spherical triangle abc 

Given -f '^^^ ^^ ~ ^ ^ 7°. 34' 1 Required the angle c, 

\ Its adjacent angle a=31^.51'J opposite to ab. 
-4?ww«-. Theangle c=:104>°.8'. obtuse. (P,211.) 
(C) Case IX. Given a Hde and its adjacent angle j to Jind 

the hypothe7vuse. 

JSaaniple. In the right-angled spherical triangle abc 

Given i '^^^ ^^^® ^® ^ 75^.25' 1 Required the hypo- 

\ Its adjacent angle a = 37°.25' J thenuse AC. 

BY NAPIER's RULE. 

The three parts are here connected ; therefore the comple- 
ment of A is the middle part ; ab and the complement of ac, 
are the extremes conjunct, 

Rad X cos Aricot ac x tang. ab. ^TT 

.•. ( lO + log cos a)— log tang AB=log cot ac 

or. Tang ab - - z=75°.25' - 10-58474. 

: rad, sine of - 90° - - 10*00000 

;:cos/.A - - =37°.25' - 9-8&995 

: cot AC - - =78°.20' - 9-31521 

Here ac is acute. (P. 211.) 

BY RULE I. 

Sine FH : sine fg : : tang bh * tang ca. 'But fh is radius, 
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FG is the complement of the angle a, bh the complement 
of AB, and CG the complement of ac. Hence, 
Rad : cosZ. A::cot AB : cot AC 

BY CONSTRUCTION. 

See the construction of Case VII. (A. 217.) 

PRACTICAL EXAMFIiES. 

1. In the right-angled spherical triangle abc. 

p . f The side ab = 50°.S0'.S(/^ 1 Required the hy- 

uiven -^ j^ adjacent angle a = 4j7®.54^20'' / pothenuse Ac, 
Answer. ac=61^4j'.56". acute. (P. 21 L) 

2. In the right-angled spherical triangle abc 

Given i ^^^ ^ "^ ^® ^ ^ ^ 7°.34'' 1^ Required the hy- 

\Its adjacent angle a = SP.51' J pothenuse ac 
Answer. ac= 11 3°.55'. obtuse. (P. 211.) 

(D) Case X. Given a side and its ojsposite angle^ to Jind 
the side adjacent to that angle. 

Example. In the right-angled spherical triangle abc . 

Given \ '^® ^^^ P^ ^ »6°.31'\ To find the siite AB, 

1 Its opposite angle a=37®.25' J ac^acent to a. 

BY NAPIEB's rule. 

The right angle b having no concern in the rule, fhe three 
parts are joined together ; therefore ab is the mdcSepart, the 
complement of a, and bc are the extremes cotyunci. 

* 1? ft. 

Rad X sine ABizcot a x tang. bc. ^ 

*.• (logcotA + logtangBc) — 10=:logsineAB. 

or, Radius, sme of - 90° - 1000000 

:cot/iA - =37°.25' - 10-11633 

::tangBC - =36°.31' - 9-8694?7 

:sineAB{^Jf4f;/>'^} . 9-98580^ 

Here ab is ambiguotis. (Q. 211.) 

BY RULE I. 

Tang HG : tang bc .* : sine ah . sine ab. But hg is the mea- 
sure of the angle a, and ah radius. Hence, 
tang Z. a : tang Bc::rad*: sine ab. 

BY construction. {Plate V. Fig. 10.) 

1. With the chord of 60 degrees describe the primitive circle, 
draw APfl, and mnvr at right angles to it. 

2. Set one foot of your compasses on 90^ degrees in the line 
of semi-tangents, extend the other towards the beginning of 
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'the scale till the degrees between the two points be ec^ual to 
t.he an^le a 37°.25', and apply this extent from m to n, 

3. Thi-oiigh the three points Ana draw a great circle. 

4. Take the complement of bc (viz. 53^.290 from the scale 
of semi-tangents^ with which as. a radius and the centre p, die- 
scribe a small circle oc parallel to the primitive (Z. 162.\ meet- 
ing the great circle Ana in c. 

5. Through c and p draw bcp, then abc is the triangle re- 
quired. 

This problem is ambiguous^ for abc and aBC have the 
same data. 

Tomeastire the required parts* 

e./Bheang^e c (Gi. 164.) will be 81M2'. 

7; The side ac (C. 1.63i)is- 73^20". 

8i^ The side AB appliedto ascaie of chords will be 75^25^ 

practical examples. 

1. In the right-angled spherical triangle abc 

p . r» Tlic side bc' = 4Oo.30'.20r V To find the other 

^^^®" t Its opposite:angle An 47^54.'.20" / side. 

Answer, ab = 50°.30'.30" or 129°.29^30'^ ambiguous. 
(Q;.2rdO ^ 

2. In the right-angled spherical triangle abc 

Given I '^'*® ^^ ®^ ~ 5 1°.30' V To find^ the other 

(Its opposite angle A =58°.35'/ side. 

Ansfwer. ABzz 50^A0*y or 129°.50'. ambiguousi (Q. 211.)' 
(E) Case XI. Given aside and its opposite angles to find 
the adjacent angle. 

Example. In the right-angled spherical triangle abc 
Giv n -f^*^® side bc =86°.31' | To find the angle c, 

iven -^ j^ opposite angle a = 37*^.25' 3 adjacent to bc- 

BY NAPIER's rule. 

The complement of a is the middle part ; and bc and the 
complement of c are the extremes disjunct, being neither of 
them joiped to a, the middle part. 

Rad X COS. A=sine c x cos bc 

•.• (1 + log COS a) — log cos BC=log sine a. 

or,cosBC - =36°.3r - 9*90509 

: rad, sine of 90° - - lO'OOOOO 

::cos2lA =37°.25' - 9*89995 

:siaezc..{«j:;j|;°?} . 9-99486 

Here the angle c is ambiguous. (Q. 211.) 
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BY RULE I. 

Sine CF : sine CDlIsine fg : sine id. But cf is the com- 
plement of Bc, CD radius, fg the complement of the angle a^ 
and ID the measure of the angle c. Hence^ 
Cos Bc : rad::cosZA : sine c. 

BY CONSTRUCTION. 

See the construction of Case X. (D. 220.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

p. r The side bc =40'^.S0'.20"\ Required the ad- 

Ijiven ^ j^ opposite angle a = 47°.5 i'.SO" J jacent angle c. 

Answer. Angle c=:61^50'.29'' or 118^9^31''. ambiguous. 
(Q.211.) 

2. In the right-angled spherical trian^ abc 

p. /The side BC =42°.12'1 To find the other 

Uiven "j^itg opposite angle A =48^ / angle c. 

Ansfmer^ Angle c = 64^35'. or 115°. 25'. ambiguous. 
(Q.2I1.) 

(F) Case XII. Given a side and its opposite angle j tojlni 
the hypothenuse. 

Example. In the right-angled spherical triangle abc. 
p . / The side bc = 36^.3 1 ' ) To find the hypothe- 

tfiven j^ j^ opposite angle a = S7°.25' j nuse ac. 



BY NAPIER's rule. 



I 

Here bc is the middle part ; the complement of a, and the 

complement of ac, are the extremes disjunct. 

# 

Rad X sine Bczzsine ac x sine a. 

•.• (10 + log sine bc)— log sine A=IogsineAC. 

or, Sine Z a - =:37°.25' - 9-78362 

: rad, sine of 90° - - lO'OOOOO 

::sineBc =36°.3l' - 9-77456 

f 78°.20'orl r.r.r.^r.. ^ 

: sme Ac|j^j0 4.Q/ j ' 9*99094^ 
Here ac is ambiguous. (Q. 211.) 

BY RULE I. 

Sine GH : sine Bc:;sine ag : sine ac. But gh is the mea- 
sure of the angle a, and ag radius. Hence, 
« Sine /I A : sine bc : : rad ! sine ac 
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by construction. 
See the construction of Case X. (D. 220.) 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc. 

^ . /The side bc = 40°.S0'.20" \ To find the hy- 

^i ven -^ j^ opposite angle a =47 '^.54^20'' J pothenuse ac. 
Answer. AC=61°.4'.56''or 118^55'.4''- ambiguous. (Q. 211.> 

2. In the right-angled spherical triangle abc. 

p.. . r The side BC =rll°.30'\ Tofindthehypothe- 

ljiven ^ j^ opposite angle a=:23°.30' J nuse ac. 

Answer. ac=:30° or 150°. ambiguous. (Q. 211.) 

(G) Case XIII. Given the two sides, or legs, tojind an 
angle. 

Example. In the right angled spherical triangle abc. 

^^. r The side ABnTS^.^S'l rr. ii j ^u i^ . 

^^^^•^ iThe side BC=S6°.S1' j-To find the angle a. 



BY NAPIEr's rule. 




The three parts are here connected, because the right angle 
B is not regarded; therefore abJs the middle par^ the com- 
plement of A, and bc are the extremes conjunct. 

Rad X sine ABzECot a x tang bc. £, 

•.• ( 10 +log sine ab) — log tang Ac=logcot a. 

TangBC - - =36^3r • 9«86947 

: rad, sine of - 90° - - 10*00000 

::sineAB - =: 75^.25' - 9*98578 

:cotZ.A - =37°.25' - 10-1 1631 

Here a is acute. (R. 212.) ^ 

BY rule I. 

Sine AB : sine ah : : tang bc : tang oh. But 
-AH is radius, and gh is the measure of the angle a. Hence, 
Sine AB : rad : : tang bc : tang z. a. 

BY CONSTRUCTION. {Plate. V. Fig. 7.) 

J. With the chord of 60 degrees describe the primitive 
circle, and through the centre p draw an. 

2. Set off BC =- 36°.3 1 ' from a scale of chords, and ab = 75*^. 
2S\ (D. 163.) Or set one foot of the compasses on 90 de- 
grees on the line of semi-tangents, and extend the other to^ 
wards the beginning of the scale, till the distance between the 
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points be 75^.25'; this distance applied from b to a will give 
the point a. 

3. From c through p draw cp^, and through the three 
points CA^ describe a circle, then abc is the triangle required. 

To measure the required parts. 

4. The angles c and a (G; 164.) will be found to be SIMS', 
and S7^25', 

5. The hypothenuse ac (C. 163.) will be '7S''.20f. 

PRACTICAL EXAMPLES. 

1. In the right-angled spherical triangle abc 

^. TTheside AB=:50^30'.30"1 rp n^A ^u -.- i . 

®^^^ JThe side Bcz=:40^30'.20''|^''^'*^ *^ ^'^^^^ ''• 
Answer. a=47°.54^20'^ acute. (R. 212.) 

2. In the right-angled spherical triangle abc. 

^. r The side AB=: 54''.22'l m /. j^u *. i . 

^^^^" tThe side BC=142- 3l'|T^^"^^'^.^^*^g^^ ^• 
Answer. a= lS6°.4(y. obtuse. (R. 212.) 

(H) Case XIV. Given the two sides, or legs, to find the 
hypothenuse. 

Example. In the right-angled spherical triangle abc. 
p. r The side ab=:75°.25'\ To find the hypothe- 

uiven ^ThesideBC=S6°.3l'j nuse ac 

BY Napier's rule. 

The complement of the hypothenuse ac is the middle part, 

being separated from the sides by the angles a and c; and ab 

and Bc are the ejctremes disjunct. 

* 
Rad X cos AC=cos ab x cos bc 

••• (log cos ab + log cos bc) --10 = log COS AC 

or, Rad, sine of 90° - - 10-00000 

:cosab - =::75°.25' - 9*40103 

::cosBC - =36^.31' - 9-90509 

: COS AC - =:78°.20' - 9-30612 

Here ac is acute. (R. 212.) 

BY RULE I. 

SineFB! sine fc: .'sine bh : sine cg. But fb is radius, CF 
the complement of bc, bh the complement of ab, and ca the 
oompl^tfient of ac Hetice, 

' Rad : cos fic: :cos hJ^ \ cos ac. 
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BY CONSTRUCTION. 

See the construction of Case XIII. (G. 223.) 

PRACTICAL EXAMPLES. 

1. In the ri^ht-angled spherical triangle abc 

n,Vn« / The side AB= 50^30'. SO'") To find the hypothe- 
uiven -[The side Bc=40^30'.20"/ nuse ac. 

Answer. ac=6I°.4.'.56^ acute. (R. 212.) 

2. In the right-angled spherical triangle abc. 

p. „ /The side AB= 54°.22'l To find the hypothenuse 
uiven -[The side Bc=142°.3l'/ ac. 

Ansnoer. ac=:117°.S8', obtuse. (R.212.) 

(I) Case XV. Given two armies, to find a side or leg. 

Example. In the right-angled spherical triangle abc. 

r iv^n / ^^^ ^g^® A= 37°.25' ) Required the 
criven -^ The angle c=8P.12'/ side bc. 

BV Napier's rule. 

Here the complement of the angle a is the middle part, and 
BC and the complement of c are the extremes, disjunct^ being 
separated firom the middle part by the hypothenuse ac. 

Kau X cos A = cos bc x sine c. -H: 

V (10+ log cos a) —log sine c=log cos bc. 

or, sineZc =81^^.12' - - 9*99486 

: radsineof90° - - -10-00000 

:: cos Z A =37^.25' - - 9-89995 

: cos BC =36^31' - - 9'90509 

Here bc f^ acute. (S. 212.) 

BY RULE I. 

Sine ID : sine fg : : sine cd : sine cr. But id is the measure 
of the angle c, fg the complement of hg which is the measure 
of the angle a, cd radius, and CFthe complement of bc. Hence, 

sine c : cos a: Trad : cosbc. 

BY CONSTRUCTION* {Plate V. Fig. 12.) 

1. With the chord of 60° describe the primitive circle, 
through the. centre p. draw cp^, and mm.at.right angles toit. 

2. Set one foot of your compasses on 90° in the line of semi- 
tangents, extend the other towards the left hand, till the de- 
grees contained between the points of the compasses be equal 
to (81^12') the L c, and apply this extent from m\jo n. 

3. Through the three points cne draw a great circle, and 
Bnd its pole^. (N. 159.) 

4. With the tangent of the jL a 77°.25', and centre p describe 
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an arc ; with the secant of the L At and centre^? crosses it in o ; 
with o {^ a centre and radius op, describe the great circle hxp. 

5. Then ABC is the triangle required, right-angled at b. 

To measure the required farts* 

6. ^The bypothenuse ac, measured by a scale of chprds, 
=:78^2tf. 

7. The sides bc and ac (C. 16S.)2=S6^31', and 76^«5'. 

rnAoricAL exai^plss. 

1 . In the right-angled spherical tmngle abc. 
.^ . / The anSe a = 47°.54'.^" \ Required the 
uiven \TheaBglec=6P.S0'.29"| side ab 

Answer. ABr:50°.S(r.S0'', acute. (S. 212.) 

2. In>the right-angled spherical triangle ai^ 
p, . f The angle a =: 1 04^8' \ Required the 

Uiven -[The angle c=3r.5ri side bc. 

Answer. bc= 117^34.', obtuse, (S. 2120 

(K) Ca8B XVI. Given two angles^ tojtnd tke Jypothemise. 
Example. In the right-angled spherical triangle abc. 
p. „ f The angle a=37^25' 1 To fipd the hypothe- 
vjiven -[The angle c=8lM2'/ nuseAC- 

BY Napier's rule. 

Here the complement of ac is the middle pm^t^ tmA the com- 
plements of A and c are the extremes con^inct^ 

Rad X cos Ac=cot a x cot c. 

'.' (log cot A + log cot C)— 10=fogCOS AC. 

or, Rad, sine of 90° - - IQ'OOOOO 

:cotZ.A - =:37''.25' - 10-11633 

::cotZ.C - =81^.12' - 9-18979 

: cos AC - =73°.20' - 9-30612 

Here Acis aaite. (S. 212.) 

BY RULE I. 

. Tang ID : tang fg : : sine ci : sine go. But id i^ diie neasttrs 
of the angle c, fg the complement of the aiigie a, et radios, 
and CG the coBKplen&ent of ac Hence, 

tangZc : cotZ. ::rad : cos ac.^ 

>. 

BY CONfiTRUCnON. 

See the construction of Case XV. (I. 225.) 
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PRACTICAL EXAMl^LES. 

1. In the right-angled spherical triangle abc. 

P5 fTheangle A=47°.54'.20''\ To find the hypo- 

uivcn ^Xbeanglec=61°.50'.29"j thenuse AC. 

ifomr. AC^6rA\5€^9 acute. (S. 212.) 

2. In the right-angled spherical tiiangle abc. 

^^. f The angle aziSV.51' \ Required the hypo- 

uiven ^ ^^ ^|j^ c t= 1 04?^.8' J ihenuse ac. 

Answer. ACrillS^S.r, obtuse. (S. 212.) 

CHAP. VII. 

IL PiUCTICAL AULES FOR SOLVING THE DIFFERENT CASES OF 
RZCriLATERAL, OR QUADRANTAL, SPHERICAL TRIANGLES) 
WITH THSIR APPLICATION BY LOGARITHMS. 

(L) -1. When one side of a spherical triangle is 90% or a 
<jaadtant, it is called a fjuadrantal triangle. 

2. If two sides of a quadtandd triangle be each 90^, the tri- 
angle will be isosceles, each of the angles at the base will be 
90% and the base itself will be the measure of the verUc^ 
angle. If the thcee sides be each 90^, the three angles will be 
each90^ * 

S. A quadrantai spherkiU triangle may be cbai]|p6d into a 
right-angled spherical triangle, and the coiSitrary. {X. 138.) 

(M) RULE I.* 

Subtract the angle opposite to the quadrantai side from 1 80^, 
aoid eaU the rettiainder the bypothenuse oi a new triangle. 
The angW opposite to the quadrantai side must C 

jthen be eoostdered as a r^hc angle, and the two A 

remaittbigAng^ must be represented by tbe sides / \ 

of ibe ^piadrantal triangle which are opposite ixT / X^ 
tbenu jy^ \ 

The sides and angles of the right-angled sphe- ^ •; r^ 

rical triangle, will represent the angles and sides '**. / 

of the quadrantai trlAigle. i^^ 

Thus in the annexed figure, where ac is 8ii|qposed to be a 
quadjrant, liie triangle abc may be considered as a ridit«angled 
trian^e, whose hypothenuse ac:±:180®-* ^b, the oase abs 
L c ; «Qd the perpendicular Bicsstbe /I a ; et contra. 

82 
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• Required the 
sides ABf bc 
and the jL a. 



(N) RULE II. 

1. In the triangle abc, if one of the sides ac be a quadrant, 
and another side bc les»s than a quadrant. 

Produce the side bc till it becomes a quadrant, and adb will 
be a right-angled triangle; wherein ad is the measure of the 
angle c, db is the complement of bc, and ae is the hypo* 
thenuse. 

2, In the triangle aec, where one of the sides ac is a qua- 
drant, and another side ce greater than a quadrant. 

Subtract 90° from ce, and the remainder will be the side de 
of the right-angled triangle ade ; ae is the hypothenuse, and 
AD is the measure of the angle c. 

The same reasoning will apply whether ab and ae be less or 
greater than quadrants, for in either case adb and ade will be 
right-angled triangles. 

(O) Case I. Given a quadrantal side, its adjacent and oppo^ 
site angle, tojind the rest, 

{The quadrantal side ac= 90*^.00' 
Its adjacent Z c= 42M2^ 

Its opposite Z. B = 11 5°.2(y 

BY RULE II. (N. 228.) 

Because ac and cd are quadrants, the angles 
cad aiid CD A are each of them a right angle 
(L. 227«), and ad is the measure of the angle c. 

The angles abc and abd, being supplements 
to each other, may be considerea as 4he same 
angle, since thev have the same sine, tangent, 
&c. 

1. ToJind AB, by Cct^e XIL right-angled spherics. 

sine ABD : sine AD=:sineZ.c::rad : sine ab. 
Here ab is acute =48°. 

2. Tojind BD a7id hence BC, hf Case X. right-angled spherics, 

rad : cot abd:: tang ADz=tangZ.c : sine bd. 
Here BD is acute=:25°.25', and its complement=Bc=:64°.S5'. 

3. ToJind the Z bad, by Case XL right-angled spherics. 
cos ADZZCOSZ.C : rad :: cos abd r= cos 64°.40' : sine bad. 

HereBAD is acute =35°. 17', and its complement i=bac=: 54^.43'. 

BY RULE I. (M. 227.) 
Here the supplement of the angle b=: 
64°.40', must represent the hypothenuse 
ac, the quadrantal side Ac = the right angle 
b. The angles c and a must represent the 
sides ab and bc, and the sides bc and ab 
must represent the angles a and c. 
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1. To Jtnd theLc^ in the triangle abc, by Case V. right- 
angled spherics. 

sine ac =: sine suppt. Z, b : rad : : sin ab = sin Z c : sin Z. c= sin ab. 

Here the Ac or ab is acute=48°. 

2. Tojlnd theL^iy in the triangle dbc, by Case IV. right" 
angled spherics. 

rad : cotocrz cot suppt Z. b : : taxxgab =: tang L c : cos Z a = cos bc- 

.Here cosine ofz«=:64°.35' acute. 

3. Tojind bc, in the tria?igle abc, by Case VL right-angled 
spherics. 

cosai=cosZc : radllcosacizcossuppt. Zb : cosic:=cosZA. 

Here bc is acute =54?^.43'. 

by construction. {Plate V. Fig. 13.) 

1. With the chord of 60 degrees describe the primitive 
circle ; and through the centre p draw apD, and cpe at right 
angles to it. 

2. Set one foot of your compasses on 90 degrees on the line 
of semi-tangents, extend the other towards the beginning of 
the scale, till the degrees between them be equal to the angle 
c=:42°.12', and apply this extent from d to a. 

3. Through the three points ca^ draw a great circle, then 
AC will represent the quadrantal side. 

4. With the tangent of the complement of the angle b, and 
centre c, describe an arc; with the secant of the complement 
of the same angle, and centre a, cross it in o : with o as a 
centre, and radius oa, describe the great circle ba5. Then 
ABC is the triangle required. 

To measure the required parts. 
The sides ab and bc(C. 163.) will be 48° and 64^.35', 
And the angle a=54°.43^ (G. 164.) 
Note. The right-angled spherical triangle abc (Plate V. 
fig. 14.) into which the quadrantal triangle abc is transformed, 
may be constructed and measured exactly in the same manner 
as Case IV. of right-angled spherical triangles was constructed 
and measured. See Plate V. fig. 9. 

(P) Case II. Given a quadrantal side, a?id the other two 
sides, to Jtnd the rest. 

{The quadrantal side ac = 90°f '\ Required the 
The side ab =11 5^^. 9' > angles a, b, 

The side Bc =:ill3°.18'j and c. 



t This example was formed from Example 2, Case VI. pf right-angled spherics. 

The z B was made equal to the supplement of the hypothenuse, the two sides ab 

and BC were made equal to the angles of the right-angled triangle ; and hence the 

legs of the right>4uigled triangle become angles in tlie quadrantal triangle. In a 

•similar manner the other examples were made. 
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BY RUtE II. (N. 228,) 

Make cd=ac, then cap, cda, and adb 
are each of them a right angle, and ad 
ipeasures the angle c (L.227, and M. 1S4.); 
hence, if we take 90° from bc we get 
2S°.18^=bd; and adb is^a right-angled 
triangle. 

1. Tojind the ^3^ h^ Case IV. right-angled spherics. 
rad : cot ab : : tang bd : cos Z b = TS^-SC. 
BiitZB is obtuse (O. 211), and therefore=:l 01^.40'. 

2. Tojind AD, hf Case VL right-angled spherics. 
Cos BD : rad:: cos ab : cos AD=:62'='.26'. 
But AD is obtuse (O. 211), and therefore3ll7°.S4.'. 

3. Tojind thejLi^M^^ hy Case V. right^ngled spherics* 
Sine AB : rad:: sine bd : sine Z. dab 2=25°. 55'. 
Here Z. DAB is acute (0, 21 1.); and Z. dab + Zcad3s 

J Z.CAB = 25°.55' + 90°=:115°.55'. 

^ ■ 

BY RULE I. (M. 227.) 

^' Here the quadrantal side ac must g;, 
i^epresent the right-angle b; ab the 
Lc; and bc the La\ ac the supple- 
ment of the Z. b, ab the Z. c, and bc 
the Z. A. 

a: 

1 . To find the hypoth. ac, by Case XV L right-angled $phert^^ 
Rad : cot Z «=:cotBC : : cot Z. c=:cot AB:cosa€=:$up Z. B=r78°.20^ 

Heie ac or suppt. Z. b is acute (S. 212.); therefore Z. B is obtuse 
=z 101^.40'. 

2. Tojind ab, by Case XV. right-angled spherics. 

Sine Z. ArisiuBc: rad : : cos Z. cncos AB:€osa6=:COS ZL c=:6.2°.26'.. 
Here ci=: Z.c is obtuse (S. 212.), and therefore^ 11 7°.34^ 

3. Tojind bc, by Case XV. right-angled ^herics.. 

Sine Z c=:sin ab: rad : : cos Z a=:cos Bc:cos fcncos Z A=?64**.5'. 
Here bcz=,LK is obtuse (S. 212.), and therefore=il 15^.55'. 

If the two preceding cases be thoroughly under^tood^^ there 
can be no diflficuUy \xx solving those which follow ; for which 
reason, they are given as practical exercises. 

(Q) Case III. Given a quadrantal side^ and its two ad- 
jacent angles^ to find the rest. 

Ansxver. ab=48% bc=64^S5', and the angle b=:115°.20'. 

22 
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(R) Case IV. Given a quadrantal side^ one of ike t^hefr 
sides, and the angle comprehended between them, to Jind the 
test. * 

{The <)uadrantal side Ac:^ 90^ *} Required bc, 
The side ab=:115^. 9'> and the an- 

The angle cab == 1 1 5*^. 55' J gles B and c, 

^4«s»^,BC=:113M8', theahgleBr:101^40', c;=ll7^34'. 

(S) Casb V. Given a quadrantal side, its a^acent angle, 
and a side opposite to that angle, to Jind the rest. 

{The quadrantal side acz;90° ^ Required bc, 
Its adjacent angle czz^2°A2' > and the an- 
And the opposite side ab = 48^.00^ j gles a and b. 
^«5l»^/\ Bc=i64^85', the angle a=54^4S\ and Bt=^5^20'• 
But the required parts are ambiguous, and therefore are 
either acute or obtuse. 

(T) Case VI. Given the quadrantal side, one of the other 
sides and an angle opposite to the quadrantal side, to Jind the 
rest. 

r The quadrantal side AC = 90° ^ Required bc, 

Given < The side ab =115^ 9' > and the an- 

(. The angle b = 101^.40' J gles a and c. 

Ansfwer. bc :r 113°.18', the angle a zz 115^55, and c =« 

117^.34'. 



CHAP. VIII. 

III. PRACTICAL RULES FOR SOLVING ALL THE CASl^S OF 
OBLIQUE-ANGLED SPHERICAL TRIANGLES, WITH A PERPEN- 
DICULAR ; AND THEIR AFPLIGATION BY LOGAI^ITHMS* 

RULE I. 

(U) The rule Prop. xxv. (X. 173.) will solve ten cases; 
see also the rules P. 178. 

RULE II. 

(W) When the three sides aregiven, to find the aagles. 

Any one of the three sides may be called the base. Then^ 
The tangent cf half the base^ 
Is to the tangent td half the sum of the sid^ , 
As the tangent of half the difference betweect tke sides^ 

Is to the tangent of the distance of a perpendicular from tlie 
middle of the base. (S. 179.) 

According as this distance is less or greater than half the 

Q 4 
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base, the perpendicular falls witbin or without the triangle. 
'When the sum of the two sides is less than 180^, the perp^- 
dicular falls nearest to the less side, when greater than 180^'it 
falls nearest to the greater side ; consequently the greater seg- 
ment is joined to the greater side in the former case, and to the 
less side in the latter. The sum of half the base, and the 
fourth term found by the above proportion, gives the greater 
segment, their difference gives the less. " 

The triangle being thus divided into two right-angled tri- 
angles, the remaining parts must be found by the proper rules; 

RULE III. 

(X) When the three angles are given, to find the sides. 
The co-tangent of half the sum of the angles at the base, 
Is to the tangent of half their difference ; 
As the tangent of half the verticle angle, 
Is to the tangent of the excess of the greater of the two ver- 
tical angles (formed by a perpendicular), above half the afore- 
said vertical angle. (W. 180.) 

If the sum ot the base angles be less than 180% the perpen- 
dicular and the less segment are nearest the greater base angle, 
if greater than 180° they are nearest the less base angle. The 
sum and difference of this fourth term, and half the vertical 
angle, gives the greater and less vertical angle formed by the 
perpendicular. The triangle being thus divided into two right- 
angled triangles, the remaining parts must be found by the pre- 
ceding rules. 

(Y) Case I. Given two sides and an angle opposite to one 
qfthemy tojind an angle opposite to the other. 

TThe side ac=80°.19'^ 
Grtven < The side Bc=63°.50' > Required the Zb. 
(The ZA=5P.30'J 

DETERMINATION OF THE SPECIES. 

A perpendictdar in this case d C jj 

is winecessaiy. C \ J\. : 

If AC + Bc, a+(b acute\ and /t\\ / >v 
A + (b obtuse), be each of the / \ \i^^^^ ^3>»i 

same species with respect to 1 80% ^ ^"""^n 

B is ambiguous: — But if only two 

of these sums be of the same species, that value of b most uni- 
versally be taken which agrees with the sum of the sides, in 
all such cases b is not ambiguous. . 

SOLUTION. 

Sine Bc : sine AcIIsineZA : sineZB=59%16'. 
Here b is attibigtiouszz59''A6\ or 120^.44?'. 
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BY FORMULAf II. page 200. 

Log sine pr:(ZIcg sine A-j-fog sine i)— /eg sine a=i59®.16'. 
This example is ambiguous^ vide Table I. page 207. 

EXAMPLE II. 

{The side Ac= ST'.SO'^ 
The side bc=115°.20' V Required the Zb. 
The ZA= 126^.37') 
An^aoer. The Z. b == 48°.30', no^ ambiguous. 

(Z) Case IL Given two sides and an angle opposite to one 
(yfthem^ to find the angle contained between these sides* 

fTheside Ac=80M9'") 
Given < The side bc=.63°.50' >Required the Zc. 
(The ZA = 51^.30'j 

DETERMINATION OF THE SPECIES. 

1. If AC and the Z a be of ^ n 

the same species, the Z acd is q •, 'K" ' i^ 

acute. The perpendicular cd /^''» r\c 

is of the same species as the / • >^**\/' ^^"Ni^' 

Z A. If Bc and dc be of the ^ — ^""fi"^^^^^ '^^ 

same species, the Z bcd is acute. ^ ^ 

2. If the Z BCD be less than the Zacd, and their sum less 
than 180°, then theZACB is ambiguous ; but if their sum be 
not less than 180'', their difference is the true value of the 
Z ACB, n(?^ ambiguous. 

If the Z BCD be not less than the Z acd, and at the same time 
their sum be less than 180% this sum is the true value of the 
Z ACB, not ambiguous. 

SOLUTION. 

1. In the triangle adc, find the Zacd. ^ 
Thus, rad x cos ac = cot Z a x cot Z acd. 

Hence, cotZA : rad:: cos ac : cot acd=:78°.4' acute. 

2. In the triangle cdb, rot^x cos BCD=^ang^ dc x cot bc. 
In the^triangle adc, rad x cos acd z^tang dc x cot ac. 

Hence, cot ac : cot bc::cos acd : cos bcd=:53°.28' acute* 
Because the Z bcd is less than the Z acd, and Z bcd + Z acd 
less than 180°, theZACB is ambiguous; trfa.ZACB=: Zacd + 
Z BCD = 1 3 1**.32', or Z acb =s Z acd — Z bcd :=. 24°.36'. 



•f* In uang the Formu^te, the three angles of the triangle are represented by a^ b, c, 
and their opposite sides by a> b, c* The perpendicular is not regarded. 
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BY FORMULA llUpogf 201i 

Leg ten ^=:(&gr COS b+tog tang a)— 10=11^56'. acute. 
2^ sine f + c zz (&g^ tang & 4- /bg sine ft) -- leijg' t«ig a :tr Sd^Jl^'. 
Thcn(^ + c) -f =36°.S2'- 1 1^56'=24^S6'=I ^1 c. 
This example is ambiguoust though not «hewn by the for- 
mula^ vide Table L jm^ S07« 

Or, 

Log cot f =(/o^ cos h'^'log tang a)'-10=:7»°*4' acute. 
Log cos (^ + c)=:(/cgf cot a-^^log cos ^)— fo^ cot 6s:53*'#28'. 
Then ((p+c)i?=53^28'+78^4.'=131^32'53 Zc. 

example II. 

{The side Ac= 57^.30' 1 
The side bc=:115^20' V Required theZc 
The Aa=126''.S1^) 
Ansnsoer. L acd= 125^^.52' obtoaey L bcd5:64**.12' acute, 
and L acb =61 ^.4*0', not ambiguous. 

(A) Case III. Oiveniwo sides and an angU cfpposite to one 
of them to find the other side. 

{The side AC = 8OM 9") 
The side Bcn 63^.50^ > Required the side ab. 
The ZA=:51°.:^'J 

determination of the species. 

1. The segment ad is acute 
or obtuse, according as the 
/. A is of the same» ox of dif- 
ferent species with ac. dc 
is of the same species with 
the Za. 

DB is acute or obtuse, according as bc is of the same, or 
of different species, with dc. 

2. If DB be less tl^n ad, and their sum less than 180^,^ then 
AB is anibigiwicsi but if their sum be not less than 180% their 
difference is the irtie value of ab, not ambiguous. 

If DB be not less than ad^ and* at the same time their sttin 
be les# than I8(P, this sum is the tnce value of ab, n»t ambi- 
giKmsv 

sottmoN. 

1. In the triangle ado, find the side Ai5. ^ 

Thus, rad x cos Z a = cot ac x tang ad. 

Cot AC : rad: : cos Z a : tang adz=74«^.4^ acute. ^ 
2* In the triangle cdb, rad x cos 'rczzcos do x cos db. 

In tlie triangle adc^ ra^x cos il^^zco^ bc x coi» ^d* 
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Hence^ oos ac : cos bc::co8 ad : cos i>b=:46^.6^ acute^ 
Because db is less than ad, and ad+db less than 180^, ab is 
ambiguous i viz. ABrrAP+Dsr: 1 20^.46'', or ab=ad— db=: 

BY FORMULA III. jMgf^ 201. 

Log tang q>::z{log cos A+^taog 6)-*-10=74^4(/ acute. 
Ix)g cos (c— ^)=:(log cos a+log cos ^) —log cos ft— 46®.6'. 
Then, (c-rf ) ±^=46^6'^-74°.40'=120^46'=:AB. 
This example is ambiguous^ though not shewn by the for- 
inula» mde Table I. page 207. 

EXAMPLE II. 

{The side Ac= 57°.3(/^ 
The side bc=:115^2(/ VRequired the side ab. 
The ZA=126°.S7'j 
, Jnmer. auzz 196^.53' obtuse^ DB=:54^27^ acute, and ab:;:; 
AD— DB=82^.26^ not ambiguous. 

(B) Case IV. Given two angles^ and a side opposite to one of 
them^ tojtnd ike other opposite side. 

{The ZA=51°.30") 
The Z 8=59°. 1 6' V Required the side ac 
The side bc=:63°.50' j 

DETERMINATION OF THE SPECIES. 

A perpendicular in this case c 
is unnecessary. • «/^^*^\ ft . c p 

1. If BC + (ac aeide\ dc -f- / \ \ \''''JS^ '; 

(ac obtuse) and e + % be each ^ ^^^^^B''iu ^V / 
of the same species, with re- -^S ^ ^ ^••'** 

speet to 180% ac is ambiguous; 

but^ if (Hily imo of these sums be of the same kind, that value 
of AC iQttst universally be taken which agrees with the sum of 
the angles ; in all such cases ac is not ambiguous. 

SOLUTION. 

SineZA : sine BcrrsineZB : sine ac=:80°.19', 
Because bcH-(ac acute), bc+(ac obtuse) and a+b, are each 
tessthan 180**, ac is ambiguous, being either 80M9', or 99°.4 T. 

BY FORMULA II. ^Wg^ 201. 

IjOg sine b:z(log sine B-f-Zcg sine a)— fcgf sine as=80M9^» 
This example is ambiguous, vide Table fl. page 20T. 

example II. 



rTheZ.A =126^37'") 
<TbeZB = 48''.30^> 
L The side BC = 1 1 5^.20" j 



Given < The Z b == 48®^30^ > Required the side ac. 
L The side BC = 1 1 5^.20" j 
An^ooer. ac=:57^.30' acute, and not ambiguous. 
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(C) Case V, Given two angles, and a side opposite to one of 
them, tojind the side adjacent to these angles. 

{The ZA = 51°.30'') 
The Z B = 59° 1 6' V Required the side ab. 
The side Bcr: 63^50' j 

DETERMINATION OF THE SPECIES. 

1. DC is of the same species c^ ^.......c l> 

as the Z A. / %\ *• /x, -^ 

The species of ad cannot be /^---eLj\ •• / >v 
determined.* „ A. ''^■^n^.,-^^ 

DB is acute, or obtuse, accord- 
ing as Bc and dc are of the same, or of different species. 

2. When the angles a and b are of the same species; if db+ 
(ad acute\ and DB-i-(AD obtuse), be each less than 180*^, ab is 
ambiguous ; but if only one of these sums be less than 180**, that 
sum is the true value of ab, not ambiguous. 

, When the angles a and b are of different species ; if both ad 
acute, and ad obtuse, be greater than db, then ab is ambiguous; 
but if only one of them be greater, that value diminished by db 
leaves ab not ambiguous. 

SOLUTION. 

1. In the triangle bdc, find the segment db. 

Thus, rad x cos Z. B=:cot bc x tang db. 
Cot Bc : rad::cosZ.B : tang db= 46°.?' acute. 

* ? 

2. In the triangle adc, rad x sine ad = cot Z a x tang dc. 

In the triangle bdc, rad x sine DBzicot Z b x tang do. 
cotZB : cot Z A : : sine DB : sineAD=:74°.40', or 105°.20', 
Because a and b are of the same species, and db + (ad acute), 
db-|-(ad obtuse)^ are each less than 180°, ab is ambiguous, viz. 
ab=ad+db = 120°.47^, or U\''.2l\ 

by formula hi. page 202.. 

Log tang ^:zi{log cos B+Zcg-taiig «) — ro = 46°.7' acute. 
iogsine(c—<|>) = (Zogsine<^+/«o^ tangs) — /cg•tangA=74^39'. 
Then (c-<^) + <|)=74°.39'-f46''.7'=120°.46'z:AB. 
This example is ambiguous, though not shewn by the for- 
mula, vide Table II. page 207. 



EXAMPLE II. 



{The Za= 126^.37') 
The ZB= 48°.30' V Required the side ab. 
ThesideBC=115°.20'j 
Answer. i?b=54°.27' acute, ad = 43^.6', or 136^54', and 
AB=:82°.26', not ambiguous. 
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(D) Case VI. Given two angles, and a side opposite to one of 
them, tojind the third angle. 

CThe ZA=51°,30') 
Given < The Z. b= 59^.1 6' V Required the angle c. 
(The side Bc=63°.50') 

DETERMINATION OF THE SPECIES. 

1. DC is of the same species q 

astheZA. /^\ ^ c B 

The species of the A acd / \ \ \ /\ / 

cannot be determined. ^ B^'^ \/ • >v 

The Z BCD is acute, or ob- B A>v^^^^ _^b 

tuse, according as the side bc 

is of tlie same, or of different species with dc. 

2. When the angles a and B"are of the 5am^ species ; if bcd 
•f (acd acute), and bcd + (acd obtuse), be each less than 180% 
acb is ambiguous ,- but if only one of these sums be less than 
180^, that sum is the trtie value of acb, not ambiguous. 

When the angles a and b are o{ different species; if both acd 
acute, and acd obtuse, be greater than bcd, then acb is ambi^ 
guous ; but if only one of them be greater, that value diminished 
by BCD leaves acb, not ambiguous. 

SOLUTION. 

1. In tlie triangle bdc, find the Z. bcd. ^ 
Thus, rad x cos BC=:cot Z. b x cot bcd. 

CotiCB : rad: .'cos bc : cot bcd=:53°.26' acute. # 

2. In the triangle adc, tad x cos Z. a =:cc?5 dc x sine acd. 
In the triangle bdc, rad x cos Z. B=cas dc x sine bcd. 

Hence,cos/B : cos/AlIsineBCD : sineAcD=78°.4^,orl01°.56'. 
Because a and b are of the same species, and bcd + (acd 
acute), BCD + (acd obtuse), are each less than 180^; acb is am-- 
&^wtt5,=13r.30', or 155°.22'. 

BY FORMULA III. page 202. 

Log cot p=:(feg' cos a-\-log tang b)— 10==53°.26' acute. 
Ijog sine (c— ^)±(/cg' cos A-f fcg-sine p)— fog cos b=:78^.3'. 
Then (c-<p)i.<p = 78^3'+53°.26"nl31^29'r: /c 
This example is ^772^^02^, though not shewn. by the for- 
mula, vide Table II. page 207. 



EXAMPLE II. 

I 

The side bczz 115^20' J 
jinsnoer. The Z. bcd r: 64-^11' acute, the Z acd = 54j°.8'', or 
1 1 5^52' ambiguous, and theZ.ACB3:61°.4l', wo^ ambiguous. 



{The Z. An 126^37' 
The Z. b n 48^S0' y Required the Z. c. 



286 THS PRACTICE OF OBLigUE BoOK IIL 

(E) Cass VII. Given two sid^ and an angle contained 
between them^ tojind an opposite angle. 

{The side AC= 80°.19') 
The side AB= 1 ^O^^Af V Reqvdred the ^ & 
The Za= 51°.30') 

I>£T£BMINATI0N OF THE 8PSCIES. 

1. AD is acute, or obtase, ac- _ ^ -jv" — ^ 

cording as ac is of. the same, %. \ /\^ / 

or of different species with the x '-x \ / N^ 

2. TheZ.B is ofthtsame^ or cf different species with the /L a, 
according as ad rs less, or greater' thfin ab. 

SOLUTION. 

1. Ill the trkng^ adc, find aik ^ 
Thus^ cad X eosZ A=:cot AC X tang Ai>« 

Cioi AC : Kid::cos^. A : tang ADr:74f •iO' acute. 
Then AB— AD=:46°.7'^=p». ^ 

2. In the triangle bdc, ra^x sine DBzztang dc x cotZ.B. 
In the triangle adc, rad x sine AD=^angf dc x cot Z. a. 

Hence, sine ad : sine DBlIcotZ. a : cot Z.B =59^.16' acute. 
Because ad is less than ab, theZ. b is of the same s^ies 
with the Z. a, and consequently it is acute. 

BY FORMULA VII. page 205. 

Log tang ^=i(Zcg: cos A-\-log tang 6) — 10=:74°.40' acute. 
Log cot B=:(Iog cot A + log sine C'^f)— sine 9=59^16'. 

£X AMPLE 11. 

{The side ac= 57°.30'') 
ITie side ABrr ' 82°.27' vReqaired the Z. ». 
The ZA=126°.3y} 
AnstsDer. ad r= 136^.54'' obtuse, db= 54^27', and the Z: Br: 
48*^.30' acute. 

(F) Case VIII. Given two sidesy and the angle contained 
between them, tojind the third side. 

{The side Ae= 80M9"^ 
The aide Aft=i 120^47^ V Required the side Bc. 
The Za:=: SP.3oJ 
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DETERMINATION OF THE SFECIES* 

1. AD is acute or obtuse, ac- 7 -5 %!> 

cording as ac is of the same, >C \ / \ 

or of different species with the yc *^^**» / x^ 

2. CD is of the same species as the Z. a ; therefore, according 
as the Z. a and db are of the same, or of different species, bc is 
acute or obtuse. 

SOLUTION. 

1 • In tihe triangle adc, find ad. « 

Hius, rad x cos Z. Az=cot ac x tang ad. 
Cot AC : rad::cosZ. A : tang ad=74^40' acute. 
Then ab— ad=46°.7'=:db acute. 

2. In the triangle bdc, 7nd x cos bc=z cos dc x cos db. 
In the triangle adc, rad x cos ac^cos dc x cos ad. 
Hence^ ces ad : cos db: :cos ac : cos bc=6S°.50' acute. 
Because db and the Z. a are both acute, bc is acute. 

by formula I. jpage 203. 
Lsg ^axif^ f=(^ cos A+fegf tang c)^ 10=: 153^.45' obtuse. 
Log cos a^{log cos c+&g cos i'^p)-^cos f ^63^50. 

Or, 

L(^ tang 9r:(feg^ cos A+fog tang J)— 102=74^.4(/ acute. 

Log cos ars^log cos &+^ cos c-«i^f )— cos f s=63*'.50', 

EXAMPLE II. 

f The side ac=: 57°.S0''\ 
Given < The side abz= 82''.^^ 5* Required the side bc 
iThe Z.A=126^37'J 
Anmer. ad irl 36^54' obtuse, ad— AB=DBr: 54^27' acute, 
and BC:s:l 15^20^ obtuse. 

(G) Case IX. Gioen two angles^ and the side ai^icent to loth 
ofihenif iojind a side opposite to one of the given angles^ 

rThe Z.At= 51^30'^ - 
Givw i The Z AGB=131''.30' VEoquired the side bc 
tThesideAc= 80°.19'J 

DETERMINATION OF THE SPECIES. 

1, TheZ.ACD is acute or ob- ^' 

tuse, according as the Z a is of / \V f--''^ •••"7 

the same^ or of d^erent species / 1 JN '- / \j 
with the side ac a.' 5d"*^ *•/ N^ / 
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2. TheZ.A is of the same species as cd; therefore, accord- 
ing as theZ.A and theZ.BCD are of the same^ or of different 
species, bc is acute or obtuse. 

SOLUTION. 

1. In the triangle adc, find theZACD. ^ 
Thus, rad x cos Ac=cot Z. a x cot Z acd. 
CotZA : rad:: cos AC : cot ACD=78°.4}' acute. 

Z ACB »- Z ACD = Z BCD = 53°.26' acute. \ 

2. In the triangle bdc, rad x cos BCDzn tang dc x cot bc 
In the triangle adc, rad x cos acb ::ziang dc x cot ac 

Hence, cos Z ACD : cosZBCD::cotAC : cotBC=:63^50'acute. 
Because the Z a is of the same species as the Z bcd, the side 
Bc is acute. 

BY FORMULA VII. page 204. 

Log cot p=(/cgf tang AH-log cos i) — 10 = 78'*.4f' acute. 
Log cot azzijog cot b-\-log cos C'^f)— fcg cos f r:63°.50'. 

EXAMPLE II. 

{TheZA =126°.37') 
The Z ACB = 61^.41' > Required the side bc. 
The side Ac= 5^°.30'J 
Answer. Z acd = 1 25^.52' obtuse, Z acd — Z acb = Z bcd = 
64°. U' acute, and the side bc =115°.20' obtuse. 

(H) Case X. Given two angles^ and the sides adjacent to 
both qftheniy tojlnd the other angle. 

TTheZA =z 51^.30') 
Given < The Z acb =131 °.30' > Required the angle b. 
(The side AC = 80°. 19' J 

DETERMINATION OF THE SPECIES. 

1. The Z ACD is acute or ob- 4i. C X} 

tuse, according as the Z a is of 
the same^ or of different species 

with the side AC „ . ^x vs^ 

l/^-^ — ^B 

2. The angles a and b are of the same^ or of different species, 
according as the Z acd is less or greater than the Z acb. 

SOLUTION. 

1. In the triangle adc, find the Z acd. ^ 
Thus, rad x cos ac =i cot Z a x cot Z acd. 
Cot Z a : rad : : cos ac : cot Z ACD = 78°. 4' acute. ' 
Z ACB— Z ACDr: Z BCD =5 3°. 26' acute. 
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2. In the triangle bdc, rod x cos B-ncos DC x sine bcd. 
In the triangle adc, rad x cos A=:ro5 dg x sine acd. 
Henoe, sine Z. acd : sine Z bcd : : cos L a : cos Z. b :r 59^. 1 6' acute. 

Because the Z acd is less than theZACB, tlieZ.B is of the 
same species as the L a, viz. acute. 

BY FORMULA II. page 205.^ 

Ix^ cot ^:z:{log tang a +Zcgf cos 6) — 10=78®.4' acute. 
Zx^cos B=(/o^cos A + log sinec^f) — fc(gsinep=59'.!6\ 

EXAMPLE II. 

{The ZA=:il26°.37') 
The Zacb= 61 °.41'V Required the Zb. 
The side Ac= ST^.S^T) 
Answer. The Zacd = 1 SS^.SS'* obtuse, Zacd — Zacb — 
BCD=:64M1' acute, and theZB=48°.30' acute. 

(I) Case XI. Given the three sidesy tojind the armies. 

{The side AC= 80° 19^7 ^^ . ,^, , 

The side Bc= 63° 50' { ^^^^'^^^^^^^ ^"gl^sA, 
The side AB = 1 20°.4r 3 ^' ^"^ ^* 

The sum of the sides ac and bc being less than 180°, the 
perpendicular falls nearest to the less side bc ; therefore if it 
falls without the triangle, the rule determines ed in fig. 2. 
tangi AB=tang 60^23'.30"=: - - 10*24544 
: tang ^ (AC + Bc)=tang 72°.4'.30"= 10-49016 
: rtang I (AC— Bc) = tang 8M4'.30''=: 9-16090 
: tang ED =i tang 14M6'.35"= - - 9-40562 

Here ed is less than half the ^, ...Q....J? 

base, therefore the perpend i- ^^Hs. *• y^ •* 

cular fidls within the triangle, // ^ \ ^y^9 \ •' 
a^d consequently the angles a ^_ \ jy^ iS^^ __^^ i^ 
and B are acute. \ ^- B ^ 

The segment AD=i ab + ed — 74°.40', and db=:46°.7'. 

secondly. 

In the triangle ado, the segment ad and the hypothenuse 
40 are given to find the Z az: 51°.Sl', and the Z acd. 

In the triangle bi3c, the segment bd and the hypothenuse 
BC are given to find theZB=:59M7^ and the Z bcd. 

Lastly, Z acd + Z bcd =z Z acb =131 °.30'. 

Or thus, Let bc be considered as the base. 

Then, the sura of the sides ab and ac being greater than 
1 80°, the perpendicular falls nearest to the greater side ab ; 

b 
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therefore if it falls without the triangle, the rule determines 
is,d in fig. 2. 

tang i BC=tang 31°.55'.= - - 9*794.S8 
: tang i (AB+Ac)=tang 100^83'=: ' 10*72992 
: : tang J ( AB — Ac) =: tang 20°. 1 4'= - . 9*8665^ 
: tang ED or E£?=:tang 72°.32'= - 9*50208 
Here the fourth propor- 
tional is greater than half 
the base, therefore the per- 
pendicular falls without the 
triangle. 

The segment £/B=Erf— ^ bc=:40°.37'; the s^ment bd=: 
I Bc -f- supplement of Erf=139°.23'. 

SECONDLY. 

In the triangle A(/b, or adb, theZ.B may befound=i59*.17'. 
And in the triangle acd, or Acd^ the Z. c may be found = 1 3 1^*28'. 

EXAMPLE II. 

{The side Ac= 57^30^1 « • j .u \^ 

The side BC=115°.20' i ^"^""fj^l ^ 
The side AB=: 82°.28'j ^ and B. 

Anstoer. Z. a = 126°.34.', andZ.B=48°.3l'. 

(K) Case XII. Given the three angles tojtnd the sides. 

Given-i The£B= SQ^ae'l^**!"''^ the sides ac, bc, 
(TheZc=13I°.30'j *"*^^- 

Let the angles a and b, which are of the same species, be 
considered as base angles, then the perpendicular will fall with- 
in the triangle. 

And since the sum of the two angles a and b is less than 
180^ the sum of the sides ac and bc is less than -180^, there- 
fore the perpendicular falls nearest to b, the greater angle. 
Cot^ (A + B)=cot 55^23'= - - 9-83903 
: tang ^ (b— a) = tang 3^53'= - 8-83175 
::tang|z.ACB=tang65°.45'= - 10-34634 
: tangZ.ECD=tang 12M9'i= - 9*33906 ^^-^"'^t/S^ 
' Then, i Z. acb + Z. fxd = ^ acd = 78^4'. A. ^ 

And iZ.ACB— ziECDi=:Z. BCD = 53^26'. 

SECONDLY. 

In the triangle adc, the Z. a and the Z acd are given, to find 
AC=.80M9', and ad = 74°.40'. 

In the triangle bdc, the Z. b and the Z. BCD are given, to find 
BC=63°.50', and db=:46°.7'. 

Lastly, ad + db = ab=120'.47'. 
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Or thus. Let bc be considered as the base. 

The base angles being hereof different species, the perpen- 
<Iicular falls wiuiout the triangle. 

And because the sum of the two angles b and c is greater 
than 180^, the perpendicular falls nearest to the less angle b^ 
or greatest side ab, consequently the rule determines the 

Z. EA<£. 

Coti(B + c)=cot95^23'= - 8-97421 < •^ ^ 

: tang i(c— B)=tang 36^.7'= 9-86312 : "^ / 

: : tang I L BAC=: tang 25°.45'=9*683S6 "".^^^^vj / 
: tang Z.EArf= tang 75°. l'= 10-57227 i^T/ ? / 

Then I Zbac+ /lEArf= ZcArf=100®.46'; and hence the 
Z CAD, being the supplement, = 79M 4' andZBAD=18(y».44'. 

SECONDLY. 

InthetriangleA^fc, or adc, the side ac will be found =: 80^.19', 
and the side dc or dc may likewise be found. 

In the triangle a^^b, or adb, the side ab will be found = 
120^.48', and uie side cb, or db, may likewise be found. 

Lastly, 180°— (dc +£fe), ordc - dB,orDB —dc=bc=:6S°.50'. 

EXAMPLE II. 

Given|?h:lB= JlSJRequired the sides AC, bc, 

( The /: c = 1 25°.20' J ■ *"* 

Answer. AC=8S°.8'.32'',BC=:56°.4.l'.4(y, andAB= 1 U-'.SSUS". 



CHAP. IX. 

PRACTICAL RULES FOR SOLVING ALL THE DIFFERENT CASES 
OF OBLIQUE-ANGLED SPHERICAL TRIANGLES, WITHOUT A 
PERPENDICULAR^ WITH THEIR APPLICATION BY LOGA- 
RITHMS. 

CASE L 

(L) When two sides and an angle opposite to one of them 
are given, to find the rest. 

RULE. 

1. To Jind the other opposite angle* 

Sine of the side opposite to the given angle, 

Is to sine of the given angle; 

As sine of the other given side, ... 

Is to sine of its opposite angle. 

R 2 
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To tbe angle found by this proportion, and its supplement, 
add the given angle. Then, if each of these stuns be of the 
same species with respect to 190% as the sum of the given sides, 
' the problem is ambiguous ; that is, the angle thus found may 
be either acute or obtuse. 

But, if only one of these sums be of the same species with the 

sum of the sides, that value of the angle, found by this pro- 

^portiona,. must be taken, whether it be acute or obtiide^ which 

when added to the given angle agrees with the sum of the 

sides. In this case the problem is not ambiguous. 

2. Tofitid tiie angle contained between the given sides. 

Find the angle opposite to the other given side, by the first 
part of the rule, and note whether it be acute^ or obtuse, or 
ambiffuous. 

Then, Sine of half the difference between the two given 
sides. 
Is to sine of half their sum ; 

As tangent of half the difference between their oppo- 
site angles. 
Is to cotangent of half the angle* contained between 
tbe given sides. (M. 188.) 

3. To^nd the third side* 
Find the angle opposite to the other given side, by the first 
part of the rule, and note whether it be acute, obtuse, or am- 
biguous. 

Then, Sine of half the difference between the two angles, 
Is to sine of half their sum ; 
As tangent of half the difference between the two 

given sides, 
Is to tangent of half the required side. (N. 189.) 

CASE 11. 

(M) When two angles, of an oblique-angled spherical tri- ' 
angle, and a side opposite to one of them are given, to find the 
rest. 



* Since a side, or an angle, of any spherical triangle is always less Uuin ISO® ; 
the Ao^ of any side or angle must always be acute. Tlie ambiguity therefore 
ascribed to Case I. and II. arises fi-ora the first proportion in each case; if the 
angle, or side, found by these proportions be ambiguous, the remaining parts of 
the triangle will necessarily be ambiguous, but if tlie angle, or side, found by 
these proportions be determinate, the remaining parts of the triangle will also be 
determinate. 

The ambiguous parts derived from tlic iirst proportion, in Case I. or II. are al- 
ways supplements of each other ; but the remaining parts of the triangle, when 
annbiguous, are not supplements of each other, as is obvious both from the con- 
structions and calculations following. 

17 
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RULE. 

1. To fiid the other opposite sidv. 

Sine of the angle opposite to the given side^ 

Is to sine of the given side; 

As the sine of the other given angle, 

Is to the sine of its opposite >side. 

To the side found by this proportion, and its supplement, 
add the gix)en side. Then if each of these sums be of the 
same species with respect to 1 80% as the sum of the given 
angles, the problem is ambiguous ; that is, the side thus tound 
may be either acute or obtuse. 

But, if only one of these sums be of the same species as the 
sum of the given angles, that value of the side, found by this 
proportion, must be taken, which ^en added to the given side 
agrees witlAhe sum of the angles. In this case the problem 
is not ambiguous. 

2. To find the side adj(icent to the two given angles. 

Find the side opposite to the otiier given angle, by the first 
part of the rule, and note whether it be acute, obtuse, or am- 
biguous. 

Then, Sine of half the difference between the two given 
angles, 
. Is to sine of half their sum ; 
AAkingent of half the difference between the two 

sides. 
Is to tangent of half the third side. (K. 189.) 

3. To find; the third angle. 

Find the side opposite to the other given angle, by the first 
part of the rule, and note whether it be, acute, obtuse, or am- 
biguous. 

Then, Sine of half the difference between the two sides 
containing the required angle. 
Is to sine of half their sum ; 
As tangent of half the difference between the otiier 

two angl^. 
Is to cotangent of half the required angle. (M. 1 88.) 

CASE III. 

(N) :When two sides and the included angle, of an obli^m 
aDgle4 spherical triangle, are given, to finc( the rest* 

R 3 
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RULE. 

1. Tojind the other two angles. 

Cosine of half the sum of the two given sides. 
Is to cosine of half their difference ; 
As cotangent of half the included angle. 
Is to tangent of half the sum of the other two angles. 
Half the sum of these two angles must be of the i$ame «p^ 
cies as half the sum of the given sides. _ 

Secondly^ 

Sine of half the sum of the two given sides, . 
Is to sine of half their difference ; 
As cotangent of half the included angle. 
Is to tangent of half the difference between the other" 
two angles. (M. 188.) 
Half the difference between these angles^s always acute— 

Lastly y 

Half the sum of the two angles increased by half their dif-- 
ference, gives the ande opposite to the greater side, und dimi-^ 
nished by the same, leaves the angle opposite to the less side, 
(C. 35.) 

2. To find the third side. 

Find the two required angles by the first pyt of the rule. 
Then, Sine of half the difference between these angles, 
Is to sine of half their sum ; 
As tangent of half the difference between the given 

sides, 
Is to tangent of half the third side. (N. 189.) 

OR, isnthoutjinding the other two armies. 

- To the sum of the logarithmical sines of the given sides, add 
double the logarithmical sine of half the contained angle, and 
reject 30 from the index. 

Look for the remainder in the table of logarithmical sines, 
and take the degrees and minutes answering to it. Then take 
the difference between twice the natural sine of those degrees, 
and the natural cosine of the difference between the given sides; 
the remainder will be the natural cosine of the side required. 
This side is acute or obtuse, according as the double natural 
sine is less, or greater, than the natural cosine of the diflference 
between the given sides. (X. 192.) 
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angles ; the remainder will be the natural cosine of the attsle 
required. This .angle is acute or obtuse, according as 3ie 
-double natural sine is greater, or less, than the cosine of the 
difference between the given angles. (Y. 193.) 

CASE V. 

(P) When the three sides, of an oblique-angled spherical 
triangle, are given to find the angles. 

RULE r. 

From half the sura of the three sides subtract the side op- 
posite to the required angle, and note the half sum and re- 
mainder. Then add together, 

The logarithmical co-secants of each of the sides containing 
the required angle, rejecting the indices ; and the sines of the 
above half sum and remainder : half the sum of these four lo- 
garithms is the logarithmical cosine of half the angle sought. 
(G. 185.) 

OR, RULE II. 

Add all the three sides together, from the lialf sum subtract 
each side containing the required angle, and note the remain- 
ders. Then add together. 

The logarithmical co-secants of each of the sides containing 
the required angle, rejecting the indices ; and the sines of the 
above-noted remainders : half the sum of these four logarithms, 
is the logarithmical sine of half the angle sought. (F. 184.) 

OR, RULE III. 

From half the sum of the three sides subtract each side sepa- 
rately. Then add together, 

The logarithmical co-secants of half the sum of the sides, 
and of the difference between that half sum and the side. oppo- 
site to the angle required, rejecting the indices ; the logarith- 
mical sines of the difference between the half sum and each side 
containing the required angle, half the sum of these four loga- 
rithms is the logarithmical tangent of half the angle sought. 
(H. 186.) 

CASE VI. 

(Q) When the three ajigles, of an oblique-angled spherical 
triangle, are given to find the sides. 

RULE I. 

Add all the three angles together, take the difference be- 
tween Uie half sum and the. angle opposite to the side sougbl^ 
and note the half sum and remainder. Then add together. 
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The logarithmical co-secants of each of the angles adjacent 
to the required side, rejecting the indices, and the cosines of 
the above half sum and remainder; half the sum of these four 
logarithms is the logarithmical sine of half the side sought. 
(I. 186.) 

OR, RULE II. 

Take the supplements 0f each of the angles, and use the re- 
mainders as sides in a new triangle. 

Find the angles of this triangle, by any of the rules in Case V. 
the su]3plements of which will be the sides sought. (U. 137.) 

(R) Case I. Given two sides of an vblique spherical triangle^ 
and an ar^le opposite to mie qfthem^ tojind the rest. 

In the oblique spherical triangle abc* 

{The side AC =80°. 19'^ 
The side bc= 63^.50' > Required the rest. 
The ZA=5l°.30'l 



BY CONSTRUCTION. {Plate V. Fig. 15.) 

1 . With the chord of 60 degrees describe the primitive circle; 
through the centi-e p draw cp^, and avr at right angles to it. 

2. Set off the side ac =80^.19^ from c to a, by the scale of 
chords. 

3. Through a draw the great circle iJbBn, making an angle 
>of 51°.30' with the primitive. (P. 160.) 

4. Set off the side bc=: 63^.50^ by a scale of chords, from 
c to m, and draw the parallel circle vilmm. {Tj. 162.) Through 
the points 6, b, where it cuts the oblique circle a&b^, and the 
point c, draw the great circles cbe, cb^. 

5. Then, a6c or abc is the triangle required, each having 
the same data^ which shews this example to be arnbiguous. 

To measure the required parts. 

6. The side a* (C. 163.) = 28°.33', and ab= 120^47'. 

7. The Z.Ac6 (G. 164..)=24°.37', andZACB=131°.29'f 
the Z Aic = 1 20''.44', and the Z. abc = 59°. 1 6'. 



uneBC=63^5(y - - 9-95304 

: aineZAs»51°.3(/ - - 9*89354 

:: sine AC = 80°. 19' - - 9*99377 

: sine / b«= 59°. 16' - -^ 9'93427 



BY CALCULATION. 

I. Tojind the Lb. 

Because Ac + bc, a + (b acute)t and a -f- 
(b obtuse) are each of the same species 
with respect to 180°, the ^ B is amhigik- 
ous ( Y. 232.) being ss 59°, 1 (S' pr its sup- 
plement !20P,44'. 
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II. Tojindihe Lq^ 

sine \ (AC/wic) = 90.14'.$0^ 9*15639 
: sine | (ac + bc) = 72^.4'.80^ 9*97839 
:rtiiig^(AiN.B)«S*>.53' - 8«83175 
2 00t|/c «65^44'.60" 9«65375 

2 



1310.29'.40^=:ZC. 
Had the obtuse value of the / b been 
Hsed, Til. JS0^.44'» the Z c bj the same 
method would have been 24^.37'.20''. 



III. Tojind the side ab. 

sine § (a/wb)« 3°.5S' - 8«8S075 
:Sine§(A + B)=55°.2S' - 9*91538 
::tangJ(ACiN.Bc)= 8°. 14^.30* 9*16096 
: tangiAB»60^.23'.5a^ • 10*24553 

2 



120o.47'.40*=A». 
If the obtuse value of the Z b had been 
usedf the sfde XB-lny Nlwiisaiui^iroceas 
would have been 28^.3a'. 



EXAMPLE II. 

In the oblique spherical triangle abc* 

{The side ac= 57°.S0'^ 
The side bc= 11 5°. 2(/ > Required the rest. 
The Z. A =126°. 37' J 

BY CONSTRUCTION. {Plate V. Fig. 16.) 

,1. With the chord of 60^ describe the primitive (Dircle, 
through the centre p draw cp^, and avr at rignt angles to it. 

2. Set off the side ac— 57^30' from c to a, by the scale of 
chords. 

3. Through a draw the great circle ab«, making an angle 
of 126''.37' with the primitive. (P. 160.) 

4. Set off the side BcrzllS^.SO', by a scale of chords^ from 
c to niy and draw the parallel circle mBm. (Z. 162.) Through 
the point b, where it cuts the oblique circle ABn, and the point 
c, draw the great circle cb^. 

5. Then abc is the triangle required ; and though it has 
exactly the same data as tlie former example, none cf the parts, 
are ambiguous. 

To measure the required parts. 

6. The side ab (C.163.)=82°.26^ 

7. The /IB (G. 164.)=48^30', and theZc=:61°.4.(r. 

BY CALCULATION. 

I. Tojind the Z.B. 



• 9-95609 

- 9*90452 

- 9*92603 

- 9*87446 



sine BC=115°.20' 
: sineZA=126«'.37' 
::sine Ac = 37'^.30' 
: sine Zb= 48^.30' 

II. Tojind the L c. 

sine \ (AC r^ bc) = 28°.55' - 9 •68443 
: sine \ (ac + bc) = 86®.25' 9*99915 
::tang \ (Ar^B)=39®.3'30'' 9*90927 
: coti^ Zc = 30°.50'.2O" - 10*22399 

2 



Because ac + bc, and a + (b acute) only, 
are of the same species with respect to- 
1 80^> the Z B is acute, and wA ambigu- 
ous. (Y. 232.) ^ 

III. Tojind. the side ab. 

sinei(A^B) = S9°.3'.30" - 9*79942 
: sine i. (a + b) = 87°.33'.30'' 9 '99^60 
: : tang i (ac^bc) = 28°.55' 9 -74226 
: teng I AB = 41° I2'.50" 9*94244 

2 



610.40'.40"= ic. 



82«>.25'.40"=-AB. 
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PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

{The side AC= 40° f Z.BnSP.S^'.Se" 

The side bc= 70° Ansnver.< L c=30°.28'.20^ 
The ' ZA=130°.3Ml" t ab =380.30'. 

Required the other parts. 

2. In the oblique spherical triangle abc. 

{The side ac= 1 19^ 5' ( Z.b= 130^56' 

The side Bcr: 79M3' Ansix>er.\ /.en 50Ml'.40" 
The Za= 58°. 8' t ab=: 62^42'. 

Required the other parts. 

3. In the oblique spherical triangle abc 

{Theside AC— 30° ( ZB=:46M8',or 133^42'. 

The side BCX 24^4' ^ws.-( Zc=104°, or 11°.23'. 
The ZA=S6^8' t ABz= 42°.9',or 7°.5l'. 
Required the other parts. 

(S) Case II. Given iwo angles of an oblique spherical tri- 
angle^ and a side opposite to one qfthem^ tojind the rest. 
In the oblique spherical triangle abc. 
TThe ZA=51°.30') 
Given < The Zb=59o.16'> Required the rest 
(The side bc=63o.50' J 

""by construction. {Plate V. Fig. 17.) 

1 . With the chord of 60 degrees describe the primitive circle, 
through the centre p draw BPe, and dpe at right angles to it. 

2. Set one foot pf your compasses on 90 degrees, on the line 
of semi-tangents, extend the other towards the beginning of 
the scale, till the degrees between them be equal to the angle 
B=59°.16'', and apply this extent from e to n (P. 160.) ; and 
through the three points "Bne draw a great circle. 

3. Set off the side BC=63®.50'. taken from a scale of chords, 
from B to m, and draw the parallel circle man, cutting the 
oblique circle, 'one in c. 

4. With the tangent of the angle a= 51*^.30^ and p as a 
^centre, describe an arc; and with the secant of the same 

angle, and c as a centre, cross it in o. 

5. With the centre o, and radius oc, draw the great circle 
acA. Then abc is the triangle required. ^ 

To measure the required parts. 

6. ab measured by a scale of chords will be 120°.47', or 
151^*^1' ambiguous. , 

7. AC will be 80M9', or 99^.41' (C 163.) ambiguous. 

8. TheZc=l3r.30', or 155^22" (G. 164.) ambiguous. 
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UX CALCULATION. 

I. Tojlnd the side ac. 



: sineBC— 63**.50' 
:: sine if B a* 59^. 16' - 
^sine ACS 80^.19' 



9*89354 
9*95304 
9-93427 
9-99377 



II. ToJSnd the side ab. 

sine \ (A'^b)=3°.53' - 8-83075 
sine |(a + b)= 55°. 23. - 9-91538 
: ting|(AC/v/Bc)=8o.l4'.3O'9*16090 
taog|A»i«60^.a8'.50* - 10-24553 

2 



120<».47'.4(r«Ai. 



If the obtuse value of AC (»99°.41') 
had been used, the side as, by the 
fiaine procese, would have been = 
151°. 27'. 



Because bc -f (ac acute] >bc -h (ac obtme^ 
and A + By are eadi of tiie same ftpede^ 
with respect to 180^, ac is amb^yous, 
(B.235.)bfliog cither 80°.19;or 99^.41'. 

III. Tojnd the L c. 

sine \ (acmbc) s8<'.14'.S0'' 9-15639 

sine^AC + Bc)=72^.4'.30" 9-97839 

:tang4.(A^B)a3^.59' - 8*83174 

OoCj^/c «65^44'.50' - 9*1S5374 

% 



131^29'.40*=Zc. 



If the obtuse value of the tide ac had 
been used, the / c, by the same method, 
would have been= 155°.22'.40". 



EXAMPLE II. 

In the oblkjue spherical triangle abc. 

{The ZA=: 126^37'^ 
The Zb= 48''.30' > Required the rest. 
Thesi^eBc=:115^20'j 

BY CONSTRUCTION. {Plate V. Fig* 18.) 

1. With the chord of 60 degrees describe the primitive circle, 
through the centre p draw bp^^ and bpe at right angles to iu 

2. Draw the great circle bc^ making an angle of 4f8°*30' 
with the primitive. (P. 160.) 

3. Set off the side bc= 1 15^.20^ from b to m^ and draw the 
parallel circle mem (Z. 162.), cutting the oblique circle BC^ in c 

4. With the tangent of the complement of the angle azi 
53^.23^9 and centre p, describe an arc ; and witli the secant of 
the same angle and centre c, cross it in o. 

5. With the centre o^ and radius oc, draw the great circles 
Ac5, acb. Then abc is the triangle required ; smanone of the 
parts are ambiguous. 

To measure the required parts. 

6. AB, measured by a scale of chords, = 8 2°.26'. 

7. AC(C. 163.)=57^30'. 

8. The Zc (G. 164.)=61°.4.r. 

BY CALCULATION. 

I. Tojind the side ac 

Because bc + (ac aciUe,) and a •f a OBif, 
are of the same spedes witli ratpect to 
180°, the side ac b acute, and jwi am- 
biguous. (B. 235.) 



sine ZA« 126^=^.37' - 


- 9*90452 


; sine BC«115**.2(y - 


- 9-95609 


: : sineZB=»48°.30' - 


- 9-87446 


:siueAC = 57°.30' -' 


- 9-9^603 
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II. Tojtnd the side ab. 

Mne|(A^B) -39^3.30" - 9*79942 

: sine ^ (a + b) ~ 87°. 33.30" 9 -99960 

::4tl^| (ac^m) = 28*>.55' 9'74226 

.'tangj^AB a41<>.13' - 9*94244 

2 



82^.86* arAB. 



III. ToJlndthe'%.c. 

5ine^(AC'wBc) = 28°.55' - 9*68443 
sine \ (AC + bc) =86**.25' 9-99915 
: tangi (ArwB)s39<>.3'.30^ 9*90927 
cot I / = 300.50.20'' - 10*22399 

2 



61°.40'.40 =ZC. 



PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc. 

{The L A= 121^36'.20''^ C ac=:50°.10 .30". 

The Z B = 42^ 1 5'. 1 ^"An^mer. < ab r: ^O^cy. 1 0". 
The side bc= 76^35'.36'' (. Z. c= 34^ 1 5'.3". 

Required the other parts. 

2. In the oblique spherical triangle abc 

CThe ZA=34<>.15'. 5" C ac=: 50*^.10.30", or 129°. 49. 30". 

Given ^ The Z B=r 42°. 1 5'. 1 3" ^n«««r. <ab = 76°. 35 '.40*, or 167°. 6'. 

C The sideBC=:40°. O'.IO" C Z c=. i21°.S6'.20'', or 168°.43'.40". 

Required the other parts. 

3. In the oblique spherical triangle abc. 

{The Z.A= 36°. 8' ^AcrzdO^or 150°. 

The Z.B=138°.42'^;w.< AB = 7°.5l',orl37°.5l'. 
The side bc=: 24°. 4' (. Z c= 1 1°.23', or ] 04°. 

Required the other parts. 

(T) Case III. Given two sides of an oblique spherical tri^ 
anglej and the angle contained between them^ to Jindthe rest^ 

(TThesideAcir 80°. 19' 



Given < The side ab=: 120°.47' 
(The Z.A= 5^.30' 



Required the rest 



by construction. {Plate V. Fig. 190 

1. With the chord of 60 degrees describe the primitive circle, 
through the centre p draw cp^, and ap;* at right angles to it. 

2. Set off the side ac=:80°.19' by a scale of chords, and 
through the point a, draw the great circle ab7z, making an 
angle of 51°.30' with the primitive. (P. 160.) 

3. Set off the supplement of abz::59°.13' from n to w, and 
draw the parallel circle mBm^ (Z. 162.) cutting the oblique 
circle ab;z in b. Through the three points c, b, e^ draw a 
great circle, then abc is the triangle required.* 



•/■ 



* A perpendicular may be drawn from the vertical angle c upon the base ab, by 
■iiiidiDg j» die pde of the oblique circle Avn, (N. 159.) and dmwing a gre^t circle 
CDP, through jp and the ugint C. (W.161.) 
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To measure the required parts* 

4. BC (C. 1630=63^50'. 

5. The angles b and c (G. 164.)=:59M6' and 131^.30'. 



BY CALCULATION. 

I. Tojind the angles b and c. 

co8 4(ab + ac) =100^.33' 9*26267 
: cos \ (AB/--Ac) = 20°.r4' 9-97234 
: : cos I Z A =25<>.45' 10*3 1664 
:tangi(B + c) =«84*>.3r.23" 11'02631 

Becausei( AB + Ac)is obtusei(B + c)mu3t be obtuse = 95''.22'. 37". 
Hence 95^.22^.37" + 36^.6'.20''=: 1 31^28'.57''= L c, and 
95°.22'.37"- S6°.6'.20"=52M 6'.1 7"= L B. 



sine \ (ab + ac) « 100°.33' 9*99259 
: sine]^ (ai'^ac) = 20°.14' 9-53888 
: : cot i Lk ^^S'^AS' - 10-31664 
: tang ^ (b'^c)=»36°.6'.20^ 9-86293 



1 . Bt/ using the angles » and c. 

8ine4.(B^c)=36«.6'.20" - 9-77032 

: sine ^ (b + c) = 840.37'.23'' 9-99808 

: : tang|(AC^AB)=20M4' 9-56654 

: tangiBC = 3i°.54'.40'' - 9-79430 

2 



II. Tojind BC. 

2. WUhout the angles b and c. 
log sine ac « 80'. 19" - 9-99377 

log sine ab= 120*».47' - 9-93405 

log8ine4^ZA«25°.45' 



63<>.49'.20"=rB<J. 



{9.63794 
9-63794 



log sine 90.12' 



Sum 9-20370 



nat. sine 9°. 1 2' « -15988; x 2»-31976 
nat. cos(ABrwAc)=40°.28' - -76078 



nat. cos 63*».50' 



diff. •44103 



Here bc is acute. 
PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc 

{The side AC- 57VJ0' f 2lB= 48^30'. 

The side Bczr 82°.27' An^erA Zcr: 61^41'. 
The Z.Ar:126^37' (bc=115^21'. 

Required the other parts. 

2. In the oblique spherical triangle abc 

{The side AC n 30^ 
The side ABr:42°.9' Answer. 
The Z.a::=36°.8' 
Required the other parts. 

3. In the oblique spherical triangle abc. 
f The side ac- 50^.10'.30" ( Z.b-42M5'.13". 

Given ^ThesJdeAB- 40°. O'.IO" Afis.< Z.c=r34°.15'. 3". 
(.The '^ Z.A3:121^36'.20". ( bc=:76^35'.36''. 

Required the other parts. 

(U) Case IV. Given two angles^ and the side adjacent to 
both of them f tojind the rest* 



ngie iiisc. 

{^Bzi 46^18'. 
Z.C=104^ 
BC= 240.4', 

Igle ABC. 

{Z.B- 
Z.c=r; 
BC=: 
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The 
Given -! The 

The side 



Z.C=:131°.30'> 
ideACi= 80^19' J 



Required the rest. 



BY CONSTRUCTION. {Plate V, Fig, 20.) 

1. With the chord of 60 degrees describe the primitive circle, 
through the centre p draw cpe, and avr at right angles to it. 

2. Set off the side ac=80°.19^ by a scale of chords, and 
through the point a, draw the great circle ab;2, making an angle 
of 51°.30' with the primitive. (P. 160.) In the same manner 
draw the great circle cb^ through c, making an angle Bcr=48^. 
SO'', the supplement of c. Then abc is the triangle required.* 

To measure the required parts, 

3. ab and bc (C. 163.)=120°.47', and 63''. SO', 

4. The Z.B (G. 164.)= 59M6^ 



cos|(A + c)=9l^30' . 8-41792 

: cos^ (a*^c)=«40<> .. 9-88425 

:: tangi AC=40®.9'.3(y' - 9-92625 
: tang \ (ab + bc) = 87^-4 V 1 1 -39258 



BY CALCULATION. 

I. Tojlnd the sides ab and bc. 

sine j. (a + c) = 9 1®. SC - 9 -99985 

: sinei(Afwc)=40o - 9 80807 

: : tang \ ac=40P.9'.30" - 9*92625 

: tang ^ (ab^bc) =28°. 29' 9*73447 



Because ^ ( Z. a + Z. c) is obtuse, ^ (ab +bc) must be obtuse=: 
92°. l^. 

Hence 92^19'+ 28''.29"= 120^48' =:AB. And 
92M9'--28°.29'= 63°.50=bc. 

II. To find the Z.B. 



1* By uMig the sides ab and bc. 

sine i (ab '>> bc) « 280.29' - 9\67843 

i sine ^ (ab + bc) = 92". 19' 9 -99964 

: : Ung^(A^c)=s40<> - 9-92381 

: cot.J.Z.B = 29°.38' - - 10-24502 

2 



59^A&^^Lb, - 



2. Without the sides ab and bc. 
logsine A=51°.30' . - 9-89354 
l«)gsinec = 131°.30' 

logcos j^ Ac«40°.9' 



(9- 
19- 



9*87446 
88325 
88325 



log sine 20°. I'. 1 7" - sum 9*53450 

nat.sine20"l'.17 '«*34236; + 2 x -68472 
nat. cos(Ar'C) 80® - * 17365 



nat. cos Z 8^=59**. 16' - diff. -51 107 



PRACTICAL EXAMPLES. 



1 . In the oblique spherical triangle abc 

{The zlA=126°.37' 
The zlc= 6l^4l' Answer 
The-sideAC=: r>7°.30' 
Required the other parts. 




* A perpendicular en may be drawn, if required, by the note Casi 
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2. In the oblique spherical triangle ABa 

•jfTbe /.A=121^86'.20'' 
'Given -{The Zc= 42°. 15'. IS*' Ans. 
(.The side AC = 40°. O'.IO" 
Required the other parts. 

3. In the oblique spherical triangle abc. 

{The Z.A= 36^.8^ 
The z.c=101?*^ Ansxvcr. 
The side AC- 30"^ 
Required the other parts. 
( W) Case V. Given the three sides tojind an angle. 

{ThesiaeAc= 80° 19^") 
The side bc= 63^-50' > Required the angles. 
ThesideAB=120°.4.7'J 
BY CONSTRUCTION. {Plate V. Fig. 21.) 

1. With the chord of 60 degrees describe the primitive circle, 
through the centre p draw cve^ and avr at right angles to it. 

2. Set oflP the side Bc=63°.50' from the scale of clK)rds^ and 
draw BPE. 

3. Set off the side ac =: 80°. 1 9\ by a scale of chords, from c 
to my and draw the parallel circle mAm. (Z. 162.) 

4. Set ofFthe supplement of ab=: 59°. 1 3^, by a scale of chords, 
from E to w, and draw the parallel circle nA7i. (Z. 162.) 

5. Through c and a, and b and a, draw the great circles 
CA^ and BAE. Then abc is the triangle required.* 

To measure the required parts. 

6. The angles a, b, and c (G. 164.) will be 51°.S0'; 59°.16''; 
and 131^.30'. 

BY CALCULATION. 

To find the LA by Ride I. 
CosecAC - - - z= 80°. 19' - •00623 ) reject 
CosecAB - - - =120°.47' - -06595 j indices f. 
Sinei(Ac + BC + AB) - =132^.28' - 9.86786 
Sinei (ac + bc + ab)- Bc:i= 68°.38' - 9.96907 

2)19.90911 



Cos i Zaz:25°.45' - 9.95456 

2 



51.30'= Z. A. 



* A perpendicular cd may be drawn from the vertical / c upon the base ab, 
by the note to Case III. 

•f* Or take the sines of ac and ab, add them together and subtract the sum firom 
20; the remainder will be the same as the sum of these cosecants without the indices. 
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To Jbid tkeLTihy Bide 11. 

CooecBC - - = eS^SO' - •046961 reject 

CosecAB - - = 120^.47' - •06S95J indices. 

Sine^(AC+BC+AB)— BC= eS^.SS' - 9*96907 

Sine|(AC+BC+AB)— AB= 11^41' - 9-8064S 

2)19*88841 



Sine t Z. B = 29°.38'.24'' - 9-69420 

2 



59M 6^.48"=: Z.B 



^p* 



Tojind the Lcbjf Rule III. 

Coseci(AC + BC+AB) - =zl82°.28' - -13214) reject 
Coseci(Ac+Bc+AB)— AB = ll°.4l' - -693573 mcfices, 
Sine i(AC+BC+AB)— BC = 68°.S8' - 9-96907 
Sine i(AC+BC + AB)— AC = 52°. 9^ - 9-89742 

m 2)20*69220 



Tang J L 0=65^.44'. 1 7'' - 1 0* 346 1 

2 



131^28^84''=Z.c. 



PRACTICAL EXAMPLES. 

1 . In the oblique spherical triangle abc. ^ 

rXhe side ac= 57^30' f Z An 126^.37'. 

Given -{The side Bc=:ll5''.20' Answer. < Z.bz= 48°.30'. 

(The side AB= 82°.28' tz.c= 61°.41'. 

Required the angles. 

BY CONSTRUCTION.* {Plate V. Fig* 22.) 

1 . Describe the primitive circle with the chord of 60**, on 
which set off ab=: 820.28', and from a and b through the centre 
p draw AP^ and Bpr. 

2. Set off the side Acn 57^30', by a scale of chords, from a 
to m, and draw the parallel circle mem. {7i. 162.) 

* The oonttruction of the figure to this example is not essentially difTcrent from 
the oon^tniction of the iigare to the preceding example, and is introduced here to 
shew in what manner the general figures. Case XI. &c. of oblique spherics with a 
perpendicular, were formed.— •Compare the two figures in this Case (V) with thoMs 
io Case XI. referred to above. 
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3. Set off the supplement of the side Bcr:64^40^ from r to n, 
and draw the parallel circle ncn. (Z. 162.) 

4. Through a, and the point of intersection c, draw the ob- 
lique circle, ac^; and through b, and the same point, draw bct. 

5. Then abg is the trian^e required ; and cd, or cd, are per- 
pendiculars on the base ab produced. 

2. In the oblique spherical triangle abc. 

f The side AC=50°.10'.30'' ( Z.A=: Si^'^AS'. S^. 

Given ^ Theside bc=40°. 0\10'' Ans.< Z.b= 42^.15'.13'^. 
(The side ab=76°.35'.36'' t Z. c= 121^S6'.20''. 

Required the angles. 

3. In the oblique spherical triangle abc. 

{The side AC =30^ f Z.a=: SG"". S\ 

The side Bc= 24^4' Answer.K Zb= 46M9'. 
The side ab = 42°.9' ( Z. c = 1 04^. 

Required the angles. 

(X) Case VI. Given the three angles tojtnd ike sides. . 

{TheZ.A= 51°.30'^ 
The Z B =2 59M 6' V Required the sides. 
TheZ.c = 131°.3oJ 

BY CONSTRUCTION. {Plate V. Fig. 23.) 

1. With the chord of 60^ describe the primitive circle, 
through the centre p draw cp^, and avr at right angles 
to it. 

2. Draw the great circle cb^, making an angle of 48°.30' 
(the supplement of c) with the primitive (P. 160.) and find 
its pole/?. (N. 159.) 

3. With the semi-tangent of the Z. Ar:51*.30' and centre p, 
describe the small circle oso. 

4. Through e and p draw epm ; make nvwz=59\ 16^, the Z. B ; 
draw ew cutting ar inn; bisect nn in v; with t; as a centre^ and 
radius vn^ draw the small circle nsn, cutting oso in s, 

5. Through s and p draw bs pJ, and Aprf at right angles to 
it ; through a and s draw as^, make xi/ an arc of 90% and draw 
Ai/ cutting bs vb in t, 

6. Through the three points ktd draw a great circle. Then 
ABC is the triangle required. 

To measure the required parts. 

7. AC=:80M9'5 Bc=63°.50' and ab= 120^.47-. (C. 16S.) 
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BY CALCULATION. 

J' 

Tojind the side ac, by Rule L 

CosecZc • - =131°.S0' - •125541 reject 

CosecZA - - = Sl^'.SO' - -10646/ indices. 

Cosi(A + B + c) - =121°. 8' - 9-71352 

Cosi(A+B + c)-B = 61°.52' - 9-67350 

2)19-61902 



Sine i Ac=40°.9'.36" 9-80951 

2 



80°.19M2"=:Aa 



By the same rule tbe other sides may be found. 

OR, Tojind the side bc, by "Ride II. . 

180°— ZA=fc; 180°— ZB=ac; and 180°— Zc=/7^^, 
CosecflA - - = 48°.30' •12554-} reject 
Cosecac - - =120°.44' -06573 J indices. 
Sinei(&:+flrc+flri) =148°.52' 9-71352 
Sine|(&:+«c+aA)— Jtr= 20^22^ 9-54161 

2)19-44640^ 
— : X 

CosiZ.fl=58°.5' 9-72320 

2 . 




Za=116°.10' its suppt=63°.50'=:BC. 

To find the side ab, hy Rtde IL 

C!oseci(&r+flrc+aJ) - =148°.52' '286487 reject 
Coseci(fc+ac + ^)— flS =100°.22' •00715J indices. 

Sinei(&:+ffc+a8)-fe = 20°.22' 9-54161 

Sinei(&:+a^+a6)-fl«: = 28°. 8' 9-67350 

2)19-50874 



TangiZc=29°.35'.50'' - 9-75437 

2 



Zc=59°.ll'.40'' itssuppt.= I20°.48'.20"=AB. 

s 2 
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PRACTICAL EXAMPLES. 

1. In the oblique spherical triangle abc* 

{The Z.A= 126^.37' f Ac= 57''.S&. 

The Z. Br: 48°.30' Answer.<BC=:li5''.20'. 
TheZ.c= 6i°.4l' (.AB= 82°.28'. 

Required the sides. 

2. In the oblique spherical triangle abc 

{TheZ.A= 34°.15'. 3'' f AC =50^.1 0'.SCf. 

The Z. B= 42°.l 5'.1 3" An^er. < bc=40°. O'.IO''. 
TheZ.c=:121^.36'.20" (ab=76^S5'.36''. 

Required the sides. v ' 

3. In the oblique spherical triangle abc. 

{TheziAzz 36°. 8' f AC = 30^ 

TheZ.B= 46^.19' -4wsw^r.< BC=24°.4'. 
The Z c = 1 04° t AB = 42°.9'. 

Required the sides. 



CHAP. X. 

ASTRONOMICAL DEFINITIONS AND INTRODUCTORY 

PROBLEMS. 

1 . Astronomical Definitions. 

(A) The Celestial Spliere, is that apparent concave in which 
the sun, moon, stars, and all the heavenly bodies seem to be 
situated. 

(B) The axis of the celestial sphere is an imaginary line 
passing through the centre of the earth, about which all th^ 
heavenly bodies appear to have a diurnal revolution.* 

(C) The poles of the celestial sphere are the extremities of 
its axis, the one called the north pole, the other the south 
pole.f 

* Although the earth*s real motion on its axis from west to east, is the cause of 
day and night ; and its motion in its orbit, or path round the sun, is the cause of 
the variation of the seasons of the year : yet as all appearances and places of the 
celestial bodies will be the same, whether the earth moves and the celestial sphere 
is at rest ; or the earth is at rest, and the celestial sphere in motion ; astronomers, 
for the ease of calculation, assume the earth as a point at rest in the centre of the 
celestial sphere, and ascribe to the heavenly bodies that motion which they appear 
to have to a spectator on the earth. 

f The j>olar star is a star of the second magnitude, near the north pole, in the 
tail of the little bear. Its mean right ascension, for the beginning of the year 
1820, was 1 4°. 13.7", and its declination 88^.20'. 55" north. ConnaUsance da 
Terns for 1820, page 168. 

In the Nautical Almanac for 1820 the north polar distance of the polar star is 
stttcd to be 1°. 39'. 44". 50 for the year 1818, and its annual variation— 19". 45. 
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(D) The equinoctial is a great circle which divides the hea- 
vens into two hemispheres, the northern and southern ; it is 
called the eciuinocdal, because, when the sun appears in it, 
the days and nights all over the world are equal, viz. 12 hours 
each. This happens twice in the year, about the 21st of March 
and the 28d of September ; the former is called the veittal 
equinox, the latter the autumnal equinox. 

-(E) The ecliptic is a great circle in which the sun makes his 
apparent annual progress ; it cuts the equinoctial in an angle 
of 23^28'*, called the obliquity of the ecliptic; and the points 
of intersection are called the equinoctial points. 

The ecliptic is divided into twelve equal parts called signs, 
each sign contains 30 degrees. Their names and characters 
are as follow : 



V Aries | ® Cancer 
8 Taurus | SI Leo 
n Gemini \ iin Virgo 



^ Libra 
v\ Scorpio 
t Sagittarius 



yf Capricornus 
;sy Aquarius 
X Pisces. 



The first six signs lie on the north of the equinoctial, and 
are called northern signs, the six following lie on the south 
side of the equinoctial, and are callecj southern signs. The 
sun continues about a month in one of these signs, and goes 
through nearly a degree in a day. 

(F) The Zodiac is a space which extends about 8 degrees 
on each side of the ecliptic, like a belt or girdle, within which 
the motions of all the planets are performed. 

(G) The Nodes are the points where the orbits or paths of the 
planets round the sun intersect the ecliptic. That where Uie 
planet ascends from the south towards the north of the ecliptic 
is called the north or ascending node, and is marked thus g, ; 
the other the south or descending node, and is marked thus ^ • 
The names and characters of the planets are as follow : 



© The Sun 

5 Mercury 

$ Venus 

® The Earth 



]) The Moon 
$ Mars 
g Vesta 
^ Juno 



^ Ceres 
$ Pallas 
U Jupiter 



\2 Saturn 
y Herechel, 
or Georgian. 



When two planets are referred to the same point of the eclip- 
tic, they are said to be in conjunction; and those that are refer- 
red to opposite points of the ecliptic are said to be in opposition^ 
tJr 180 degrees apart. If they be three signs or 90° distant, 
they are in a quatiile aspect. If two sines or 60 degrees, a 
$extile aspect. The astronomical marks are as follow : 



* * The itngle which the ecliptic makes with the equinoctial is a variable quantity, 
ind is equal to half the difierence between the greatest and least meridian altitude 
of the sun at any place, supposing the sun to have the greatest declination wbf 
on the meridian. 

S 3 
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6 Conjunctionwbenplanetsarein the samepoint of the ecliptic. 
:ic Sextile when 2 Signs dist. A Trine when 4 Signs dist. 
a Quartile when 3 Signs dist. S Opposition when 6 Signs dist 

The conjunction and opposition are called the sa^gies^ and 
the quartile aspects the quadratures ; these terms are applied 
chiefly to the moon. 

(H) The horizon is a great circle which separates the visible 
half of the heavens from the invisible. 

This horizon is distinguished bv the sefisible and rational 
horizon, when applied to the eartn. The sensible horizon is 
the boundary of the spectator's view at sea or land; and a plane 
parallel to this circle, passing through the eaith's centre, is 
called the rational horizon. 

(I) The cardinal points are the east^ west^ north and souths 
points of the horizon. The mariner's compass, which is 
divided into 32 points, each 11°.15', (F. 74«.) is a represent- 
ation of the horizon. 

(K) The Zenith is a point in the celestial sphere directly over 
the head of the spectator, being the elevated pole of the horizon. 

(L) The Nadir is a point in the celestial sphere directly 
under the feet of the spectator, and is diametrically opposite 
to the zenith ; being the depressed pole of the horizon. 

(M) Azimuth^ or vertical circles^ are great circles passing 
through tlie zenith and nadir. They cut the horizon at right 
angles. The altitudes of the heavenly bodies are measured on 
these circles. 

(N) Theprime vertical is that azimuth circle which passes 
through the east and west points in the horizon. 

(O) Meridians are great circles passing through the poles of 
the world, and cutting the equinoctial at right angles. They 
are also called hour circles ; and upon the terrestrial sphere, 
circles of longitude. 

(P) Circles of celestial longitude are great circles passing 
through the poles of the ecliptic, and cutting it at right angles. 

(Q) TJie latitude of any object in the heavens, is an arc of 
a circle of longitude contained between the centre of that ob- 
ject and the ecliptic. 

(R) The latitude of any place on the earth, is the elevation 
of the pole above the horizon, and the complement of the lati- 
tude, is the distance of the pole from the zenith. Or the lati- 
tude is the distance of the zenith of the place from the equi- 
noctial, on the celestial sphere. 

(S) The declination of any celestial object, is an arc of a me- 
ridian contained between the centre of that object and the equi- 
noclial. 
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(T) Parailels ^declination are small circles parallel to the 
equinoctial. 

(U) The aUiiude of any object in the heavens, is an arc of 
an azimuth or vertical circle, contained between the centre of 
the object and the horizon. 

( W) ParaUels of altitude are small circles paraUel to the 
horizon. 

(X) ParaUels of celestial latitude are small circles parallel 
to the ecliptic 

(Y) The tropics are small circles parallel to the equinoctial, 
at 23^.28^ from it, and touch the ecliptic in the points of cancer 
and Capricorn ; they are the limits of the sun's progress to the 
north and south of the equinoctial. 

(Z) The zenith distance of any celestial object is the arc of 
a vertical circle, contained between the centre of that object 
and the zenith, being the complement of the altitude. 

(A) The polar distance of any object in the heavens, is an 
arc of a meridian contained between the centre of that object 
and the pole of the equinoctial. 

(B) The amplitude of any celestial object is an arc of the 
horizon, contained between the centre of the object when ris- 
ing or setting, and the east or west point of the horizon. 

(C) The azimuth of any object in the heavens, is an arc of 
the horizon, contained between an azimuth or vertical circle, 
(passing through the object,) and the north or south point of 
the horizon. 

(D) The right ascension of an object, is the distance between 
the point aties and a meridian passing through the object, 
reckoned on the equinoctial. It is so called, because, in a right 
sphere^ this meridian will coincide with the horizon when the 
object is rising. Or, we may define it to be the angle at the 
pole^ formed between a meridian passing through aries, and a 
meridian passing through the object. 

(£} The oblique ctscension of an object, is the distance of the 
equinoctial point aries from the horizon when the object is 
rising. Or, it is that degree of the equinoctial which rises with 
the object in an oblique sphere. 

(F) The oblique descension is the distance of the point aries 
from the horizon when the object is setting. Or, it is that 
degree of the equinoctial which sets with the object in an 
oblique sphere. 

(G) The ascensional, or descensiotial difference^ is the dif- 
ference between die right and oblique ascension or descension, 
and with respect to the sun, it is the time he rises before six, 
when his declination is of the same name as the latitude, or sets 

s 4) 
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before six, when the declination and latitade have Contrary 
names. 

(H) The equinoctial colure is a great circle passing throagh 
the pole and the equinoctial points aries and libra. 

(I) The solstitial colure is a great circle passhig through the 
pole and the points <b and vf ; called solstitial points, because 
when the sun is near these points he seems to have nearly the 
same altitude at noon, for several days, and therefore ap- 
parently stops or stands still. 

. (K) The arctic circle is a parallel of declination at the dis- 
tance of 23*^.28' from the north pole, or 66^82' from the 
equinoctial. . It is generally called the north polar circle. 

(L) The antarctic circle^ called likewise the south polar 
circle, is the same distance from the south pole as the arctic 
circle is from the north pole. 

(M) Apparent noon^ the time when the sun comes to the 
meridian, or 12 o'clock, as shewn by a sun-dial. 

(N) True^ or mean noon, twelve o'clock as shewn by a well 
regulated chronometer, so adjusted as to go 24 hours in a 
mean solar day.^ 

(.0) T/ie equation of time at noon, is the interval between 
the true and apparent noon. 

(P) A sidereal year is the interval of time from the sun's 
leaving any fixed star till he returns to it again, and consists 
of 365d. 6h. 9m. 12sec. of mean solar time. 

(Q) A tropical or solar year is the interval of lime from 

* A laean iolar day is a period not marked out by any observable phenomenay 
but an artificial interval of time. The time elapsed from the sun's leaving the 
meridian on any day till it returns to the same meridian the next day is called a 
true so'ar day, and is subject to a continual variation, arising from the obliqui^ 
of the ecliptic^ and the unequal motion of the earth in its orbit^ 

A clock or chronometer, ^erefore, which measures time by equal motion, can- 
not be so adjusted as to keep time exactly with the sun, or always to shew 12 
o'clock when the sun is on the meridian ; to correct these irregularities, the year 
is divided into as many imaginary days, each of 24 hours in length, as there are 
real days in the year measured by the sun*s return to the meridian ; one of these 
imaginary days is called a mean solar day, and a clock adjusted so as to go 24 
hours in one of these days, is said to be regulated to mean solar time. 

The year thus consists of as many mean solar days as true solar days; the clock 
being just as much before the sun, on some days of the year, as the sun is before 
the clock on others. The difference is given in page II. of the Nautical Almanac 
for every day in the year. The time shewn by the clock is called tme or mean 
time, and the time shewn by the sun is called apparent time. 

If a clock be adjusted to go 24 hours, from the passage of any fixed star over 
the meridian till it returns to it again, its rate of going at ai)y time may be deter- 
mined by comparing it with the transit of that fixed star. A clock thus regulated 
is said to be adjusted to sidereal time. Here nature affords a standard exceeding 
in exactness any imitation that can be produced by art, there is no irregularity in 
the earth's diurnal motion, its diurnal revolution on its axis being uniformly per* 
formed in 24 hours of sidereal time = 23h. 56m. 'Iscc of mean solar time 
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die son's leaving one tropic, or equinox, till he returns to it 
again, [and consists of S65d. 5b. 48n]. 48 sec of mean solar 
time. 

(R) Nonagesimal degree of the ecliptic, is that point which 
is the most elevated above the horizon ; and is measured by 
the angle which the ecliptic makes with the horizon at any ele- 
vation of the pole; or« it is the distance between the zenith, 
and the pole of the ecliptic. This angle is frequently used in 
the calculation of solar eclipses. 

(S) The medium Codi^ or mid-keaoen^ is that point of the eclip- 
tic which culminates, -or is on the meridian .at any given time* 

(T) Tfie Crepusadum^ or twilight^ is that faint light which we 
percdve before the sun rises, and after he sets. It is produced 
by the rays of light being refracted in their passage through 
the earth's atmosphere, and reflected from the different parti- 
cles thereof. 

(U) A consteUation is a collection of stars on the surface of 
the celestial sphere, circumscribed by the oudines of some as- 
sumed figure, as a nzm, a dragon^ a bear^ &c. 

This division is necessary, in order to direct a person to any 
part of the heavens, where any particular star is situated. 

( W) The diurnal and nocturnal arcs. In all places of the eartli, 
except the two poles, the horizon cuts the equinoctial into two 
equal parts* In all places situated on the equator, the horizon 
cuts all the parallels of declination into two equal parts, and 
here the sun and all the stars are 12 hours above the horizon, 
and 12 hours belo^. In places between the equator and the 
elevated pole, the parallels of declination are unequally divided; 
the greater arc being above the horizon, and the less arc below. 
In all places between the equator and the depressed pole, the 
parallels of declination are unequally divided ; the greater arc 
being below (he horizon, and the*less arc above. 

In all cases, the arcs which are above the horizon are called 
diurnal arcs, and those below, nocturnal arcs. Or, the parallel, 
which the sun, moon, or. stai*s, describe from their rising to 
setting, is called the diurnal arc ; and that parallel which each 
of them describes, fronp the setting to the rising, is called the 
nocturnal arc. 

II. Introductory Astronomical Problems*^ 

PROBLEM I. 

(X) To turn degrees^ or parts of the equator into time. 



* Thfse are the same as in the former editions, being extracted from the general 
examples, and from the notes upon them. Those which depend upon the Nautical 
Almanac ha¥e been recalculated and adapted to the year 1822. 
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Rule. Multiply the number oF degrees by 49' and the pro- 
duct will be the corresponding time. 

Note. Seconds multiplied by 4 produce thirds of time* 
Minutes multiplied by 4 produce seconds of time. 
Degrees multiplied by 4 produce mbutes of time. 

EXAMPLE. 

Turn 25*.15M6'' of the equator into time. 
25^ 15\ 16". 

4 



Jnsfwer. l\ 41'. V\ 4'''. 



Also, 77^2MO'' of longitude=5>>.8'.8^4(r'' of time, and 
124M6'.3(y of the equator=8\l7'.6'' of time. 

PROBLEM II. 

(Y) To turn time into degrees* 
Rule. Multiply the hours by 60, and add tlie odd minutes, 
if any, to the product, one-fourth of which will be d^rees ; 
multiply the remainder by 60, and add the odd seconds, if any, 
to the product, one-fourth of which will be minutes, &c. 

EXAMPLE. 

Find the number of degrees, &c. corresponding to IKiiV. 
rA'\ IK 4r. l". V'\ 

60 



4)101 



25° 1^^»^ 

60 



4)61 



15' irem, 

60 



4)64 

Answer 25''.15'.16'' 16'' 

Also, 3h.4'.28"oftirae=46°.7' of longitude, and 8^.1 7'.6" of 
time=124M6'.30'' of longitude. 

PROBLEM III. 

(Z) Given the time under any knomi meridian tojindtke cor- 
responding time at Greenwich.* 

* Since the earth makes one revolution on its axis from west to cast in 24 hours, 
the sun mu^t aiyparenthj make one revolution round the earth from east to west in 

22 
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Rule. Tom the longitude of the place under the known 
meridian into time (X. 265.) : add this time to the time at the 
given place if the longitude be west, or subtract it if east, and 
the smn or remainder will be the time at Greenwich. If the 
sam exceed 24 hours, subtract 24 hours from it, the remainder 
will shew the time at Greenwich on the Jbttawing day: if the 
longitude, when turned into time^ cannot be subtracted from 
the time at the given place, add 24 hours to the time at the 
given place before you subtract, the remainder will shew the 
time on the preceding day. 

example I. 

Find the time at Greenwich, on the 12th of August, when 
it is 7^.25' at a place in longitude 97^.45' west. 
Time at the given place 7*>.25' 
Long. 9r.45', in time - - = 6 .31 W. 

Time at Greenwich - - 13 • 56. or 56 minutes 
past 1 in the momii^ on the 13th of August.* 

EXAMPLE IL 

Find the time at Greenwich, on the 1st of May, when it is 
22K4f(y at a place in longitude 160** W. 

Time a^ the given place 22^40^ 
Long, 160% in time =10 .40 W. 

Sum 33 .20 
24 



Time at Greenwich 9.20, on May 2d. 



EXAMPLE III. 



llnd the time at Greenwich, on the 8th of April, when it is 
1 6 .26^ at a place in longitude 98°.45' East 



the same time. Now, the longitudes of all places on the earth are reckoned on 
the equator, which is divided into 360 degrees, and the whole of it passes the sun 
in 24 hours ; it follows that every 1.5^ of motion is one hour in time, every degree 
4 iBJnutes, &c. (as in Prob. I. and II.) Hence, a place one degree eastward of 
Greenwich will have noon, and every hour of the day y four minutes sooner than at 
Greenwich; and a place one degree westward of Gieenwich will have noon, and 
every hour of the day, four minutes later. 

* The astronomical day begins at noon, and is counted forward to 24 hours, or 
the succeeding noon, when the next day begins, being 12 hours later than the civil 
day, which commences at the preceding midnight; thus August 12th, at 13h.56' 
astronomical time, is August I3tb at ]b.56' in the morning, according to civil 
reckoning. 
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Time at the given place 16h, 2& 
Long. 98°.45', in time =2 6 .^5 East 

Time at Greenwich 9 • 51 on the 8th of ApriL 

EXAMPLE IV. 

Find the time at Greenwich, on the 4th of Jan^ when it is 
5b. 26^ at a place in longitude 1 20^ East. 

Time at the given place + 24*>. =29^26' 
Long. 120% in time - - - - = 8 .— E. 

Time at Greenwich - - - - 21 .26, on the 3(1 
of June. 

PRACTICAL EXAMPLES. 

1. What Greenwich time answers to noon at a place in 60° 
East longitude ? 

Answer. 20 hours, on the preceding day. 

2. What Greenwich time answers to noon at a place in lon- 
gitude 60"^ West ? 

Answer. 4 hours. 

3. Find the time at Greenwich when it is 19'*.42' at a place in 
28°.30' E. longitude. 

Ansns)er.n^AW. 

PROBLEM IV. 

(A) Given the time at Greenwich tojind the corresponding 
time under any known meridian. 

Rule. Turn the longitude of the place under the known 
ttieridian into time (X. 265.) : add this time to the time at 
Greenwich if the longitude be east, or subtract it if west, and 
the sum or remainder will be the time under the known meri- 
dian. If the sum exceed 24 hours, subtract 24 hours from it, 
the remainder will shew the time at the given meridian on the 
following day : if the longitude, when turned into time, cannot 
be subtracted from the given time at Greenwich, add 24 hours 
to the time at Greenwich before you subtract, the remainder 
will shew the time on the preceding day. 

EXAMPLE I. 

When it is 9^.51' at Greenwich, on the 8th of April, what 
hour is it in longitude 98°.45' East ? 

Time at Greenwich 9\5\' 
Long. 98°.45', in time - = 6 . 35 E. 



Time in long. 98^.45' E. = 16 . 26, on April 8th. 
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EXAMPLE II. 

When it is 21K26' at Green wich| on the 3d of June, what 
hour is it at a place in 120^ East longitude ? 
Time at Greenwich - 21b.26^ 
Longitude 120% in time =: 8 • — East. 

<■ 

Sum 29 . 26 
24. 



Time in longitude 120^ E.=:5 . 26, on June 4tb. 



EXAMPLE III. 

When it is IS\ 56' at Greenwich, on the 12th of August, 
find what hour it is at a place in longitude 97^45' West. 

Time at Greenwich ISh. 5& 
Longitude 97^45', in time:r6 . 31 W. 

Time in longitude 97°.45' W. =:7 . 25, on the 12th of 

August. — ' 

I 

EXAMPLE IV. 

When it is 9**.20' at Greenwich, on the 2d of May, what 
hour is it at a place in longitude 160^ West? 

Time at Greenwich - - +24h,=:33*». 21)' 
Longitude 160% in time -- - - =10.40W. 

Time in longitude leo"" W. - - =22 . 40, on the 
. 1 St of May, or 40 minutes past 1 in the morning on 
the 30th of April. 

PRACTICAL. EXAMPLES. 

1. When may an emersion of the first satellite of Jupiter 
be observed at Bombay, in longitude 72°.54'.30^E. which, by 
the Nautical Almanac, happens at Greenwich on the fourteenth 
of January 1822, at 6^23^33''. 

Answer. 11^,15'. 11". 

2. What is the expected time of the beginning of the Lunar 
eclipse, which happens on August 2d, 1822, at 10^51'. 40" at 
Greenwich, in longitude 76^49'.30" West? 

Answer. 5.44'.22". 
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PROBLEM V. 

(B) Toreduce the declination of the smiy as given in theNatdical 
Almanac^ to any other meridian^ and to any given time of the day. 

Rule. The corresponding time at Greenwich being ascer- 
tained (Z. 266«)» find the change of the sun's declination in 
24 hours from the Nautical Almanac : Then, 24 hours : this 
change:: the time ironr noon at Greenwich : the variation of 
the sun's declination in that time. 

This variation must be added to the sun's declination at 
noon*, or subtracted from it, according as the declination is 
increasingor decreasing. 

Note. By a similar process the change of the sun's longitude, 
or of right ascension, may be determined for any given time, 
or at any given place ; and also the declination of a planet. 

Example i. 

Required the sun's declination at noon, on the 1 2th of Oc- 
tober 1822, at Glasgow, longitude 4M5' W. 

First, 4M5'=:17minutes, the time by which the clocks at 
Glasgow Are slons)er\hBXi at Greenwich; hence when it is noon 
at Glasgow, it is C^'l?' at Greenwich. 

O's declination at noon October 12th, Naut. Aim. is 'J'**.17'.S4'' 
0*8 declination at noon October IStb, Naut. Aim. is 7^.40'. W 

Increase of declination in 24 hours - - 22'«S4'' 



Then 24b : 22'.34":: 17' : 16'' the increase of the sun's de- 
clination in 17 minutes of time; consequently when it is noon at 
Glasgow, the sun's declination is (7°.17'.34'^+ 16"=)7°.17^50" 
South. 

EXAMPLE II. 

What is the sun's right ascension, June 5th 1822, at 1 3^,48'. 
in longitude 63M0'E.? 

Time at the given place - - - 13^. 48'. 
Longitude 63M0', in time - - = 4 . 12 . 40" E. 

Time at Greenwich - - - - 9 . 35 . 20 



0*s right ascension at noon June 5th, Naut. Aim. is 4*^.5r.21".7 
0*s right ascension at noon June 6ihy Naut. Aim. is 4^.55' 28". 6 

Increase of right ascension in 24 hours - - 4^ 6". 9 



* The sun's longitude, "ght ascension in time, and declination are giren, in 
the lid page of the Nautical Almanac, for every day in the year, at noon, calcu- 
lated for the meridian of Greenwich. 
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Then a4»» : 4'.6''.9 : : 9*'.3.5'.20'' : l'.S8\6 
0*8 right ascension at noon, June 5th, - - 4^.51'.21".7 
Variation of the right ascension, add 1 .S8 . 6 

0'fri£^ta8censbnatlSb.48'inlong.6SO.lO'£.«i4».59'. 0^.3 j 

PRACTICAL EXAMPLES. 

1. Required the sun's declination on the 25th (^August 
1822, at 8^20', in longitude 48° West 

The declination at Greenwich, at noon, (by the Nautical Al" 
manac) being 10^53'.35''N. and on the 26th, 10^32'.5(y' N. 
Answer. 10^4S',S7". N. 

2. Required the sun's right ascension at noon, on the 25th 
of May 1822, in longitude 124"" East 

The right ascension at Greenwich {Naut. Aim.) being 4^.6'. 
S\\ and on the 24th of May, 4h.2',29". 

Answer. 4*>.5'.29". 

3« Required the sun's declination January 24th, 1822, at 
18h.40' in longitude 132° East 

The declination at Greenwich, at noon, {Naui. Aim.) being 
19M6M3'' South, and on the 25th, 19M'.38" & 

Answer. 19°.10'.14"& 

4. Required the sun's right ascension on the 16th January 
1822, at 18i».48', in longitude 68^ West 

The right ascension at Greenwich, at noon, {NatU. Aim.) 
being 19h.5l'.30", and on the 17th, 19^55'.47''. 

Answer. 19^54'.2^. 

PROBLEM VI. 

(C) To reduce the declination of the moon^ as given in the 
Nautical Almanac, to any othei' mendian, and to any given time 
of the day. 

Rule. Find the time at Greenwich corresponding to the 
time at the given place. (Z. 266.) Take the change of the 
moon's declination in 12 hours from the Nautical Almanac. 
Then, 12 hours : this change:: the time at Greenwich : the 
variation of the moon's decUnation in that time. This vari- 
ation must be added to the moon's declination (at noon or 
midnight) if the declination be increasing, or subtracted if the 
declination be decreasing. 

Note. By a similar process the change of the moon's right 
ascension*, semidiameter, and horizontal parallax may be as- 
certained for any given time, or at any given place. 

* The moon's age and time of passage over the meridian of Greenwich U9 
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EXAMPLE I. 



1. Required the moon's declination March 17th 1822, at 
7^.22' in longitude 57° W. 

The moon's declination at noon {Naid. Mm.) at Greenwich, 
being 26M2^ S. and at midnight 24^58' S. 

Time at the given place - - 7^23' 
Longitude 57** W. in time - = 3 . 48' W. 

Time at Greeniiich - = ll^ \Qf 



}) *s declination at noon* 26^. 12^ S. 
}) *s declination at midnigfat240.58' S. 



Decrease in 12 hours - = 1^.14' 



12»» : 1° . 14' : : U^ . ICT : 1*>. 9'va. 
nation of the }) *f declination in 
llMO'. 



Hence 26^.12'— 1<'. 9' » 25^3' S. the moon's declination at the^time and place 
required. 

EXAMPLE II. 

Required the moon's semidiameter and horizontal parallax 
on the 26th of January 1822, in longitude 1P.45' West, at 
15h.45^ apparent time. 

The semidiameter, at Greenwich, at midnight, {Natd. Aim.) 
being 16'.1" and at noon on the 27th, 16'.3", also the horizon- 
tal parallax at the same time 58^32'', and 58^4 1^^ 

Time at the given place * 15i*.45' 
Longitude 11°. 45' West, intime - - = 47 W. 

Time at Greenwich - - - =16*». 32, or 4'*. 32' past midnight. 

^ 's semi-dia. at midnight, 26th, = 15'. 57"; hor. paraL - - =58'. 32" 
}) 's semi-dia. at noon, - 27th, = 15'.59"; hor. paral. - - «=58'.4l'' 



Increase in 12 hours, - - = 0'.2''; increase in 12 hours - 0'. 9^ 



i2»» : 2"::4^32': . - o". 

3) *8 semi-dia* at midnight «= 15'. 57''. 



}) *s ditto in long. 1 1^.45' W. = 1 5'.57".7 



i2h : 9"::4*».32': 3'' 4 

hor • par. at midnight - = 58' 32" 



hor.par.inlong, 1 1°.45'W. =58'.35^.4 



Hence the}) 's semi-diameter at 15*».45' in long. 11°.45' W, is 15'. 5 7''. 7, and 
tlie horizontal parallax is 58'. 35^.4. 



giyen in the Vlth page of the Nautical Almanac : and her latitude, longitude, 
right ascension, declination, semidiameter, and horizontal parallax, are given for 
noon and midnight at Greenwich in pages Vth, Vlth, and Vllth, foi^ach month. 
* If the time at Greenwich had exceeded 12 hours, themoon*s declination must 
have been taken out for midnight and the noon of the next day ; and the variation 
applied to the midnight declination. 
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PRACTICAL EXAMPLES, 

1. Required j:he moon's declination on the 11th of January, 
1822, at 17h.4.7' in longitude 162° West? 

The moon's declination at noon at Greenwich {NaiU. Aim,) 
on the 12th of January, being 1°.19'N. and at midnight 
1°.35' S. 

Answer. The time at Greenwich is 4*^. 35^ on the 12th of 
January, and the moon's declination is 0*^.13' North, 

2. Required the moon's semidiameter and horizontal paral- 
lax on the 19th of May, 1822, in longitude 38°.40' E, at 
11**. 15' apparent time. 

The moon's semidiameter at Greenwich {Natit. Aim,) at 
noon and midnight being 16'.38"and l6\4fV'; and the hori- 
zontal parallax at the same time 6r.3" and 6r.l3^ 

Answer. The time at Greenwich is SK 4?0'.20", D 's semidia- 
meter =:16'.40" and horizontal parallax = 6 r. 10''. 

3. Required the moon's declination on the 13th of May, 
1822, at 19^ in longitude 67^ East 

The moon's declination at Greenwich [Naut, Aim.) at mid- 
night being 15°.5' S. and at noon on the 14th 12^.27'' S. 

Answer. The time at Greenwich is 14*^.32', D 's declination 
14^.32' S. 

, 4. What is the moon's declination on July 19th, 1822, 
at 4^49' in longitude 1 14° East ? 

The moon's declination at Greenwich {Naut, Aim,) at mid- 
night on July 18th being 2r.l2' N. and on July the 19th at 
noon 18^51' N. 

Answer. The time at Greenwich is 21^.13' July 18thj and 
the moon's declination 19°.24' N. 

PROBLEM vii. 

(D) Tojind the time of a starts culminating^ or coming to the 
meridian rf Greenwich. 

Rule. Subtract the right ascension of the sun for the given 
day from the right ascension of the star, and the remainder will 
be the time of the star's culminating nearly. — If the sun's right 
ascension exceed the star's, add 24 hours to the star's before 
you subtract. ' ••^ 

Take the increase of the sun'^ right ascension in 24 hours, 
and add it to 24 hours. Then, 

. This sum is to 24 hours as the star's right ascension dimi- 
nished by the sun's, is to the time of the star's culminating. 

Note. If the time of culminating be required for any other 
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meridian than that of Greenwich ; allow 10 seconds* of time 
for every 15^ of longitude, which subtract from the time at 
Greenwich for places in west longitude^ or add to that time for 
places in east longitude, and the result will shew the time of 
culminating at the given meridian. 

EXAMPLE I. 

At what time will Arcturus come to the meridian of Green* 
wich on the 1st of December 1822 ? The right ascension of 
Arcturus being 14i>.7'.S2",t 

*'s right ascension (1822) + 24»» - - =:38\ 7^32*. 

0's right ascension, December 1st, 1822 - =:16\28'.16". 

Time of*'s culminating nearly - - =:21^S9',16". 

©'s right ascension, December 1st, 1822, at m>onzzl6^.^S\W. 
0*s right ascension,December 2d, 1822, at noon= 16*^.32^.35^ 

Increase of the Q's right ascension in 24 hours = 0**. 4'J9". 

Then24»^. 4M9'' : 24h:: 21^39'. 16'' : 21h.35'.23''t apparent 
time of Arcturus's culminating, or 9^.35'.23'', December 2d, in 
the morning. 

Note. Arcturus will be on the meridian of Philadelphia, 
longitude 75M 3' W,on the same day at 2 li». 34'. 3 3'*', Philadelphia 
time; for 15° : 10"::75°.13' : 50" and 21h. 35'.23''— SO^'n 
21^.34'.33''. It will also be on the meridian of Pekin, longi- 
tude I16°.24'E, on the same day at 2lKS6"A0'\ Pekin time; 
forl5° : 10'': : 116°.24': 77''= I'.H'', and 2 1^.35^23"^+ r.l7''= 
21**.36'.40''. Hence it appears that the same fixed star is on 
the meridian of every place, in any kingdom of moderate ex- 
tent, nearly at the same hour reckoned at that place. 

PRACTICAL EXAMPLES. 

I. At what time will Aldeharan culminate at Greenwich on 
the 20th November 1822? 

The right ascension ofjldebaran being 4^\25'.43'^ (Tab. VIII.} 

* For tb« suD*s right ascension varies about four minutes of time every day^ 
but the right ascension of a star remains nearlj the same during the whole jear^ 
and 24»» : 4' ::!»» («150) : 10'. 

f See the table annexed to the Nautical Almanac for the year 182S, V 
Table VIIL of this work, 

I The same fixed star i;;. on the meridian- of any place at nearly the same boor, 
en the same day of the mouthy for several years ; the variation in 40 y«tfs will 
seldom exceed two minutes of time. . 



Chap. X« introductory astronomicai. problems. f7S 

the sun's right ascension at noon {Naut. Aim.) 15h.il^29'' on 
November 20th, and on the 21st I5\^5\4f0^\ 
Jnsver. 12M2;i^» 

2. At what hour will Regulus culminate at Greenwich, on 
the 6th of February 1822? 

The right ascension of Regulus being Q^.c^S'.SS" (Tab. VIII.); 
O's right ascension Feb. 6th (Natd. Aim.) being 21^18^4JO^ 
and on the 7th 2li».22'.40^ 

Answer. 12>>.88^6''. 

3. At what time, on the 1 8th of December 1822, will Siritts^ 
the Dog Star, culminate at Greenwich ? 

The right ascension ofSirius being 6*».S7M8^' (Tab. yilT.); 
O's right ascension 18th December, {NaiU. Aim.) at noon, 
17^42'.55'', and on the 19th, 17^^47'.2r"- 

Answer. 12h.52'. 

4. At what time, on the 1st of December 1822, will Castor 
culminate at Greenwich ? 

The right ascension of Castor being 7^23'.13'' (Tab.VIIL); 
O's right ascension {Naut. Aim.) December lst=16**.28'.16", 
and on the 2d= 1 6K32'.35''. 

Answer. 14^.52'. 16'". 

PROBLEM VIH. 

(E) To find the time of the moon^ or any planet* s culmi- 
nating. 

Rule 1. Subtract the sun's right ascension at noon, from 
the right ascension of the planet, and the remainder is the 
time of culminating nearly. 

If the sun's right ascension, in time, be greater than that of 
the planet, a^d 24 hours to the planet's right ascension before 
you subtract. 

2. Find (from the Nautical Almanac) the daily variation of 
the sun's right ascension, and the daily variation of the planet's 
right ascension, and take their differenceor sum. When the daily 
variation of the planet'sf right ascension is greater than that of 

* llie motion of clocks or watches may be examined* and their errors rectified, 
by the cuUninating of the stars. For instance, Alddmran is on the meridian of 
Greenwich, November SOth, at \2\49f,\" apparent, time, from which take tlie 
equation of time on the same day 14'. 1 2", as directed in the lid page in the month 
in the Nautical Almanac, and the remainder 12^,21' A9" is the true mean time 
which the dock ought to shew when the star is on the nieridian. 

'f- The right ascensions of the planets are not given in the Nautical Almanac, 
but they may be calculated from their geocentric latitudes and longitudes, which 
are inserted in that work, and the obliquity of the ecliptic. Hie time at which 
each of the planets passes the meridian of Greenwich is given in the IVth page df 
each month in the Nautical Almanac, and that of the moon in the Vlth. 

T 2 
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the sun's^ its motion is progressive ; and when kss^ its motion 
is retrograde* 

Then,^^ the moony or the progressive motion of a planet* 

24 hours diminished by the aforesaid difference I 24h::the 
time of culminating nearly : the true time of culminating. 

For the retrograde motion of a planet. . 

24 hours increased by the aforesaid sum : 24^^ : I the time of 
culminating nearly : the true time of culminating. 

Note. When the planet is stationaty^ die time of its pass- 
age over the meridian will evidently be determined in the same 
manner as that of a fixed star having the same right ascension 
with the planets 

EXAMPLE. 

Required the time of tFie moon's culminating at Greenwich 
on the 13th of August 1822. 

3) *s right ascensioft at noon 1 5th August 1822 = 94^.59'= 6b. 1 9' .56" 
0*s right ascension at noon 13th August 1822 - as9h;3(/.. 4"^ 

Time of culminating nearly - - - - 20^49'.52** 

0*8 right ascen. Aug. 13th = 9''3(y. 4" 
O's right ascen. Aujr. l4th = 9'SS'.50" 



Variation in ^4 hours . =0^ 5'.46'' 



I }) *8 right ascension Aug. 13di =s 94°. 59^ 
) *s right ascension Aug. 14thB IIOP.41' 

Variatiom in 24 hours - = 15*>.42' 



From 15°.42', in time=1^.2'.48", take 3.'46" and the re- 
mainder = 59'.2". Then, 

24h — 59^2'^ : 24h::20 .49'52'' : 31^43M7'' true time of 
the moon's passing the meridian of Greenwich. 

PRACTICAL EXAMPLES. 

1 Required the time of the moon's culmihating at Green- 
wich on the 14th of April 1822. 

The sun's right ascension at noon {Naut. Aim.) being 
lh,28'.42'^ and the moon's 293''.57', and on the 15th l\32'.23'' 
and 307°.O'. 

Answer. 18*>.44'.57". 

3. Required the time of the moon's culminating at Green- 
wich on the 18th of October 1822. 

The sun's right ascension at noon (Naut, Aim.) being 
13^.30^56% and the moon's 239''.49', and on the 19th 
13^34'.41''and 252°.54^ 

Answer. 2*^.3 3". 3 7''. 

PROBLEM JX. 

(F) Given the observed altitude of a Jixcd star to Jind its 
true altitude. 
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Rule. From the observed altitude, subtract the refraction 
(Table IV.) If the star be observed at sea, subtract the dip 
of the horizon (Table V.) See R. 9*. 

EXAMPLE I. 

r 

The observed altitude otSpica Virginis was 20^39'.40'', the 
error* of the quadrant W subtractive, and the height of the 
eye 18 feet above the level. of the sea; required the correct 
altitude. 

Observed altitude of Spica Virginis 20°.39'.4.0" 
Refraction, Table IV. - - = -2'.32" 



20''.37'. 8" 
Dip for 18 feet, Table V. - = -4'. 3" 



20°.33'.5'' 
Index error of the quadrant - ^-19" 



True altitude of the star - 3:20°.32'.46" 



'Or, 20^39'.40*'— (2'.32"4-45'.3'^4- 19'0=2O^82U6'^ Answer. 

2. Suppose the observed altitude oX Regains io be 45°.13M5", 
the height of the eye 14 feet above the level of the sea, and 
the ^rror of the quadrant 5\6" additive, required the true altir 
tude* 

Anmer. A5\l^\5Qf\ 

PROBLEM X. 

(G) Given the observed altitude of the sun^s lamer or upper 
limby\ tojind the true altitude of its centre. 

Rule. To the observed altitude apply the sexnidiameter 
(taken from page III. of the month in the Nautical Almanac) 
by addition or subtraction, according as the lower or upper 
limb has been observed ; from this result subtract the refrac- 
tion j: (Table IV.), and then add the piarallax in altitude § 
(Table VI.). If the altitude be taken at sea, the dip of the 



* Ob$ery|itioii8 Ul^en with a quadrant are liable to errors, arising from the 
bendin|^ and elasticity of the index, and the resistance it meets with in turning 
rcmnd its centre. These errors, though they cannot in all cases be avoided, may 
be pretty accurately allowed for by a correct observer. * 

'f The nrn's upper limb is the upper edge of its face, or the uppermost extremity 
of the vertical diameter ; and the lower limb is the lower edge, or the lower ex* 
trcmity of the vertical diameter. 

X fi. 87. et seq. § S. 95. 

T 3 
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horizon (Table V.) must be deducted, the last result will be the 
true altitude of the sun's centre. 

EXAMPLE I. 

On thfr 13th of March 1822, if the altitude of the sun's 
lower limb, observed at^ea, be 18^.40'; required the true cen- 
tral altitude, the height of the eye being 22 feet. 

Observed altitude of the O's lower limb=18°.40' 
O's semidiameter, ^«m/. -^//w. - - =: + 16'. 6" 

18^56'. 6" 
Refraction for 1 9° of altitude (Table I V.) ~ - ^Aii^ 

18°.53'.22'' 
©'s parallax in altitude (Table VJ.) = + S'' 

18^.53'.30'' 
Dip for 22 feet (Table V.) - - = .-.4'.28'' 

True altitude of the ©'s centre - = 18°.49'. 2'' 



Or, ( 1 6'.6" + 8") - (2'.44" + 4'.28") - 9'.2" and 1 8^.40' + 9'.2" 
=:I8°.49'.2^ Answet\ 

Note. The index error, if any, of the quadrant must be ap- 
plied to the observed altitude, previous to theDther corrections. 

2. On the 3d of September 1822, suppose at sea the altitude 
of the sun's upper limb to be 28^31^30'^, the index error 40^^ 
additive, height of the eye 1 2 feet, and the sun's semidiameter 
15'.54"; what is the true altitude of the sun's centre? 

Answa\ 28Mr.l9^ 

PROBLEM XI, 

(H) Given the observed altitude of the moorCs lonioer or upper 
limby tojind the true altitude of its centre. 

Rule. Find the moon's semidiameter and horizontal paral- 
lax for the time and place of observation (C. 271. )> and in- 
crease the semidiameter by the augmentation answering to the 
moon's altitude (Table VII.). 

To the observed altitude* apply the augmented semidiameter 
by addition or subtraction, according as the lower or upper 
limb has been observed, and, if the observation has been made 
at sea, subtract the dip of the horizon (Table V.) ; the result 
will be the apparent altitude of the moon's centre. 



* H«re, as in the preceding problem, the index error of the quadrant, if any, 
must be Ri>pHrd to the obseryed altitude, previous to the other corrections. 
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To the cosine of the moon^s apparent altitude, add the 
logarithm of the horizontal parallax in seconds (found above), 
the sum, rejecting 10 from the index, will be the logarithm of 
the moon's parallax in altitude in seconds (T. QG.}* from which 
tske the refraction of the moon in altitude (Table IVO9 and the 
remainder will be the nuxm^s correction^ which added to the 
apparent altitude will give the true altitude. 



EXAMPLE I. 

On the 18th of July 1822, in longitude llSMo'W.at 
W^AS^.%(/\ if the observed altitude of Uie moon's lower limb 
be 45^22^.3^^ error of the quadrant 6%^^ subtractive, and the 
eye 21 feet above the level of the sea ; what is the true central 
altitude ? 

Time at the given place - - 20\^5\S0'' 

Lomgitude 113°.l(y W. in time - =: 7h.S2^40'' W. 

28M8M0'' 
24 



Time at Greenwich on the 19th of July = 4\18'J0" 

^^8 letnidiameter at door, 1 9th =» 16^.9''', Horixontal parallax - - S9fAS^ 
> *8 semidiameter at tnidoighti 1 9th s l g'. 3", Horizontal parallax - - 58^. 5^" 



Difference Qf.ef' 



Difference 0^.21'' 



i2h : 6":^4M8'.jo" : of, a' 

y*% semidiameter at noon . - 16^. 9^ 



)) 's seniidiam. at 4M8'. 10" =5 16'. T 
^ 'saugmentation(TableVIL] = 1 1" 



}> *s tme semidiameter 



= 16'. 18" 



D 'a observed altitude - ==45^22^. 3" 
£nror of theqiiadmnt - » ' — 5S'^ 



Sanidiameter 



Bip (Table V.) 



45<».2r. 5" 
- « +16'.18" 

45**.37'.23" 
- = -4'.22' 



1pp. altitude }) 's centre » 45^.33'.!'' 



I2h. 21"::4M8MC/': 7" 
Horizontal parallax at noon - 59'. \&^ 



Horizontal paral. at 4M8'.10^«59' 8" 

60 

In seconds ^3548 

Cos '}) 's app. alt 45^.33'. 1"= 9*8491 1 
Horizontal parallax 3548" logs- 3*54998 

Parallax in dtitude 2507" log»3.39909 



Then 2507" 
}) 's refraction 

}) 's eorrection 



41'. 47^ 
-0'.56" 

40'.5l" 



Lasdy, 45^33'.r' + 40'.5l"=4^M3'.52", true altitude of 
die moon*s centre. 

2. On the 22d of April 1822, in longitude 105*^ E. of Gi>een- 
wich, at 13**.30', if the observed altitude of the moon's upper 

T 4f 



«ao 
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limD be 23^ .48^ and tlie eye 18 feet above the level of the sea; 
required the moon's true central altitude. 

The moon's semidiameter and horizontal parallax at noon 
{Naut, Alm.\ being 16^39^' and eT.S'^; and at midnight, 
16'.38" and-6l'.4". 

Answer, The time at Greenwich is 6**.30' ; ^ 's true semi* 
diameter 16^44'^, horizontal parallax 61\6'^; apparent altitude 
of the D 's centre 23°.27'.13'' ; the D 's correction 53'.52'', and 
the true altitude of her centre 24°.2r.5'^ 

^ PROBLEM XII. ^ 

(I) Given the sun^s meridian altitude tojind the latitude of 
the place of observation. 

Rule. Reduce the sun's declination to the meridian of the 
place of observation* (B. 270.) 

Subtract the sun's corrected altitude (G. 277.) from 90®, 
d)^ remainder is the zenith distance. 

If the sun be south of the observer when the altitude is taken, 
call th^ zenith distance north ; but, if north, call it south. 

Then, if the zenith distance and declination have the same 
name, their sum is the latitude ; but, if they have contrary 
names, their difference is the latitude, and it is always of the 
same name with the greater of the two quantities. 

EXAMPLE I. 

On the 17th of October 1822, in longitude 52oW., suppose 
the meridian altitude of the sun's lower limb to be 28°.4d', the 
observer at sea, the sun to the south of him, and the eye 14 
feet above the surface of the water. Required the latitude of 
the place of observation ? 



Obser. alt. O*sloiverlimb 28°. 40' 
Semidiameter - - = +16'. 6" 



28®. 56'. e" 
Refraction (Table IV.) = -1'.44'' 



28°.54'.22" 
O'sparal. inalt.(Tab. VL) + 8" 



28°. 54'. 50'' 
Dip for 1 4 feet (Table V. ) = - 3'.44" 



True altitude O's centre =28°.50'. 56" 
Zenith distance - - =61°. 9'. 4 n. 



Time at given place 
Longitude 52° w. 

Time at Greenwich 



- P=S\28' 



. =3\28' 



0's declination at noon ^°. 9'.20"s. 
0*s declination 18th at noon 9°. 31', 20" 



Increase in 24 hours 



= 22'. 0" 



24h. :22'::3\28': 3'. 10" 
0's decline. 17th at noon = 9°.9'.20"s. 



0's true declination - == 9°.12'.30''s. 
Zenith distance - =6J*^. 9' 4"n. 



True latituds 



= 51^.56'.34"n. 



* The same rule, with a little variation, will answer for a planet ; and for the 
moon, correcting for the declination as at C. 27 1. See Dr, Mackayt Navigation, Ist 
£dition, pagef>151 to 155. 
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2. On the 18th of March 1822, in longitude 106^ £, suppose 
the meridian altitude of the sun's lower limb, when north of 
the observer, to be 74^.56^, and the height of the eye 16 feet 
above the level of the sea, required the latitude. 

The sun's semidiameter {Naut. Aim.) being 16^.5'; the de- 
clination at noon on the 17th 1^26^.59^^ S., and on the 18th 

Ansooer. The sun's true altitude— 75°.8'.S''; time at Green- 
wich 16'».56' on the 17th, sun's corrected declination IMO'-IQ^S. 
latitude 16°.2'.16^ & 

3. On the 28th of September 1822, suppose the meridian 
altitude of Arcturus* to be 36^.18' north of the observer, its 
declination 20^6'.50" N, and the eye 20 feet above the level of 
the sea, required the latitude. 

Answer. SS°AQfA^" S. 

CHAP. XI. 

THE APPLICATION OF RIGHT-ANGLED SPHERICAL TRIANGLES 

TO ASTRONOMICAL PROBLEMS. 

(K) The celestial sphere is represented by Plate HI. fig, 1. 

1 . Let the circular space. Souths Zenith^ Norths Nadir^ re- 
present the brazen meridian f of a celestial, or terrestrial globe, 
having its north pole elevated above the horizon. 

2. Imagine the globe to be cut in halves by the brass me- 
ridian, and the semi-globe to be of transparent glass with the 
circles of the sphere drawn on it. Now if a sheet of paper be 
put upon the section, and a light be placed in the point aries 
(the eye being in libra), the shadows of all the most useful 
circles of the sphere, will form a plane figure similar to Figure I. 
Plate III. 

3. NAS will present the axis of the globe, n the north pole, 
s the south pole. 

4. MAQ the equator. 
5« no the horizon. 

6. Zenith a the quadrant of altitude screwed on the zenith, 
and passing through aries. Or, Zenith a Nadir j the prime ver- 
tical passing through aries a. 

?• Vf © A© © the ecliptic, n its north pole, m its south pole. 



* See the note on D. 273. 

•f It is here presiuned that the learner has some knowledge of the globes, and of 
the circles described thereon. It would be a very good exercise to solve the suc- 
ceeding problems both. by the globes and by calcination. . 
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8« ® ® the tropic of cancer, or any paraHel oT the sun's 
north declination. 

9. yp yf the tropic of Capricorn, or any parallel of the^un's 
south declination. 

10. ON the elevation of the north pole above the horizon, 
equal to m zenith^ the latitude of the place. 

1 1. H£ the elevation of the equator above the horizon, equal 
to zenith n, the complement of the latitude. 

12. tQw a parallel circle 18 degrees below the horizon, or 
the boundary between twilight and dark night. 

13* Zenith sec, zenith ody &c. azimuth, or vertical circles. 

14. NSDS, NG0CWS, &c. meridians or circles of terrestrial 
longitude. 

15. nvxTTi, ncvm, &c. circles of celestial longitude. 

Note. The several triangles in this general figure, and iSnt 
lines which form them, are explained at the head of each pro- 
blem^ to which the triangle is applied. 

(L) PROBLEM I. {Plate IIL Fig. 1.) 

Given the chliquity of the ecliptic and the sun's longitude^ to 
Jtnd his right ascension and declination. 

In the right-angled spherical triangle agQ^ or abQ* 

!• a 0r: sun's longitude, an arc of the ecliptic from aries. 

2. AG, or AB= sun's right ascension, an arc of the equinoc«> 
tial ; the point b always comes to the meridian with the sun. 

S. GO9 or bO = sun's declination, an arc of a meridian pass- 
ing through the sun's place. This arc likewise comes to the 
meridian with the sun. 

4. GA © , or b A O z= the obliquity of the ecliptic, or the angle 
formed between the equinoctial and the ecliptic. 

5. aQg, or AOB=:the angle formed by the ecliptic, and the 
meridian passing through the sun's place. 

Any two of these jfe^ quantities being given, the rest may be 
found. 

EXAMPLE. 

On the 17tb of May 1822, when the sun's longitude is 
1«.25°.57^25^^* required his declination, right ascension, and 
the angle formed between the ecliptic and the meridian passing 
through the sun's place. The obliquity of the ecliptic being 
23°. 28^ 

1. Tojind the suris declination ^ in the triangle ab©« 

# 
Rad X sine bO= sine ba© x sine a©. 

•.• (log sine ba® H-log sine a©)— lOzzlog sine B©. 

23 
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or, Rad : sine a©= 55<'.57'.25''::sine BA©=r 23°.28' : sine 

.2, Tojlnd the sun's right ascension^ in the triangle ab©. 

Rad X cos BA© =cot A © x tang ab. 

v (10 + log cos BA©)— log cot A©=:log tang ab. 

or, Cot A© =55^57^25" : rad :: cos ba©= 23^28' : tang ABir: 

53^S7'.40*^= 3\34'.30''.40'". 

3. Tojind the angle a©b between the ecliptic and meridian\. 

* 
Rad X cos A©=:cot ba© xcot a©b. 

V (10 + log cos A0) — log cot BAO=:log cot A0B. 

or, Cot BA© =23^28' : rad::cos a© =55°. 5 7^25^' : cotA©B 
=:76^20'.23''. 

(M) Astronomers reckon the sun's longitude and right as- 
cension from aries quite round the globe. Hence, though at 
equal distances from the equinoctial points, aries and libra, the 
sun may have the same quantity of declination and of the same 
namC) viz. Mm aries to libra, north ,- and from libra to aries, 
south f yet the longitudes and right ascensions differ materially 
at these points where the declinations agree. Hence, 

(N) If the sun be in the second quadrant of the ecliptic, 
subtract the longitude from 180% use the remainder to find 
the right ascension ; and take the right ascension, when found, 
from 180^ 

(O) If the sun be in the third quadrant, subtract 180^ from 
his longitude, use the remainder to find his right ascension ; 
and add 180^ to the right ascension when found. 

(P) If the sun be in the fourth quadrant of the ecliptic, 
subtract his longitude from 360°, use the remainder to find 
the sun's right ascension ; and &ke the right ascension, when 
found, from 360°. 

(Q) In the first quadrant of the ecliptic between the 20th 
March and 21st June, the sun's declination is north and in- 
creasing; and in the third quadrant between the 22d September 
and 21st December, the sun's declination is south and increas- 
ing. — In the second quadrant of the ecliptic from 21st June to 
22d September, the sun's declination is north and decreasing ; 
and in the fourth quadrant from 21st December to the 20th 
March, the sun's declination is south and decreasing. 

PRACTICAL EXAMPLES. 

1. On the 17th of May 1822, the obliquity of the ecliptic ::r: 
23°.27'.53", the sun's declination= 19^.15^57" N. and increas- 

f The finding of this angle is of no other use than as an exercise of right-angled 
spherical triangles. 
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ing; required his longitude, right ascension, and the angle 
formed between the ecliptic and the meridian passing through 
the sun's place. 

{The sun's longitude = 55^57'.37", orl».25''.5Y.Sr. 
The sun's right ascension =z 53°. 38', or 3^34?'.32^ 
The angle a Op =76^20'. 

The answers here would have been ambiguous, had it not 
been shewn that the sun was in the first quadrant of the 
ecliptic. 

(R) This problem is useful for calculating tables of the sun's 
longitude. For the latitude of the place being accurately de- 
termined, and a quadrant fixed in th& plane of the meridian, 
the observation of the sun's meridian altitude gives his decli- 
nation, or distance from the equinoctial ; whence his longitude 
for any day is readily obtained. 

2. On the 5th of August 1822, the obliquity of the eclipticl= 
23'^.27'.53", the sun's right ascension = 134?^54'; required 
the sun's longitude, declination, and the angle formed between 
the ecliptic and the sun*s meridian. 

{The sun's longitude= ^12°.25'.53% or 4M2^25^53'". 
Declination z= 17''.5'.28^ 

The angle a0b = 73°.40'.34.". 

The sun's right ascension being greater than 90% and less 
than 180^, he is in the second quadrant of the ecliptic^ 

3. On the 10th of Novenaber 1822, the sun's right ascension 
=:225°.5'.16'', his declination 17°.5'.18'' S. required his longi- 
tude, the obliquity of the ecliptic, and the angle formed by the 
ecliptic and the sun's meridian. 

{The sun's longitude— m 47°.33'.26'', or 7M7°.3S'.26^ 
Obliquity of the ecliptic = 23^.27'.53". 
The angle a0b = 73°.40'.19". 

The sun's right ascension being greater than 180% and less 
than 270°, he is in the third quadrant of the ecliptic. 

4. On the 1st of February 1822, the sun's longitude is;:::? 12°. 
8'.59", or 10M2%8'.59", his declination = 47°. lO'. 15" S.; re- 
quired his right ascension, the obliquity of the ecliptic, and the 
angle formed by the ecliptic and the sun's meridian. 

rThe sun's right ascension = 31 4^.37', or 20»».58'.28". 
^n5. < Obliquity of the ecliptic = 23^27'.55''. 
(.The angle aOb = 73°.46'. 

problem II. {Plate IIL Fig. 1.) 
(S) Given the latitude of the ^^iorc^, and the sun's declina" 
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tionfj td.Jlnd his amplitude, ascensional differenci^ and the time 
of his rising and setting. 

In the right-ODgled spherical triangle abs or agc. 

1. AB or AG = the sun'S) or star's, ascensional difference. 

2. BS or Gc=the sun's, or star's, declination. 

3. AS or AC =: the amplitude. 

4. BAS, measured by the arc go ; or cag, measured by the 
arc HJE,z=the complement of the latitude. * 

5. ASB or ACB=the angle formed between the horizon and 
the meridian passing through the sun. 

Any two of the above five quantities being given, the rest 
may be found. 

(T) The same things may be found from the right-angled 
triangle 8DN or chs. 

For, in the ttiangle son, so is the complement of as ; sn is 
the complement of bs; on is the complement of the arc go, 
which measures the angle bas ; and the angle sno, measured 
by the arc bq, is the complement of the ascensional difference. 
In the same manner the triangle chs may be compared with 
the triangle agc. 

EXAMPLE I. 

Given the latitude of London 51°.32' N. on the longest day 
when the sun has 23°.28' N. declination ; required the sun's 
amplitude, ascensional difference," time of rising, setting, the 
length of the day and night, &c. 

1. In the triangle abs to find the amplitude as. 

Rad X sine Bsrrsine bas x sine as. 

••• (10,+ log sine Bs)— log sine bas = log sine AS. 

or,SineBAS=38°.28': rad: :sine bs=:23°.28': sineAS=S9°.48'. 



"Y This problem may be applied to the rising or setting of a piknet, or of a star. 
But where great exactness is required, the declination of the sun or planet must be 
calculated as near to the time of rising and setting as possible ; especially for the 
moon on account of her swift and irregular motion. Likewise, the declination of 
the sun near the equinoxes alters considerably in the compass of an hour. Hence 
what is generally called a parallel of the sun*s declination^ and drawn as such in 
the projection of the sphere, is not strictly a parallel circle, but a spiral line. 

When the latitude of the place and the declination of the object have the same 
name, the right ascension diminished by the ascensional difference leaves the ob- 
lique ascension, and increased by the same gives the oblique descension. 

But when the latitude of the place and declination have contrary names; the 
right ascension increased by the ascensional difference gives tlie oblique ascen^iion ; 
and being diminished by the ascensional difference leaves the oblique descension. 
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viz. cosine of the latitude, is to radius; as the sine of the sun's 
declination is to the sine of the amplitude. 

(U) This part of the problem is useful in navigation, for 
finding the variation of the compass^. — It is evident, by com- 
paring the triangle abs with the triangle agc, that the ampli- 
tude is always of the same name with the declination, whether 
north or south. 

2. Tojind the ascensional difference ab. 

Rad X sine Asrrcot bas x tang bs. 

••• (log cot BAS -flog tang bs)— lOzzlog sine ab. 
or, Rad: cot BAS=38°.28^': tang. BS = 23^28' : sineAB=33^7'. 
viz. Radius, is to the tangent of the latitude; as tangent of the 
sun's declination, is to the sine of the ascensional difference. 

(W) By comparing the triangle abs with the triangle agc, 
it is evident that when the sun's declination and the latitude of 
the place are of the same name, the ascensional difference in 
time subtracted from six hours gives the time of rising, and 
added to six hours gives the time of sun-setting : but when the 
latitude of the place and the sun's declination are of contrary 
names, the ascensional difference added to six hours gives the 
time of sun-rising, and subtracted gives the time of setting. 

In the present case the sun rises at 3^.47^32'^, and sets at 
8\12'.28''; double the time of rising gives the length of tlie 
night, and double the time of setting gives the length of the 
day. 

(X) When the sun's declination is equal to, or greater than 
the complement of the latitude; viz. when q © is equal to or 
exceeds go (a circumstance that can never happen in latitudes 
lower than 66°.32') the parallel of declination ® ©will not cut 
the horizon ho, and consequently the sun will never set at 
these times. The same observations hold true with stars whose 
co-declination or polar distance cn, is equal to, or less than, 
the latitude of the place, or elevation of the pole on, and in 
the same hemisphere. 

example II. 

Required the amplitude, time of rising, culminating, and set- 
ting of Arclunis at Greenwich, latitude 51^.28^40'' N. on the 
first of December 1822, its right ascension being 1 4^.7^32'' f," 
and declination 20°.6'.50'' N. 



f S€€ Table V^I. at the end of the Book. 
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The sun's right ascension at nqon December 1st (Natii. 
Jim.) bemg le'^.SS'.ie^ and on December 2d, 16KS2!.S5". 

. 1. Tojind the amplitude as, in the triangle abs. 

The star's declination being north, the triangle abs must be 
used, wherein BAS=:the co-lat. and bs the declination are given, 
to find as. 

Rad X sine BS=sine as x sine bas. 

V ,(10+log sine Bs)--log sine BAS=:log sine as. 

or,SineBAS=:38°.3l'^20'^ I rad::smeBS=20°.6'.50" : sineAS= 

(Y) The amplitude is always of the same name as the de- 
clination ; and since the variation of a star's declination is ex- 
tremely smallf , the same star may be considered as having con- 
stantly the same amplitude, or to rise and set in the same point 
of the horizon, during the whole year, in the same latitude. 

2. Tojind the ascensional difference ab, in the triangle abs. 

# 
Rad X sine AB=:cot bas x tang. bs. 

•.• (log cot bas -l-log tang bs)— 10= log sine ab. 

or, Rad : cot bas = 38°.3 1\^20" :: tang bs=20°.6'.50" : sine ab 

=:27^23'.2l". 

Then 27^23'.2l'' x 4 = l'».49'.33", and 6\ + l^*.49'.33"=7^ 

49^.33^ the arc bad^, or half the time of the star's continuance 

above the horizonj:. 

S. Find the time of the ^ *s ctdminating^ Prob. VII. (D. 273.) 

Then, From the time of the*'s culm. (D. 273.)=21^35'.23^ 

Take the semi-diurnal arc - - - = 7^.49^33". 



Time of the s|c 's rising, December 1st - = 13**.45'.50''. 

And, To the time of the in 's culminating (D. 273.) = 2 1'».35'.23". 
Add the semi-diurnal arc - - - - = 7*>.49'.33''. 



Sum 29h.24'.56". 



Then 29^24'.56".-24h=5\24'.56^ time of setting, De- 
cember 2d. 

— I ■ - — - - I I - I 

-f* The amplitude of this star on the same day, in the year J 796, was 330.45.46'', 
making a rariation of only 14'.56^ in its amplitude during 26 years. In the fintt 
edition of this, work (which was published in the year 1801) the places of all the 
stars were corrected to the year 1796. 

X When the declination of the star and the latitude of the place are of the same 
name, the ascensional difference added to 6 hours gives the semidiurnal arc ; but 
when of epntrary names, the ascensional difference subtracted from 6 hours^ leaves 
the semidiamal are. 
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(Z) On account of the small change in the declinations of 
the stars, the same star, in any latitude^ may be considered as 
having the same ascensional difference during the year ; con- 
sequently the diurnal difference of the same star's rising, cul- 
minating, and setting, in the same latitude, is nearly equal to 
the diurnal difference of the sun's right ascension. 

The sun's mean apparent daily motion is 59',8" nearly, which 
is equal to 3'.56".32 , the daily difference between the rising, 
southing, and setting of any fixed star, in the same latitude* 

l»RACTiCAL EXAMPLES. 

1. Given the sun's amplitudes: 39°.48' N. his declinations 
23^28' N. ; to find the latitude of the place, time of sun rising 
and setting, and the length of the day and night. 

i^The latitude = 5 l^.SS' N. 

. I Sun rises at S'^AI'.^'Z". 

Aiimer.^ g^^ ^^^^ ^^ 8M2'.28". 

LLengthofday=16^24.'.56''lengthofnight=7^35^4". 

2. Required at what time SfWi/5, the Dog star, will rise, cul- 
minate, and set at Greenwich lat. 5r.28'.40" N. on the 18th of 
December 1822. 

The right ascension of Smw5 being 6^37'.l 8", and declination 
16°.28'.39" S; the sun's right ascension at noon (Naut. Aim.) 
being 17^.42',55^ and on December 19th at noon 17^47'.21^ 

{Ascensional difrerence=21o.48'.43"= l\27'.18''. 
Semi-diurnal arc = 4^.3 2'.47". 
Siriics will be on the meridian at 12h.52'. 
rise at 8^]9M3". in the evening. 
set at 5 .24''.4?7'' next morning. 

Star's declination being south, the triangle agc rs used. 

3. Required the amplitude, time of rising, setting, and cul- 
minating ofAldebaran at Greenwich on the 20th of November 
1822. 

The right ascension o( Aldebaran beingr:4b.25'.43", declina- 
tion =16°.8'.36"N., the sun's right ascension at noon {Naut. 
Aim.) being 15^.41 '.2 9", and on the 21st November, at noon, 
1 5^.45^.4 1". 

Ascensional difFerence=2P.19'.19''= 1K25'.17". 

fSemi-diurnal arc 7h.25'.l7''. 

jt I ^6?^6firaw culminates at 12^.42'. l". 
Ansi^er.^ ^i^^^ ^^ ^h^ ^ g,^^^//^ evening. 

I sets at 8**. 7'. 18''. next morning. 

^The amplitude =26°.30'.53''. towards the N. 

4. Given the latitude =5 P. 32' N., the sun's amplitudes 
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69^48' N. of the east; required the sun's (lecKHation>' ^cen- 
sional di£ference, time of rising, setting, &c. • 

{Sun's declination =23°.28'. N. 
Ascensional diff. =.^3^. ?'• 
Sun rises at SK4f.S9f\ 
Sun sets at 8^.1 SUs". 

PROBLEM III, {Plate IIL Fig. 1.) 

(A) The latitude qf the places and the sun! s {or a starts) 
declination being given, tojind the altitude and azimuth^ 8fc. at 
six o'clock. 

In the right-angled spherical triangle ads. 

1. AD = the complement of do the sun*s or star's azimuth 
from the North, or elevated pole. 

2. DSzzthe altitude at six o'clock. 

3. AS =: the declination. 

4. SAD r: NO the elevation of the pole, or latitude of the place. 
Any two of the above quantities being given, the rest may 

be found. 

The triangle s Zenith n is complemental to the triangle ads ; 
it therefore follows, that the several things concerned in the 
problem may be determined in this triangle, rightrangled at N. 

(B) As the meridian of a place, with respect to the sun, is 
called the 12 oVlock hour circle, so that circle nsas. which 
cuts it at right angles, being 6 hours from the meridian, i$ 
called the 6 o'clock hour circle. 

The sun ^pd stars are on the eastern half of this^ circle 6 
hburis before they come to the meridian, and oh the western 
half 6 hours aflier they have passed the meridian. 

• 

EXAMPLE I. 

In latitude 51^32' North, when the sun has 19^39' North 
declination; required his altitude and azimuth at 6 o'clock* 

I. Tojind the altitude ps, in the triangle ads. 

* .. 
Rad X sine DS=sme a x sine as. 

V (log sine A + log sine as) — 10 :;:s log sine DS. 

or, Rad : sineAS=rl9°.39':: sinesAD=51^32': isinensz: 15^.1^', 

2. Tojind AD the cq-'Ozimuthy in tho triangle ads. 

Bad X cos Ancot AS X t^ng AD. . 
. •.• (IQ+log cos a)-— log cot AS = log tang ad,' 
ar. Cot AS = 19^.39' : rad.Tcos SAtf = 51^.32' : tang Apcsi- 

u 
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12^^V.23\ Hence 90°--12°.»I^23"=:77^28'.S7''r=o^ tba 
azimuth from the north. 



EXAMPLE II. 



At what time will Arcturus appesr upon the six o^clock hour 
line at Greenwich, latitude. 51^28^40^^N., and what will iu 
altitude and azimuth be on the first of April 1822? 

Its right ascension being 14^.7^.d2^^nd declination 20^.6'*$(f 
N. (Table VIII. )$ and the sun's right ascension on the first of 
April {Natd. Mm.) being 0^.41^11^, and oa the second of 
April 0»>.44U9". 

1. Tojindihe time of the states culminating^ 

t . • ■ 

By Problem VII. (D. 273.) Arcturm will cuIoniuUe at 

13^24'. 19". 

Consequently (6. 289.) it will be upon the six o'clock hour 
circle at (13»»*24'.19"-6*»=) 7*>.24'.19" in the eveaiing, in the 
eastern hemisphere; andat(13^24'.19*+6*»r:) 19\24'j9^,or 
7**.24M9'' the next morning, in the western hemisphere. 

2. Tojind the altitude DS, in the triangle ads« 

* 

Rad X sine DS=: sine sad x sine as. 

V flog sine SAD -flog sine as)— 10=log sine DS, 

or, Had : sineAS=:20°.6'.50": Isine sad=:51°.28 .40" : sin^ nsr: 
15^36'.25''. 

3. Tojind the azimuth ad from the east^ in the triangle ads. 

Rad X cos SAD==cot as x tang ad. 

V (10 -flog cos sad) — log cot AS=:log tang ad. 

or, Cot asz:20°.6'.50" : rad : : cos sad=:51°.28 .40" : tang ad= 
1 2^50^.56". Hence od == 7'7°.9'.4^' the azimuth from the north. 

(C) On account of the small change in the right ascension 
and declination of a star, it may, without material error, be 
said to have the same altitude and azimuth every time it ar- 
rives at the six o'clock hour circle; and the difference of the 
times it arrives there, may be considered as equal to the diur- 
nal difference of the sun's right ascension, viz. about four 
minutes. (Z.288.) 

PRACTICAL EXAMPLES. 

1 . At what time will Aldebaran appear upon the six o'clock 
hour circle at Greenwich, latitude 5 1°.2S'.40^ N., and. what will 
its altitude ^d azimuth be on the 20th November 1822? 

11 
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The right ak5eii«onb€irig4^25US'Vftn^a€lclSnad^n IG^.S'.Se'' 
N. (Table VIII.); also, the sun's right ascension on theSOth 
November (J^flM^. ^w.) « 1 5*>.4 1 '.29" and on the 2-1 st 1 5^.45'.40% 

-rfiMa?er. Aldebaran culminates at li^A2f (D. 273.), there- 
fore it is <m the 6 o'clock hour circle in the eastern hemisphere 
at 6^.42^ in the etrening; and in the western hemisphere at 
611.42" the beet oaornin^. ' - \ .- 

lis altitude at each time being 12°*32\S'\ and the azimutb 
79".46'.50'' from tibe north. . 

2. Required . the sun^s altitude and aziiduA 'at 6 o'clock, in 
latitude 51^.32' N. when his declination is 16^23' North? 

Jnsfwer. Akitiide=ll®.59M7^ a«imuth 80M7M4'' from 
the North. 

$« Given the ^un's declination 1D^59' Norths his aldtiide at 
$ equal 15^.16'; required tlie azimutii and the latitude? 

Ansnskr. Azimuth = 77°.28'.37'^ from the elevated pole, hiti-> 
tudez?.5 1^32' North. 

4.' Given the sun's declination =1 9*^.39' North, his azimuths 
at 6 in the morning N. 77^28'.37'' E.; required his altitude 
and the latitude? ^ 

Answer. Altitude =15°. 16', Iatitude= 51^32' North. 

5. At what time will Regulus appear upon the six o'clock 
hour circle nsas at Greenwich, latitude 51°.28'.40"North, and 
what will its altitude s^nd azimuth be on the 6tb f^ebruary 1822?' 

The right ascensioh being 9^.58i''.53"' and declination 12%, 
50'.l" N. (Table VIIL), also the sun's right ascension at^oon 
on the same day {Naut. ALm.)zz2l^AS'Al'\ and on; the 7th 
February 21»».22'.4r'? 

An^mer. Begakis culminates at 12.^.38^ (D. 2730» is on the 
6 o'clock hour circle, at 65.38' in the evening in the eastern 
hemisphere ; and at 6^38' the next morning in the western ' 
hemisphere. Its altitudes lOM^ 11^', and its azimuth =: 81^. 
55'.28' from the north. 

6. At what time will Cctstot appear upon the 6 o'clock hour 
cirde at Greehwi<^, latitude 51®.28'.4(r N., and what will its 
altitude andiazimiith be on the 1st of December 1822? 

The right ascension being 7^23'.13" and declination 32°. 16' 
IXf N. (Table VIII.), also the sun's right ascension on the first 
of December at Noon {NatU. ^////.)=16*».28M6", and on the' 
second 16^32'.35". 

. jtnsmer, (^ori 'Culminates at 14*».52'.1G'', (D. 273.) will be 
on the! six o'clock hdur circle at 8^*52^.16* in the evening, in 
the eastern hemisphere, and at 8K52M6"next morning in the'' 
western hemisphere; altitude=:24^4r.2i% azimuth=:68°.31'. 
55" from the north. 

u 2 
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(D) PBOBi^M IV. {Hate in. Fig. 1.) 

The latitude of a place, ' and the declination of the sun {or of 
a star) being given ; to find the altitude^ and the time uohen it 
will be due east and west. 

In the nght-rangled spherical triangle ags. 

1. AG = the time from six o'clock when the sun is due east 
arwest Or it is the complement of the time from a star's 
culminating. 

2. AS = the aldtude of the sun, or a 9t«r^ above the horizon, 
when on thcvprime vertical zsan. 

.3. Gs=:the sun's or star's declination, of the same name as 
the latitude. 

s 4. The angle gas = the latitude of the place; for the eleva- 
tion HM of the equinoctial is always equal to the complement 
of the latitude. 

Any two of these quantities being given, the rest foay be 
feund. 

The triangle 8N Zenith, right-^angleil at Zenith, is -compie- 
jnental to the triangle ags. 

EXAMPLE I. 

In latitude 51^.32' North, when the sun^s declination is 
1*9^39' North, required his altitude, and the time ii^en he 
will appear due east or west ? 

1. Tojind the altitude as in the triangle ags. 

Had X sine Gs=zsine gas x sine as. 
•.' (10 -flog sine gs)— log sine GAsnlo^ sine as. 
«r, SineGAS=5r.32': sineGsn 19°.39': :rad : sineAS=25®.26'. 

2. Tojind AG the hour from six^ in tlie triajigle AGS. 

# 
Rad X sine AG=tang gs x cot gas. 

%• (log tang GS + log cot gas)— 10= log sine ag. 
or, Rad : tang gs = I9''.39\* Icot gas = 51''.32' : sine ag = 
16?.28'.48". 

Now 16°.28'.48''= 1*».5'.55" the time from six, hence the sun 
will be east at 1^.5'. 55!' in the morning, or west at 4** .54^.5'' in 
the afternoon. 

, (E) As the declination increases, the altitude and hour from 
six increase, and when the declination vanishes, the sun ap- 
pears in the horizon upon the prime verticaL When the lati- 
tude is equal to 90°, the sun's altitude upon the prime vertical 
is equal to his. declination. 
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When die latitude of the place is less than the declination^ 
the SDD never appears on the prime vertical* 

EXAMPLE IL 

At what time will Arcturus appear upon the prkne vertical, 
or be due east or west from Greenwich, latitude 5 1^.28^40'^ N., 
en the first of April 1822; and] what will be it& altitude? 

Its rijgbt ascension being l4fK7\S2'\ and declination. =: 
20°.6'.50'' North (Table VIIL), the sun's right ascension on 
the same day at noon {Nant. Aim.) being=0^.4l'.J 1'^, and on 
April 2d =0»».44'.49''. 

1. Tojind the altitude as, in the triangle ags. 

* 
Rad X sine GS=sine gas x sine as. 

••• (10-f log sine gs)— log sine GAS=log sine as. 

or, Sine GAs=51^28'.40'^ \ radllsme Gs=20^6'.50'' : sine as 

=26^4'.S1^ 

2. Tojind ag, the complement of the time from the states cul" 

minatingj in the triangle ags. 

Rad X sine AG=tang gs x cot gas. 

V (log tang GS + log cot gas) — 10= log sine ag. 

t)r, Rad : tang GS=20^6'.50"::cotGA«=:51^28U0'? : sine ag 

= 16^.57'. 

Hence 90®— J6°.57'=:73*'.3'; which reduced to timezr 
4**.52'.12'', the time from the star's culminating. The star 
comes to the meridian at 1JJ*>.24M9'' (D. 273.); therefore 
13^24M9"— 4h.52'.12"=8^32'.7", the time in the evening 
when the star will appear due east ; and 13''.24'. 1 9" + 4*>.52'. 1 W 
= 18^16^.31'''; or 6\16\SV next morning, when the star will 
appear due west. 

(F) The height of the same star upon the prime vertical in 
any place, is always nearly the same, for the reasons already 
assigned (C. 290.) ; and the difference of the limes of its coniing 
to'tne prime vertical, will be equal to the difference of the 
times of its culminating, which is nearly equal to the diurnal 
difference of the sun's right ascension. 

PRACTICAL EXAMPLES. 

1. The sun's declination being 19^39' North, and having 
2B°J^6^ altitude upon the prime vertical ; required the latitude 
of the place, and the hour of the day ? 

u 3 
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, JffMer, Liititude=:51^82' N. time 7^5'.55^ ot 4tK6y.5'% 
according as th^ ob$ieryatkm was made in th^ fbreiiopD «r 
afternoon. 

2. At what time will Jldebaran appear dae east or west at 
Greenwich, latitude 51^28'.40^^ N. on the 20th of November 
]I822, and what will its altitude be at that time ? 
< Its ri^t ascension being=:4^.25'«45^' and declinatioa lePS'. 
SS'' N. {Tab. VIII.), tlie sun's nght ascension at noon flOth No- 
Tember {Natd. Alm.)^lE^AV.2^\ and on the 2ist 15i^^5U0^. 

Angmer. Aldebaran fulminates at 12^«42' (D. 275.), is due 
east at 7^35^. 17'^ doe west at 17M8'.4a^ ftnd its altitude^ 
20^46'.3". The arc AGEISM 9'. 1 9". 

S. The sun's declination being 19^39' N. and he was ob- 
served to be due west at 4^.54' in the afternoon ; required his 
altitude, and the latitude of the place ? . 

Anmer. Altitude = 25^26", latitude =i 5 1 ^.32' N. 

4. At what time will ReguLus appear due east or west at ; 
Greenwich, latitude 51 °.28'.40'' N., on the 6th of Febpiary 
1822, and what will be its altitude at that time? ' 
. Its right ascension being = 9^.58^53% and declination 
12*.50'.r N. (Tab. VIII.) the right ascension of the sun at 
noon on the 6th of February {Naut. Aim.) being=21*».18'.4l'', 
and on the 7th=21h.22''.4r'. 

Anmer. Heguhts culminates at 12^.38'.5^3 is due east at 
7''. 1 9'.5§", due west at 1 7^56'. 1 4'', and its altitude=: 1 6^29'.37". 
The arc ag=10°.27'.37''. 

5. In latitude 51^.32^ North, the sun's altitude when on the 
prime vertical was 25°.26^; required his declination, and the 
hour of the day ? 

{Declination -1 9°.39' North. 
Tioie 7^.5^.55'^, or 4^.54'.5", according as the observ-* 
ation was made in the forenoon or afternootn. 
• ••••■■. 

PROBLEM V. {Plate IIL Fig. 1.) 

(G) Given the latitude of the place^ and the sun^s altitude^ 
HiAen on the equinoctial^ tojmd his azimuth and the hour (^ the 
day. 

In the right-angled spherical triangle Ada. 

1. AGiztlie complement of jeg the hour from noon, being 
an arc of the equinoctial, on which g represents the sun's plaMr 
between noon and 6 o'clock. 

2. A£?=the complement oind the sun's azimuth from the 
meridian, or south point of the horizon. 

3. £^g= the sun's altitude. 



Chap. XI. ' bigbt«amoled thianoles. SM 

> • . . . 

4. QAJlszAe compIeiDenl of the latitude, being measured bjr 
the arc ux, the elevation of the equator above the horizon. 

Any two of these quantities being given, the rest may* be 
found. ^ 

Tlis triangle is complemental to the triangle ga zenith / for 
6z is the complement <^ d(i tlie altitude ; £G is the hour from 
noon; jssthe latitude; and the angle MZQy measured by the 
arc mif is the sun's azimuth from the meridian. 

» 

EXAMPUE. 

In latitude 51^.32' North, when the sun was on the equi- 
noctial, his altitude was 22^.15'; required his azimudij and 

the hoor of the day ? 

< 

1. Tojtnd Ad tht complement of the azimuth^ in the triangle' 
Ado. ^ 

Rad X sine A^=tang da x cot GAd. 

V (log tang Ja+log cot gai/)— 10=1<^ sine Ad* 
or, Rad : tang ^g = i22®.15': Icot GAd = S8°.28^ : sine Ad = 

Haice the azimuth r: 59^.1^ from the south towards the east 
or west, according as the time iis before or after noon. 

2. To^nd AG, the hour from 6, in the triangle Ado. 

^Rad X sifie ^Grrsine agx sin6 ga^ 
•.• (1-0+log sine dG)— log sine GA^zilog sine ag. 
or. Sine GArf=88®.^8' : rad: : sine dG = 22*^.15' : silie ag r: 
sr'.29'.45% which reduced into timers 2h.29'.59^t Ais added 
to, and subtracted from, 6 hours, gives 8\29'.59'', or 3^.80'; l", 
acoofding as the sun is in the eastern or western semi^circle 
of the globe. 

PRACTICAL EXAMPLES. 

1. In latitude 51^32' N. when the sun has no declination, 
whut is his altitude,- and azimuth at three hours and a half 
fiottiiEioon? 

Answer. The altitude = 22°.15'. Azimuth = -S. 59M' E. 
6rW. 

2. At the time of the equinox the sun's altitude was found 
to be 22^.15', and his azimuth S. 59^ E.; required the hour 
of the day, and the latitude of the place? 

Anmer. Time 8J^.S(/. Latitude 51^32' North. 

3. In latitude 51°.32' North, the sun being in the equinox, 
there is- given the angle (ag^) which the vertical circle passbf 

u 4? 
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through the sun forms with the equinoctial =57°;46^> to fi^d 
the hour of the day and the altitude and azimuth of the sun?* 
. Answer. Time 8^.29'.56", or S^30U"• Altitude 22^^15'; 
azimuth S. 59\ E. or W: 

(H) PROBLEM VI. (P&/^ ///. i?%. 2.) ' 

■ The differeTice of longitudes between two places^ both in one 
parallel of latitude^ being given^ tojind the distance between them. 

Before we give any examples to this problem, it will be ne- 
cessary to remark, that all the meridians on die terrestrial 
globe are great circles meeting each other in the poles of the 
equator,' Therefore the meridional distances of places vary as 
the latitudes; that is, the distance between the meridians . P£ 
and pW Is greater on the equator woqe (supposing wogE to be 
a part of the equator) than it is on the parallel of latitude mn,' 
aiid greater at mk than at /l, &c. 

Longitude is always counted on tlie equator, where a degree 
is reckoned 60 geographical miles, hence ad^ree of longitude 
in the parallel mn must be less than 60 miles. This shows that 
what is called meridional distance in navigation^ is always less 
than the longitude, except the ship sail on the equator*. 

Since all the meridians pw, po, pq, &c. cut the equator at 
right angles (1. 134.}, they must necessarily cut all the paralleb 
of latitude at right angles. 

The arcs of the equator wo, og, &c. are the measures of the 
spherical angles wpo, opq, &c at the pole (D. 183). 

If w;;« or on represent the latitude of two places on the same 
parallel, then mp or np will be their co-latitudes. 

The arcs wo and mn are similar (P. and R. 135.); hence 
mr : mn : : cw I wo, viz. cw : mr \ \ wo : mn. But my is the sine 
of the latitude ww, wxrzivc is its cosine, and cw is the radius 
of the sphere. Therefore, 

Radius ! cosine of any latitude \ \ the length of any arc on 
the equator : the length of a similar arc in that latitude. 

PRACTICAL EXAMPLES. 

1. Suppose a ship, in latitude 40^ North, sail due east until 
her difference of longitude be 60^, required the distance sailed 
in that parallel? 

Rad : cos ^O^'rrdifF. longi=3600 miles : the distance 2757*7 
miles. 

EXAMPLE II. 

2. Suppose a ship, in latitude 40° nortli, sail due east 27.'S7'7 
miles, what is her difference of longitude ? 

Anmxr. 3600 miles. 
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(I) By the first of these examples, geographefs have calcur 
lated tables showing how many miles answer to a d^ee of 
longitude for each degree of latitude ; thus in latitude 45^, a 
d^;ree of longitude is 42*43 miles ; in the latitude of London 
51^.32', the length of a degree is 37*32 miles> &c« 

•3. If a ship sail 2757*7 miles directly eastward or westw^d, 
so as to alter her longitude 60% what latitude is she in 7 

Answer. 40° north or south. 

4. Suppose a ship to sail from latitude 40^ North to latitude 
10° North, till her difference of longitude be 60°, and it be re- 
quired to find her departure, course, and distance sailed. 

Here Ih the parallel of 40^ is the latitude left, Aa the parallel 
of lO*" is the latitude arrived at, and mn the parallel of 25° is 
the middle latitude between them ; hence mp is the comple- 
ment of the middle latitude, and mn is the meridional distance^ 
or the true departure nearly* ; bw is a quadrant or 90°, and 
WE is the difference of longitude. 

(K) Hence the following construction {Plate III. Fig. 3.) : 

1. With the chord of 60% which is equal to the sine of 90% 
and centre p, describe the arc we, on which set off the differ- 
ence of longitude (60°= 3600 miles) ; draw pw and pe. 

2. With the sine of {65^) the complement of the middle 
latitude, taken from the line of sines on Gunter's scale, desicribe 
the arc mn, and draw the straight line mn. 

3. Set off the difference of latitude (30°= 1800 miles) from 
p to mi draw mn perpendicular to pm, and equal to mn ; lastly, 
draw.p»y and the construction is finished. The several lines 
are named as in the figure. 

(L) OR THUS. 

M%ke the angle mpn (Plate III. fig. 4.)=:the complement 
of the middle latitude, and fn the difference of longitude, then 
MN will be the departure or meridional distance ; for, in the 
plane ttiangle mpn,^^^ Plane Trigonometry, radius : pn:: 
sine Z MPN : mn, the same proportion as is used in the first 
example. The triangle mvn is the same as before. 

(M) OR THUS. {Plate IIL Fig. 5.) 

Draw the meridian ap, in which assume any point p ; make 
the angle at p equal to the complement of the middle latitude, 
in the opposite quadrant to which the ship sails; set off pn equal 
to the difference of longitude, and draw mn perpendicular to 



• Se« the Theory of Navigation^ Book IV. Chapter II. 



. > tww 



$98 ASTROKOMICAL PROBLEMS. • BeOK III. 

Ap; lastly^ set oiFthe difierence of latitude from m to a^ ^d 
draw AN ; then die Bomes of the several lines are as expressed 
in the figure. 

BT CALCULATION. {Plate III. Fig. Sy ^ or 5.) 

' Had : diff. long : : sine comp. midd. lat. : merid. dist or de- 
parture =:S262-7. 

Diff. lat : rad:: departure I tang courserrSl^'.y. 

Sine course : dep.::rad : distance= 37126*2. 



CHAP. XII. 

THE APPLICATION OF OBLIQUE ANGLED SPHERICAL 
TRIANGLES TO ASTRONOMICAL PROBLEMS. ' 

PROBLEM vii. {Plate III. Fig. 1.) 

(N) Given the sun^s declination, and the latiiudeof the place f 
to find the apparent time of day^hreak in the mornings and the 
end of twilight in the eoening. 

I. In the oblique-angled spherical triangles 0;!;en/tft N. 

1. 0N=the sun's distance from the north pole* 

2. Q%enith:=.the sun's distance from the zenith. 
S. Zenith N=:the complement of the latitude. 

' 4. O N zenithf measured by the arc am =r the time from noon. 

OR, 2. In the oblique-angled spherical triangle Q'sadir s. 

1. O s=:the sun's distance from the south pole. - * 

2. O^ Nflflf/mthe sun's distance from the nadir. 

3. s NaeZ/rr: the complement of the latitude. 

4.^ O s jsadir, measured by the arc aQjZztbe time irqin mid- 
night* 

EXAMPLE. ' 

Given the latitude of the place 5l°.32' N., and the sun's de- 
clination 10^ N., to find the time of day-break in the morning, 
and the end of twilight in the evening. 

In the triangle zenith n. 

O N = 80° the sun's distance from the north pole =2 90° — 1 0®. 
O zenith = 108® the sun's distance fi-om the zenith =18° 
+ 90°. 
Zenith N=38''.28' the complement of the latitude. 
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Tp find tbe angle zenith nQ, measured by the arcajE^ritbe 
ne firom aeon. 



time firom aeon 

©»:=: - 80^ 
Ozenithzz lOS^ 
Zenith v:=: 58^28' 



2 I 226. 28 



Half sum - 113. 14 
QZenithzzlOS. 



CoseczN =38^.28'- '206171 reject 
CosecON=:80^ &- •00665 J indices- 
Sine - - 113M4.' 9-96327 
Sine- - 5^.14' 8-96005 



2 I 19-13614 

Cosine 68M7'.29^ 9-56807 

2 



Remainder - 5. 14 

jL Onz=:136^34'.58"=9^6'.20'', time 
from noon* when the sun is 18° below the horizon. Conse- 
quently the day breaks at 2K5S'A0'^ in the morning, and twt- 
liffht ends at 9^.6'.20'' in the evening, supposing the sun's de- 
chnation to undergo no change between the beginning of twi- 
light in the morning, and the ending thereof at night, being 
about 18 hours. 

The same things might have been found from the triangle 
© s vadiry for 8p :=:90°+ lO''^ 100^ MdirQ = 180''— i08f 
= 72**, and vadir s = comp. lat. = 38°.28', Then by the 
method above find the angle O s vadir (measured by the arc 
fle)=43*.25^12''= 2^.53^40'' as before, the time from mid- 
night, when the sun is 18° below the horizon. 

(O) When the declination of the sun, the latitude and de- 
clination being of the same name, is greater than thedi^erence 
between the complement of latitude and 18^, the parallel of 
declination (® sss ® ) will not cut the parallel of 1S° (tQw) 
below the horizon : consequently there will be no real night 
at these times, but constant day or twilight, as is the case at 
London from the 22d of May to the 21st of July. 

(P) Since the sun sets more obliquely at some times of the 
year than at others, it necessarily follows that he will be longer 
in descending 18° below the horizon at one season than at 
another. 

When. the sun is on the same side of the equinoctial as the 
visible jpole, the duration of twilight will constantly increase as 
he iapproaches that pole, till he enters the tropic, at which time 



* The Z Nz represents tbe time from ajtimrent noon, that is, from the time 
the coines to the meridian, and not the time from 1 2 o*cIock» as shown by a well 
ngulated dock or time-piece. If the equation of time, given in the second page 
of each month ia the Nautical Almanac, be applied to this apparent time by addi- 
tioa or jnibtr«ctioii> fu th^re dixected> you will obtain the tru9 timei or that shown 
by«.ri^ 
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the duration of twilight will be the longest It Will then de- 
crease till some time after the sun passes the equinox, but wiH 
increase Again before he arrives at the other tropic; therefore^ 
there must be a point between the tropics, where the duration 
of twilight is the shortest, which point may be found bj the fol- 
lowing proportion ; viz. 

:, Rad : tang 9^:: sine of the latitude : sine of the sun's de- 
clination.* 

The declination must always be of a contrary niune with tb^ 
latitude. 

PRACTICAL EXAMPLES. 

1. Given the sun's declination l(f south, and the latitude of 
the place 51^32^ N. to find the time of day-break in the morn- 
ing, and the end of twilight in the evening? 

Answer. TheZ. © s Nflrf/r=73°.35'.S4j''r:4h.54'.22^ the time 
from midnight Hence, day breaks at 4^.54^22^^ in the mom* 
ing^ and twilight ends at 7^.5'.38'^ in the evening; admitting 
the sun's declination to be constant for one day. 

2. Given the sun's declination 23^28' S. and the latitude of 
the place 51^.32^ N. to find the time of day-break in the morn- 
ing, and the end of twilight in the evening? 

Ansmer. TheZ. s Nflrf/r=90°.I6'=6*».l'.4'^ the time from 
hiidnight when theQis 18^ belpw the horizon. Consequently 
day breaks at 5\SW.!>e'' and twilight ends at SW.At'^ on the 
shortest day at London. 

3. In the latitude of London, 51°.32' N., what time does 
the day break when the sun has 11°.30' N. declination? 

AnffBoer, 2*>.4?1', rejecting seconds. 

4. Required the beginning and ending of twilight at London, 
lat 51°.32' N., when the sun's declination is 15''.12' N.? 

Answer. 2*'.4'.12'' and 9K55'A8^'. 

5. Required the time the twilight begins and ends at Lon- 
don, latitude 51°.32^ when the sun has 11^30' South declin- 
ation ? 

Afis^wer. 5^.2' and 6*^58', rejecting seconds. 

6. At London, latitude 51^.32" N., required the sun's de- 
clination, day of the month, and duration of twilight when it 
is the shortest ? 

Answer. Sun's declination = 7°-7'.25'' south, answering to 



* Vide L*Hospit. Infinim. Petit, sect. iii. prop. IS. Dr. Gregory'^ Astron; 
page 328. Heath's Royal Astron. page 225. Emerson's Miscellanies, page 492. 
Vince's Astronomy, vol. i. page 18, &c. Also, Leyboura's edition of the Ladies' 
Diary, vol. iv. from page 314 to 339, wherein the subject is amply discussed* • 
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March 2d and October 1 1 th ; between which days, the twi^ 
l^ht increases, and from the latter to the former it decreases 
The duration of twilight is l\56\S2^^; this is found by taking 
the diflbrence between the time of sun-rise and day-break. 

PROBLEM VIII. (Plate IIL Fig. 6.) 

(Q) . Given the day of the months the latitude of the place^ 
the horizontal refraction^ and the surCs horizontal parallax, to 
Jind the apparent time of his centre appearing in the Eastern 
andpVestern part of the Jiorizon, 

. E&ample. Given the sun's declination at noon on the 21st 
of June 1822=23°.28'; the latitude of theplace=51°.32' N.; 
the horizontal refraction =33^; the sun's horizontal parallax 
=9"^; to find the apparent time of his rising and setting. 

This example being given for the longest day, the sun's de- 
clination may be considered the same at his rising as at noon ; 
for the declination does not vary above 5^' in 24 hours at this 
time^ though near the equinoxes it varies about l' in an hour. 

Let s be the true point of the sun's rising, and h that of his- 
apparent* rising, then 5© =33'— 9''r:32'.5l" the distance of 
the sun's centre below the horizon ; hence the true zenith dis- 
tance zs will be increased, by refraction, to zQ, but the de- 
clination will remain the same, for ns=nO« 

In the oblique-angled triangle znQ. 
:90°.32'.5l" app. dist. of G's centre from the zenith. 
: 66°.32'. 0" app. dist. of© 's centre from the nortli pole. 
38^.28^. 0" the complement of the latitude. 



z0; 

K© 

zn : 



2)195.32.51 

\ Sum 97.46.25^ 
z 3:90.32.51 



Rem. '7.1S.3H 



zn=:S8°.28' cosec 
NO=66°.32'cosec '^- 
Half sum = 97°.46'.25i'' sine 
Remainder = 7°. 13'.34^'' sine 



•20617 

•03749 

9-99599 

9-09964 

2)19-33929 



Cosine - 62°.8U5'^ - 9*66964 

2 



Z ZN©=124.16.30=8'M7'.6"the 
apparent time from noon when the sun's centre appears in the 
western part of the horizon. Hence the apparent time of 

* Tlie apparent time of rising and setting of the heavetily bodies always differs 
firom the true time, for they are elevated by refraction (S. 87, &c.)> and depressed 
by parallax (& 95, &c.). 

All the heavenly bodies, when in the horizon, appear SS' abore their, true plac 
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tfre ^ 'Ban's rbing'£Ei9Ki2'.54r^, ai^d tte appatextt time c^ siettiiig 
isSWYnff'* The true time of the sun^s rising and setting, 
on this day, has been determined (Prob. IL W. 286«) to be' 
SK^tt.S^"' md 8^,12'.28''; hence the apparent day is 9'A^ 
longer than the astronomical day. 

(K) As the refraction causes an error in the rising and set- 
ting of the celestial. objects, so it will cause an error in the am- 
plitudes, as may be seen by comparing the triangle abs with the' 
triangle ad&. If the sun's amplitude be taken when his centre 
is in the visible horizon, an allowance depending on the hori- 
r^ontal refraction, parallax, height of the eye, and latitude of 
the place, should be applied to tlie observed amplitude, in order 
Co obtain the true amplitude. This inconvenience may be 
avoided, by observing the amplitude when the altitude of the 
sun's lower limb is equal to 16^+ the dip of the horizon* 

PRACTICAL EXAMPLES. 

1. Required the apparent time of the son's rising and setting 
ftt Glasgow, latitude 55''.3^ N., longitude 4^.15^ W;^ on the 
12th of October 1822? 

The sun's declination at noon, for the meridian of Greenwidi 
iNaut. Altn.),'heing 7M7'.84.'' S. and on the 19th 7^4(y.8'' S. 

Answer. The sun's declination, when it is noon at Glasgow, 
is7M7'.50''a(B.270.). The 0's declination beifig south, the 
triangle zn0 will fall on the left; hand of the prime vertical za. 
Then 

„ o»— onOQO' fti" r^^^^ ^^^^ ^^^^ sides fittd the hour 

nO=97°!i7'50V ^zN© = 8OM4^3'^=5b.20'.57" the time 

.,' oAOaLf' \ from noon when the sun sets, hence the 

ZN = 34? .28 I . , ^u ar^t oft 

V^u" r^ses at 6°.3y.3 . . . 

Call these the approximating times of rising and setibiiig;. cal- 
culate the sun's declination to the approximating time of rising 
and setting, *vhich you will find to be 7°. 12'. 49" S., anil 



by the effect of refraction (see Table IV,); but they are depressed by parallax. 
Hctice, by these causes combined, a body becomes visible when its distance from 
the zenith is equal to 90^ + 33'— horizontal parallax, and as the sun*s horizontal 
parallax is al)out 9" (see Table VI.) his centre will appear in the horizon when it 
is S2'.51'' below it, cr 90°.32'-51'' from the zenith. If to this zenith distance, the 
sun's semi-diameter 15'.47'' be added, the zenith distance of the centre for the set- 
ting of the upper limb will be had, if subtracted, that for the lower limb will b« 
obtained ; the former being 90° .48'. 38'' and the latter 90°.17'.4 ", and the respec- 
tive times 8\ 1 9'. 20" and 8M4'.52". 

A star has no sensible parallax, and, therefore, will ap])ear in the horizon when it 
is 33' below it, or 90°. 33' from the zenith. 

* Tlie equation of time on this day at noon (see page II. of the Nautical Almanac) 
is 1M5" at Greenwich ; this applied as directed in the 2d page, and page 149 0^ 
the Nautical Almanac, will give the true time of the sun's rising and setting, as 
shewn by a well-regulated clock or time-piece. 
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7^.82'.51^South.; tben, with the polardistanceKO zr97'>«12'.4fl^ 
repeat tb^ operation, and the ttvi apparent time of risine .will be*. 
6>>.38'.3S"' ; with the polar distance n 0=97^22^.51^ repeat 
the operation a second time, and the true apparent time of tbei 
sun's setting will be 5^20^.27''. To obtain, the irue^ or tneany 
time of rising and setting, as shown, by a well regulated clock,: 
or time-piece, die equation of time must be applied as directed 
in page 2, and page 165 of the Nautical Almanac for 1822. 

PRACTICAL EXAMPLES. 

1. Required the apparent time of the rising and setting of 
the sun, m latitude 51^82^ N. supposing his declination to be 
28^29' S ? 

Jnmer. %\%\9r and Sh.5l'.58". 

2. Itequired the apparent time of the rising and setting of 
the sun, in latitude 51^.32' N. when his declination is 17^.32' N". 
supposing it to undergo no change from sun-rise to sun-set ? 

^iwer. 4h.22'.16''and7M7'.44^ 

3. Required the apparent time of the rising and setting of 
the sun in latitude 56 N., supposing the sun's declination at. 
his rising to be 22^.S4'.35^ and at his setting 22^3(/.7" ? 

Anmer. 3^22^.20'' and %\Sf. 

PROBLEM IX* [Plate III. Fig. 7.) 

(S) Given the latitude of the place, the day of the months 
the moofis horizontal parallax and refraction^ tojind the time, 
of her rising* 

Requir^ the time of the moon's rising at Greenwich, lati- 
tude 51^28'.40^ N., on the 4.th. of August 1822. 

The horizontal paralla:-. of the moon being from 53^ to 62^, 
always exceeds the horizontal refraction ; ^lerefore, when the 
moon's centre appears in the horizon it is really above it, by a 
quantity equal to the horizontal parallax minus the refraction. 

The moon's declination must be found as near to the time of 
her rising* as possible, because it is. subject to a considerable - 
variation in the course of a few hours. 

Let n be the place of the moon, when in the horizon, m the 
point where she becomes visible, and e her place on the me- 
ridian ; then de will represent her change of declination from " 
the time of her rising to the time of her transit. 
. Find the. time of the moon's passage oyer the meridian 
(£. 275.), and calculate the declination to that time (B. 270.). 

* The moon's declination at any hour may be found by interpolation or 8<H:ond 
dUKnenoM, see Nikut. Aim. 1823, page 174; but in general it may be found tu^ 
ficicDtly exact by common proportion. 
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With this declination, the latitude, &c. calculate the hour 
angle, as in the preceding problem, and call this the estimated 
time of the moon's rising; correct the moon's declination, and 
her horizontal parallax, to the estimated time of rising; re- 
peat the operation ; and correct the result for the daily retard- 
ation of themooA^s trani^k. 

SOLUTION. . 

1. Find the time cfthe moon* s passage aver the meridian* 

The moon passes over the meridian at ISb.SS'.Sl^^ (by 
Prob. viii. page 276.) 

2. Tojind the ]) *s declination when she is on the meridian. 

]) 's d^clin. pt midnight (JVa2//. Jim.) 4th Aug. 1822::r7^.*14' S. 
D 's dedin. at noon ditto 5th Aug. 1822=4°.4«''S. 



Decrease of declination in 12 hours 



- =S^ 0' 



12\ : 3^0'::i*.32'.51'' : 23M2'' the change of the D 's de- 
clination from midnight on the 4th of August, to the time of 
her transit; hence 7°.44'— 23'. 12''=7^20.48'^ S. the moon's 
declination when on the meridian. 

3. Lithe triangle z^m J fold the ZzNm. 

The horizontal refraction = 33' (Table IV.). The D 's hori- 
zontal parallax at midnight (Naict. Alm»)=z57\4}''y at noon on 
the 5th r: 57'. 19^', and by calculating the proportional part for 
I*>.32'.5r^ (C. 271.), the time past midnight when the D is on 
the meridian, the horizontal parallax at thattime will be 57'.6'''. 
Hence we have 

{zw =90°.^ 33'- 57'. 6"=:89°.35'.54'' 
n;w=90°.+ 7^20'.48''=:97°.20'.48 
ZN=:90°.- 51°.28'.40''=:38°.3r.20 

The L ZNm will be found = 80°.lM2''=5^20'.5"=:nearly 
the time the moon rises before she comes to the meridian. 
Whence 13»».32'.5r'-5b.20'.5''=8»».12'.46'' P.M.the estinuited 
time of the moon's rising; and the time of setting will be 
nearly 6h.52'.56" A.M. on the 5th of August. 

4. ToJind the 3) '5 declination at the estimated time of rising. 

}) 's decl. at noon 4th Aug. 1822. =10°. 37' 
}) *s:d^cl. it midnight 4th Aug. 1822 = 7^.44' 




find the 

ZNm. 



Decrease of declination in 12 hours = 2^.53' 



12h. ; 2°. 53':: 8h. 12'. 46" : l**.58'.24" 
1 *sdecl. atris. = 10*^.37'- 1<>.58'.24" = 8°.58'.36"S. 



Horizont. parallax «=56'. 49* 
Horizont.parallax ^=57'. ^ 



Incr. inl2hours = 0'.15" 



12^ : l5''::8^l2^46" : lo* 

}) *s hor. parallax «5<>'.59" 
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5. Again J in the triangle znwi, we have 

find the 

ZNffl. 

TheZ.ZNm will be found =78°.20'.4'^=5'».r3'.2(y, the tune 
the moon rises before she comes to the meridian; whence 
1 S^SS'.S V - 5^ 1 3'.20''= S\ 1 9'.3 1'T.M. thetimeofthemoon's 
rising, nearly. 

To find the correct time. The D passes the meridian on the 
5th of October (Prob. viii. page 27G.) at 14\18M2^, then 
14M8'.12^— 13^32^.51''= 4.5'.2r' daily variation of transit ; 
hence, 24** : 45'.2r'::8h.l9'.3l" : 15'.44% and 8h.l9'.3l''— 
1 5^.43^'=: 8''.3'.47'' P.M. true time of the moon's rising. ^ 

(T) Should more examples be thought necessary, they may 
be formed and solved in a similar manner ; likewise the rising 
of the difierent planets may be found by the same method. 
The times of the rising and setting of the moon and of the 
planets, are given in Whites Ephemeris^ and in the Confiais- 
sance'des Terns. These works will serve as a check upon the 
calculation. The rising and setting of the moon, and of the 
planets, are not inserted in the Nautical Almanac. 

problem X. (Plate IIL Fig. I.) 

(U) The latihide and longitude of a fixed star^ or planetf 
being given j to find its^ right ascension and declination^ et 
contra.^ 

In the oblique triangle UNC. 

Nn=:obliquity of the ecliptic, or distance between the poles 
of the equator and ecliptic. ^ 

nc=:the complement of the star's latitude vc. 

Kc=:the complement of the star's declination rc. 

The angle Nnc, measured by the arc v® , is the complement 
of the star's longitude from aries. • 

The supplement of the angle »nc, measured by the arc rq, 
is the complement of the star's right ascension from aries. 

Or, In the oblique triangle s/wx. 

am = the obliquity of the ecliptic 

mxzzthe complement of the star's latitude vx. 

6x=:the complement of the star's declination rx. 

* A neat method of solTing this problem may be seen at page 44 and 45, Vol. I. 
Uiird edkion» of Dr. Mackay's useAil treatise on the theory and practice of finding 
the longitiide, or in Dr. Maskdyne's introduction to Taylor's, logarithms. The 
problem may be yaried so as to admit of several cases^ but the two aboye specified 
are the onfy uiolul ones. 

X 
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The supplement of the angle xms^ measured by the arc w 
®^ is the complement of the star's longitude from aries. 

The angle x^ measured by the arc rq, is the complement 
of the right ascension from aries. 

EXAMPLE. 

The latitude of Aldebaran in Taurus being— 5*^.28^27^ S.; 
its longitude 28.6°.56';24''f ; required its right ascension and 
declination; the obliquity of the ecliptic being 23^.28^? 

In the triangle swx. 
sm = 23°.28'. 0"= the obliquity of the ecliptic 
x»2S r: 1 56^56^24^'= star's longitude + 90^ 
mn = 84^.3 1'^.dd^^z: the complement of the star's kt 

1. To find the co-declination sx. 

Sfna:23^S8'.0(y' log sine « 9*60012 
»ix=*84°3l'.SS" log sine « 9*99802 

ixm8»7S0.28M2"logsine= 1 1^^^^\\ 



22^.22^ log sine - « 9*58042 



Nat sine 22<>,22'- - - 88059^ 

2 



76106 
mx-8m=c61^.3'.33''Nat.caiai 48891 



Nat.cos730.54^3r'- - - 27715 



8Xb106^.5'.2S^ obtuse. 

Hence ia6°.5^23''— 90°=:16°.5'.23''= RXthedeclinationN. 

2. To find the co-right ascension xswi. 
Sine sx = 1 06^5'.23'' : sine xwis = 1 56°.66'.24'' : : 
Sine wx=84°.3l'.33'' : sine XS7»=:23^56'.S2''. 
Hence au=66°.3'.28'', the right ascension. 

OR thus: 
Draw the perpendicular xl. 
Rad : cos L7nx::tang mn : tang vm, and iM+mszzi.s^ 

Cos W2L : cos 7?2x: :cos SL : cos sx. 

Sine mL I sine sl : : cot lttzx : cot xst/z. 

PRACTICAL EXAMPLES. 

1. Required the right ascension and declination of Regulus 
in the Lion's heart; latitude being 0°.27'.30''' N., and longitude 
48.26°.67'.5", obliquity of the ecliptic being 23°.28' ? 

Answer* Right ascension= 149^. 19^54 and declinations: 
12°.58'.2l" N. 

2. Required the right ascension and declination of Spica 
Virginis, in the sheaf of Virgo ; latitude 2*^.2^.23'' South, and 
longitude 6».20°.57M0''; obliquity of the ecliptic 23^28*? 

* The latitudes and longitudes of the stars, in this, and many of the following 
examples, in the first edition of this work (published in the year 1 801) irere adapted 
to the year 1796 ; any change of data is at present unnecessary, as the nuihMi of 
solution remains the same, being independent of an epbemeiisy and tbc umwsth 
when obtained^ would only differ a feyr seconds from those now giveiK 
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Anfooer. Right ascensionr: 198^34^32'% and declinationzi 
10^4'.31" South. 

3. Required the right ascension and declination of Betelguese 
in the shoulder of Orion; latitude 16^3^3^^ South, longitude 
2».25^51'.46*; obliquity of the ecliptic 23^28'? 

Ansoser. Right ascension z=85^59'.28'', declination =i 7^.2 1^ 
ir North. 

4. Required the right ascension and declination of Antares 
in Scorpio; latitude 4<^.32'.35'' S., longitude 8«.6^51'.5I''; ob- 
liquity of the ecliptic 23^28'? 

Answer. Right ascen.=244Mr.3% decimation =:25^57'.22'' 
South. 

5. Required the right ascension and declination of the moon, 
when her latitude is 4^0^34'' N., longitude 7M4^26*.21'7and 
die obliquity of the ecliptic 23^.27'.48'' ? 

Anmer. Right ascension = 223^ 1 1'. ll'^, declin. = 1 2°.2 1'.l 4'' 
South. 

6. Given the right ascension of Aldebaran=4^.25'«43"9 and 
its declination 16^.8^36^^ N. in the year 1822, required its lati- 
tude and longitude ; the obliquity of the ecliptic being 23^28' ? 

In the triangle wsc. 

«nc=156*=^.25^45''=:ar + 90% ar being=4h.25'.43'^. 
Nc = 73®.5r.24"=complement of RC. 
»» = 23^28'. 0''= obliquity of the ecliptic 

1. To find the coAatitude nc. 

Nat. sine 21°.S0'.12'' - - ^ZmSS 

2 



MUSS 23°.S8^ log tuM - 
Mc»73°.51'.2# log nno \ 



4»Mc»78?.12'.52^1ogauie« |^*. 
2l^.S(/.12^1og8inea 



9-(i0012 
9*98252 
99076 
99075 



9*56414 



75310 
Nc<^NA»50°.23'.24^Nat. oose63755 



Nat. cos 840.31M" - 



» 09555 



Co-ltt f»c»95^.28'^9'' obtuse. 

H«cetiiebtitude=5''.28^59'^'^ South. 



Dnnr tiM perpeodicular cl» Tben^ in 
die rb^it-aBgled triangle cln^ 
nidUA|«o£.90^ - • 10*00000 
: cos ciaBRQB23^.8V.15^ 9^96216 
«0«71BP.51^94r - 10*53842 






OB THUS, 

In the oblique-angled triangle nNo 
(B. 178.) 

COB NL =720.28'. 25" - - 9*47877 
: coi«L=950.56'.25'' - - 9*01490 
::coBNc=73*».51'.24*' . 9*44417 



X tmg ML»7S^.28^^25^4 



9*50058 



Umbmi.^ Mi«m.»95^.56'.25^ 



icosftc«a4o.30r.59'' - 8*98080 



Hence the lata50.29'.l'<' South. 



* Hie latitude of this star, on the same day, in the year 1796, was 50.28',27'^S 
maimig a diilfoience pf only a few seconds in 26 yean. (See the note page 80^ 
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2. Tojind the co-longittule cwn. 

Sine nc =. 95°.28'.59" : sine wnc = I S6°.25' AS" 1 1 sine nc = 
73°.5r.24.'' : sine cwn =22°.4 r.53^. Hence the longitude = 
67^18'.?" •, or 28.7M8'.7''. 

7. Required the latitude and longitude of Sirius in the Great 
Dog, right ascension being 99^0^21'', and declinations 16^. 
26'.35'' South; the obliquity of the ecliptic being 23^.28'? 

Answe7\ Latitude 39°.33'.30'' S. longitude SKW.IS^. 4Ai"\ 

8. Required the latitude and Ipngitude of Frocyon in the 
Little Dog; right ascension being 112^6^4•7'^ declination 5°. 
45'.3'' N.; obliquity of the ecliptic 23°.28'? 

Ansfwer. Latitude IS^.SS'.U" S., longitude 3s.22 •55'.42". 

9. Required , the latitude and longitude of Arcturiis in 
Boikes: right ascension 211°.33'.17'^ declination 20°.15'.58'' 
N.; the obliquity of the ecliptic being 23°.28'? 

Answer. Lat. 30°.52'.43"' N., long. 6».21°.20'.4r^ 

10. Required the latitude and longitude of Fomalhapt, in the 
Southern Fish; right ascension being 341°.32'«34'^, declination 
36°.42'.5r' S.; obliquity of the ecliptic 23^.28'? 

Answer. Lat. 21°.6'.29^^ S., long. 1P.0°.56'.42^. 

11. Required the latitude and longitude of the moon, on the 
16th of June 1822, when her right ascension is 41^.24^9 decli- 
nation 21°.21' N., and the obliquity of the ecliptic 23^.27'- 53^7 

Answer. Lat S'^S' N., longitude 45°.28'. 

PR6BLEM XI. (Plate III. Fig. 6.) 

(W) 27ie right ascensions and declinations ^two starSj or 
the latitudes and longitudes of two stars given^ tojindf their dis- 
tance.. . ' 

- Required the. distance between Sirius in the Great Dog, 
right ascension =r 99^0^.2 l%and^declination = 16°.26'.35'' S., 
and Frocyon in the Little Dog, right ascension =:112^.6'»47^ 
and declination 5^45'.3'' N. ? 



- • The longitude of this star in the year 1796 was found, by the same pnocess, 
to be 66^.56'. 24'^ making an increase of 21^43'' in 26 years. 

By comparing together the places of the fixed stars deduced firom obsenratJQny 
astronomers have found that their longitudes increase about 50\'' annuaUy. This 
increase of longitude must necessarily cause an irregular motion in the. same star 
with regard to the equinoctial. Hence the right ascensions and declinations of 
«tars are continually varyiogy so that stars which formerly had north, declination 
have now south declination, et contra. Their latitudes are also subject to a small 
viiriation. See the Tables, page 153, &c. Naut, Aim* 1822. . ... 
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In the triangle xst let the star at t represent Procyon, be- 
cause its 'right ascension is the greatest, and the star at x re- 
present Sirius. 

TheZ.X8T=:lS®.6'.26" diff. of their right ascensions irRQ. 

sxzsTS^.SS'.gS'' the complement of Sirius's declination rx. 

ST=:95^.45'.3'' Procyon's declination + 90° =:8g-i-gT. 

Hence, here are two sides and the contained angle given, 
to find the third side xt, by any of the methods in the pre- 
ceding problems. 

^fnswter, xt=:25°.42M0''. 

example II. 

The latitude and longitude of Sirius being=39°.33'.30'' S., 
and 8Ml°.13'.4«4y"; and the latitude and longitude of Procyon 
=15^58'.14." South, and 3».22°.55'.42". Required their dis- 
tance? 

In the triangle xmr as before, we have 

xifi=50°-26'.S0'' the Complement of Sirius's lat. vx. 
Tw»=74°.l'.46'' the complement of Procyon's lat®T. 
TheZ.x»tT=11^4r.58'^the difference of their longitudes 

Hence, as before, here are two sides and the contained angle 
given, to find the third side, xt =25^.42' Ansnver. 

EXAMPLE III. 

Required the distance between Capella in the Goaty right 
ascension=75°.2l'.19'', declination=:45^46M5'' North, and 
Procyon in tlie Little Dog, right ascension=112°.6'.<l7''',anll 
declination =: 5°.45'.3'' North f 

In the triangle tnc, let the star at t represent Procyon, and 
C Capella. 

Kc=44°.13'.45'' the co-declination of Capella. 
TN=:84®. 14^57'' the co-declination of Procyon. 

Z. TNC=: 86°.45'.28'' the diff. of their right ascensions = Rg. 

Here we have two sides and the contained angle given, to 
find the third side, as in the preceding example. 

Answer. ct=51°.6'.56^ 

EXAMPLE IV. 

Required the distance between Cs^pella, whose latitude is 
SS^.Sl^sr' North, longitude 2M8^57'.57^ and Procyon, lati- 
tude- 15''.58'.14" South, longitude 3^22°.55'.42"? 

X 3 
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In the triangle Tnc. Let the star at t represent Pro^oDi 
ihat at c» Capdla. 

nc = 67^ 8'. S'^rrcomp. Capella's lat oc. 

OT =105^58'.14"z=90°.+Procyon'B lat=HT. 

Z.Tnc= SS^.STUa'^ssdiflF. of their longitud^giid*. 

Here we have two sides and the contained a&gle gnreD^ to 
find the third side cr=: 5 1^6^.89'^ Answei\ 

PROBLEM XII. (Plate IIL Fig. S.J 

(X) The places of two stars being given^ and their distances 
from a third star, tojind the place of this third star. 

EXAMPLE I. 

Suppose the distance of a comet or new star c^ was measnred 
by a sextant to be 65°.47'.4.2^ from Sirius the dog star, kt 
S9*>.SS',30^ South, longitude SMP.ISU*"; and 51 "^.^.56^ 
fromProcyon the Little Dog, lat. IS^.SS'.U* Sduth, longi- 
tude S^22^55^42'^• it is required to find the latitude and lon- 
gitude of this comet or star. 

Let X represent the place of Sirius, or one of the. known 
stars, T that of Procyon the other known star, having the 
greatest longitude, and c the place of the comet or unknown 
star. 

First. In the triangle xnT, we have given 

xn= 129^33^30^ Sirius's distance fi*offi> &e pole of the 

ecliptic nearest the comet or star; 
T»= 105°. 58'.14"Procyon'sdistancefromthe same pole. 
Z.xnT= ll°.4l'.58'' the difF. of longitude between the 

given stars. 
To find XT the distance between the two kii0W«l'dliiTB=: 
25^42^.10", and the angle wxt = 26°.42'.89'': To find the 
former of these quantities, there are two sides and the indfoded 
angle given, and to find the latter the three sides and one «ngle 
are given. 

Secondly. In the triangle xtc, we have given 
XT=:25°.42'. !(/'•) To find theZcxT at the star x. By 
TC = 51°. 6^56" Vanyof themethods(W. 231.0i'P. 248,) 
and xc=:65''.47'.42" J you will find cxt=49M4'. 

This angle being greater than wxt shews the longitude of the 
star at c to be less than at x. Hence cxt~ wxT = 22®.3l'.2r' 

=:72XC. 

%c Thi^^y* In the triangle xwc, we have given 
?B cc= 129°.33'.30'' ^ To find the side nc the comet or star's 
xX ^i;^65°.47'.42'' Vco-lat. and xwc the diflT. between the 
**^^d«xc= !22°.3l'.2l''J star's long, at c and Sirius's long. 
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iic=67°.8'.26'' the star's co-latitude^ hence its latitude oc= 
22^51'.S4% and xnc=22°.16'.42'', and since the star's longi- 
tude has been shewn to be greater than the comet's; from 
Sinus's longitudes 101°.13^4.4.'' take 22M6'.42'', tlie remain- 
der 78^.57^2^' is the unknown star's longitude. 

example II. 

Suppose the distance of an unknown star at x was measured 
to be 65®.47'.42% from a known star (Capella) at c having 22°. 
5V^7^' North latitude, and 2«».l 8°.57'.57'' of longitude ; and its 
distance from another known stai^at t (Procyon)r=25°.42'.l O'^ 
this star havmg 15''.5S\IV' South latitude, and 3».22^55'.42'' 
of longitude; required the latitude and longitude of the un* 
knbwn sti&r ? 

Firsi. In the triangle c^t, we shall have 

c»t=»io+oc=112°.51'.57''=.Capella's distance from the pole 
of the ecliptic nearest the comet, or unknown star. 

c»iT=:33°.6T'.45'' = the diff. long, between Gipella 

and Procyon. 
Tm = 74®.l'.46"r:Procyon's distance from the pole 

of the ecliptic. 
To find Tc=51®.6''.56'', the distance between the known 
stars ;'and the angle »icT=43°.37'.4fP. 

Second^. In the triangle xct, we have given 

XC=:65^4.7'.42") 

XT=25°.42'.10" >To find the angle xct at the star c. 

TC=51°. 6'.56"j ' • 

By any of the methods (W. 231. or P. 248.) xcf will be 
fbund=24°.58^; this angle being less than mcT sh^ws the lon- 
gitude of the star at x to be greater than that at c. 

Hence »icT'^xct=: 18^39 .41''=:xcot.. 

Thirdiy. In the triangle xci% we have 

cm=ill2^ SV 51^^ '^^ ^"^ ^^^ ^ unknown star's co-^ 

cx= 65**47'42" >'^'^^^^^ ^^^ ^^^ ^^^ difierence be- 

y xci»= 18°!39'*4l'' r^^^^'^ star's longitude at x, and 

' ' * J Capella's longitude at c. 
Xl»=50^26' the star's co-lat, hence its latitude Vxr:39«».S4', 
and xmc=22M 5'.6^', and since the given star's longitude has 
been shewn to be less than the required star's longitude, this 
di£ference must be added to Capella's longitude, viz. to 2M8^. 
57'.57'^ add 22<'.l 5'.6", the sum is 3M1*'.13'.3" the longitude 
required* 

— X 4 *'^ 
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EXAMPLE III. 

Suppose the distaQce from an unknown star at t was mea- 
sured to be 25^.42^.10", from a star at x, whose latitude is 
39°.33'.S0" South, longitude 3M1**.13'.44j"; and 51^6'.56'^ 
from another known star at c, whose latitude is 22^.51^57^ 
North, and 2M8°.57'.57" longitude ; required the latitude and 
longitude of the unknown star. 

First. In the triangle x»ic, you will have given 

xm = the complement of x's latitude^ 

cm =3 the distance of c from the same pole of the 
ecliptic, and the angle xmc=the difference between thdr lon- 
gitude8=vo. 

Hence xc will be found =65^47', 42^, and the angle inxc= 
153M7'.2l". 

Secondly. In the triangle xtc, are given 
xc' 

andTC I ^^^ "*^^ '^ cxT= l04^3'.2l"=:i«xT. 

ThiinSUy. In the triangle 9»xt, are given 

^^^ To find TW=74M'.4§^, the distance of the star 

f T from the pole of the ecliptic, and the angle 

, ^««, I X7WT= 11*^.41158", the difference between thelon- 



;) To find the angle cxt=49°.14/ 
f Now wixc '^ CXT= 104o,3'.2l"=:3 



( Y) By the assistance of the foregoing problem, and a know- 
ledge of any one fixed star's true situation, the places of all the 
rest maybe determined. Indeed, it is by this problem princi- 
pally that astronomers have rectified the places of all the fixed 
stars; and thence, by a similar mode of proceeding, found the 
true places of the planets. Leadbettert^s us in his Astronomy, 
page 230, that he made use of this method for constructing his 
astronomical tables. The preceding examples contain every 
variation that can happen with respect to the stars' latitudes and 
longitudes, but the same things may be determined from their 
right ascensions and declinations, as in the following example: 

EXAMPLE IV. (Plate IIL Fig. 9. J 

Suppose the distance of a star or planet at y, was observed 
to be 65** .47'.42", from Sirius the Dog-star at x, whosejight 
ascension is 99°.0'.2l", and declination 16^.26'.35" South; and 
to be 5P.6'.56" distant from Procyon at t in the Little Dog, 
whose right ascension is 112''.6'.47", and declination 5°.45'.3" 
North ; it is required to find the right ascension and declin- 
ation of this unknown star or planet 
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First, In the triangle xnt, we have 

The angle XNT=:13^.6'.26"=the diiference between the right 
ascensions of x and t, measured by the are rq. 

XN=106°.26'.35"=x's distance from the pole n. 

TN=: 84°.14'.57"=t's distance from the same pole. 

Hence two sides and the included angle are given, to find 

the third side XT=:25^42'.10", and the angle nxt=31°.22V 

Secondly, In the triangle yxt, we have given 

YX=65^47'.42"^ To find the angle yxt=49''.14'. 

YTr:51. 6.56 > Then yxt '^ nxt=:17. 52. 

XT=25. 42. 10 ) =YXN. 

The Z YXT being greater than the L nxt shews the right 
ascension of the unknown star at y to be less than the right 
ascension of that at x. 

Thirdly* In the triangle xyn, are given 

XY— S&^ 47''42'0 ^^ ^"^ ^^ ^^ complement of the de- 
XN=106.*26 35 l^'^"^^^^^ ®^' *"^ "^® an^le ynx the 
^ -,-* 2* I difference between the right ascen- 
— 7. • I gj^j^g ^£- Y and x,=:br. 

{YN =: 44°. 1 4', consequently by = 45°.46' N. 
ynx=23°.38'.55", hence the right ascension 
ofY=AB=75^2l'.26". 

(Z) In the same manner we may find the distance between 
any two places on the earth ; suppose x and t to be two places 
whose latitudes and longitudes are known, then in the triangle 
XNT, XN is the distance of x from the pole, tn the distance of t 
from the same pole, and the angle xnt^ measured by the arc 
RQ, the difference of longitude between the two places, hence 
the dbtance xt is easily found. In a similar manner the dis- 
tance t)etween t and y, or y and x may be obtained. 

iEXAMPLE V. 

What is the extent of Africa, from Cape Verd, latitude 1 4°. 
46^ N., longitude 17^.47' W. to Cape Guardafui, latitude 11°. 
47' N., longitude 51^.35' E. ? ^ 

Ansfwer* 67°. 19^ the arc of a great circle contained between 
the places, or 4678 English miles, of 69^ to a degree, or 4039 
geographical miles, of 60 to a degree. 

PROBLEM XIII, (Plate III» Fig. I.) 

(A) Given the latitude of the pldce^ the sun's declifiaiion and 
altittidej tojind the azimuth. 
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EXAMPLE. I. 

In latitude 51^32' North the sun's altitude was observed to 
be 50^, and his decimation 23^28' North ; required his azi- 
muth from the North. 

In the triangle szn, we have given 
SNr:66^.32^ the co-declination, or sun's polar distance ; for 

DS is the sun's declination North. 
sz=:40. 0. the co-altitude of the sun ; for cs is his altitude 

above the horizon ho. 
ZN=:38» 28. the co-latitude of the place, or what on the 

elevation of the pole wants of 90°. 
To find the angle szn, measured by the arc of the horizon 
CO, the sun's distance from the North. 

Call the co-latitude ZN the base, and draw the perpendicular 
Bf. Then (W. 231.) 

> tangi ZN — z/=19°.14' 9*54269 

: tang i (SN + sz) = 53^.16' 10.12710 

: : tang -i- (SN '^ sz) = 13M6' ------ 9*37250 

rtang^ ... 1=42^10'- - - - - - 9-^5691 

Take the difference between Ji and half the completnent of 
latitude. Then 

Radius, sine of 90°. -------- 10-06000 

: tangy^'^z/=:22°.56' 9*62645 

: : tang of the sun's altitude zncszz, 50° - - - 1 0*076 1 9 
: sine of azimuth from the east or west =30°. 17' 9*70264 
Hence 90° + 30°.l7'=120M7' the sun's azimuth from the 
North. 

(B) A slight review of Figure I. Plate III, will naturally 
point out to us the following observations : 

If the latitude of the place and the declination of the sun be 
of the same name, the sun is less than 90° from the elevated 
pole ; therefore the co-declination is the polar distance. 

If the sun or star be in the equinoctial, it is 90° from the 
pole, and forms a quadrantal triangle. If the declination be 
of a contrary name with the latitude, the distance of the ob- 
ject from the elevated pole will be equal to the declination in- 
creased by 90°. 

(C) The preceding solution is on a supposition that the 
sun's declination, as taken from the Nautical Almanac, remains 
the savie in all places, and at all times of the day. But this 
cannot be strictly true, for the declination is subject to a daily 
variation, and is adapted to the meridian of Greenwich. 
(B. 270.) An azimuth will not be jnaterially affected by this 
change, but it will make ii considerable difference when we 
want to find the time of the day. 
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example ii. 

Suppose the son's altitude at London, latitude 51^S2^orth, 
to be 1^.14' when the declination is 20M V South, what is the 
azimuth from the North ? 

Answer. 125^.84'. 

EXAMPLE III. 

Given the latitude of the place 5 1^.32^ North, the sun's alti- 
tude 25% his decimation 4f°.47' South ; required the azimuth 
from the North ? 

AMeet. 137M6'. 

EXAMPLE IV. 

Suppose in latitude 51^.32' North, the altitude of the star 
Arcturns in Bootes was 44^.30', when its declination was 20^. 
16^ N. ; required its azimuth from the North at that time. 

Ansiner. 117^8'. 

EXAMPLE V. 

In latitude 48<».51' North, when the sun's declination is 18% 
30'' North, and his altitude 52%35'; what is his aziluuth from 
the North ? 

Anmer. 134°.S6'.8\ 

(D) This problem is not only useful for finding the variation 
of the cctopass, but it will be found very conveniefnt for deter- 
mining the true meridian, and the four cardinal points. For, 
if with a line representing the vertical on which the sun is, an 
angle be made equal to the supplement of the azimuth from 
the North, the meridian will be obtained : provided care has 
been ttken to correct the sun's altitude by refraction. 

(E) An azimuth ihay be constructed by a scale of chords, 
sufficiMdy accurate for Nautical purposes; Thus, 

With -die dbord of 60^" describe a circle (Plate IV. Fig. 2.), set 
offth^'COmplement of the latitude from z to p, and the com- 
plement of the altitude from z to a, draw zon through the 
centre c and aoa at right angles to it. Set off the polar dis- 
tance fkym P to jp, draw pp through the centre c, and from 
the point i where it intersects aoa ai'aw ir ptfallel to zon, and 
through c die centre draw cs parallel to aoa. 

With c as a centre, and the distance o^, cross the line ir 
in m J tiirough m draw en, then sn, measured on a scale of 
chords will be the azimuth from the south (in North latitude) 
if the point i fall on the left-hand of ZN, and from the north 
if it fall on the right-hand. ^ 

See the Mathematical Repository, vol. i. page 283, second 
edition, 1799, and vol. ii. page 26 and 27. See also Dr. Mac- 
kay's Navigation, first edition, 1804, page 200. 
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PROBLEM XIV. (Plate III. Fig. I.) 

(F) Given the latitude of the place, the stm^s declination and 
altitude, tojtnd the hour of the day, 

EXAMPLE I. 

• » 

At London, latitude 51^32^ North, the altitude of the sun's 
centre was 38*^.19', and bis declination 19^.39' North, required 
the hour of the day ? 

In the triangle szn, we have given 

SN=: 70^.2 r the sun's distance from the elevated pole. 

sz=:51. 41 the sun's co-altitude. 

ZN=38. 28 the co-latitude. 

To find the angle zns, measured by the arc iED, the distance 
between the meridian which the sun is on at the time of observ- 
ation, and the meridian of the place of observation. 

Since iEz is equal to the latitude on ; it follows, that if the 
latitude and declination be both north or both south, the dif* 
ference between them is equal to tlie meridional zenith dis- 
tance ; if the one be north and the other south, their sum is 
the meridionid zenith distance. Hence the following general 
method of solution : 

Nat cos of merid zenith dist 

(51°.32'-19^39') - - - 31°.53=84913 

Nat sine of the sun's altitude - - 38.19=62001 



Remainder - • - 22912 



Common logarithm of - - 22912=4*36007 
Secant of the latitude - - 51°. 32'= -20617 
Secant of the declination - 19°.39'= '02606 



Num. in col. ris., Requisite Tables, 3*^.30' 4-59230 

Or, Increase the index by 5 + 

Log. versed sine - - 52°.29'.20" - 9*59230 

Or add the logarithm of 1 .... 4.Q-6Q897 
5000000000=1 radius. / -i-yoyoy^ 

Divide by 2 | 19*29127 

Log sine of half the hour angle 26°. H'.40"= 9*64563 

2 



The hour angle - - 52, 29. 20 - 3h.29'.57".20 
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(G) This solution is analogous to Problem 8th in the Requi- 
site Tables published by order of tlie Commissionersof longi- 
tJude; orto Problem VII. Chap. II. Book III. of Dr. Mackay's 
Navigation. If you have the Requisite Tables * by you, tne 
sum of the three logarithms above may be looked for in the 
column of rising, and the hours and minutes answering thereto 
will be the time from noon. Or, increase the index by 5^ 
and the sum is the log. versed sine of the same angle. Or, 
the*l(^. versed sine of an arc increased by the logarithm of 5 
(with 9 for its index), will give double the logarithmical sine 
of half the required angle. (P. 131.) 

EXAMPLE II. 

In latitude 39^.54' North, longitude 80°.39'.45" West of 
Greenwich, suppose the altitude of the sun's lower limb to be 
IB'^AOr.BI" on the 9th of May 1822, at 5M4'.2r' P.M. per 
watch. Required the error of the watch. 

1. Tojind the time at Greenwich, nearly, 

80^.39'.45"x 4 =5^25^.89" the difference of time betwien the 
clocks at Greenwich and the place of observation. H.ince, 
5'».34'.2l"+5h.22'.89"=10h.57' P.M. the time at Greei wich. 

3. To correct the Q*i altt jde. 
©•s observed alt. - ^IS^ ^.57 
Refiractiont - - = - 3'.17" 



2. To correct the 0** dedm> 
0*8 ddcL May dth 1822 sl7^.16'.51'' 
Ditto M'ay 10th - =17^.32'.47'' 



lofireaae in 24 hours - s 15'. 56" 



. 24*:15'.56^::10\57':7'.16^. 
Hence the 0*8 true decfin. at the time 
and pUce ofobfiervation=>17''.24'.7'N. 



15* «7'.40^ 
0's semi-diameter t • « + . 5' S2^' 
0*s parallax II - - a 4-8 



'/ 



True alt. 0't centre - =15*'.53'.40'* 



• The XVIth of the BequitUe Tables, or the XXXV, XXXVI, and XXXVII 
TaMes in Dr. Mackay*s Navigation. 

Hie HVIth of the Requisite Tables is divided into three colnnras. The FiRtr 
column, called half dap$ed time, is only a table of secants with 10 rejected firom 
the index ; the time being reduced to degrees. 

The SKCOND, called middle time, is the logarithmical sine of half the elapsed 
time, increased by the logarithm of 2, and the index of the sum diminished by 5. 

'I he third, called column cf rising, is a table of logarithmical versed sines with 
their indices diminished by '5. 

Thus ibr 1 hour of time, or iB degrees. 

co-sec of 15^sJO'58700» sine of 15°«9*41S00, ver* sine of 15^»8*53243 
— 10 log. of 2 =0-30103, —5 

Jjog, I elap. tune 0*58700 sum 9*71403 logarith. 5*53243 

— — — — 5 rising. • 

Log. mid. time 4*71403 

Proceed in the S9me manner for any other time. . 

t Table IV. I Nautical Ahnanac. ' n Table VL 



/ 



S18 ASTRONOMICAL PROBLEMS. BOOIC UU 

4. To Jind the true time. In the triangle »zvt^ 

reject iodioes* 

Complement of latitude nz=50^. 6'. 0'' cosecant - •llill 

Complement of altitude sz=74. 6. 20 

Polar distance SN=72. 35. 53 cpsecant - *02035 

2 I 196.48.13 

i sum - - 98. 24. 6^ sine - - 9'99591 
Complement of altitude 74. 6.20 

Remainder - 24. 17.46^ sine - 9*61432 



2 I 19-74509 



V • 



Cosine of half zN§=i41°.47' - - =9*87254 

8 



True time 5h.34M6''. 

Time per wi^tob 5. S4. 21. 



Watch too f^t d^'i 



(H) In the practical application^of this problem, it will be 
proper to take several altitudes of the sun within a minute or 
two of each other, and to note the corresponding times pec 
watch. The mean of these altitudes, and of the times, will 
be more correct than a single altitude and tim^ and will in a 
great measure counteract the errors arising from the imperfeo- 
tion of the instrument. 

EXAMPLE III. 

On the 4th of March 1822, in latitude 45°.37' North, and 
longitude 169°.59'.30" West, suppose the following altitudes 
of the sun's lower limb to be observed : 

Times per watch P.M. Altitudes of the sun. 
2h.53'.32'' - - ; - 24^55' 
2. 54. 30 - - - . 24. 48 
2. 55.36 - - - - 24. 40 
2. 56. 46 - , - . - 24. 31 



. 4 I 11.40.24 4 I 98. 54 

Mean 2. 55. 6. P.M. Mean 24. 43. 30 



Required the apparent time of observation, and the error 
of the watch. 18 
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The sun's.dedination at Greenwich at noon being 6°.3l'.69" 
S. (Naut. Aim.) and on the St\ie''.B!.5i'' S. also the ©'s semi- 
diameter le'.Q . 

Answer. The time at Greenwich is 14^.15'.4'', the 0's de- 
clination at that time = 6^18^16'' S. true altitude of the Q's 
centre=24^.57^45^'; hence the apparent time of observation 
:=:2\55\5(fj and the watch is 44?'' too slow. 

EXAMPLE IV. 

' On the 15th of September 1822, in latitude 33®.56'. South, 
and longitude 84°.6'. 1 S''' West, suppose the mean time per watch 
of several altitudes of the sun's lower limb to be hKiV.S" A.M. 
and the mean of the altitudes themselves 24^43'; required the 
error of the watch ? ' 

The ©*s declination at noon (Nmd, Aim.) on the 16th be- 
ing 2^46'.24'^ N. and on the 17th 2^28'. 1 1'', also the ©'s semi- 
diameter 15'. SS". 

Anxaoer. The time at Greenwich on the 16th is 1'>.47'.S0" 
P.M. the ©'s declination at that time=2^44'.40^ N. true alt of 
the ©'s centre=:24°.57'.2''; hence the apparent time is 3'".48'. 
S^ from noon, or 8^11^6^ A.M. and the watch is right. 

PROBLEM XV. (Plate UL Fig. 1 .) 
(I) Given the latitude ofiheplace^ the declination and alti- 
tude of a known Jixed star^ tojind the hour of the night when 
the oo^ervdtion was made* 

EXAMPLE I. 

In latitude 7^.45' South, and longitude 30MS' East of Green- 
wich, on the 7th of September 1822, suppose the altitude of the 
star Procyon, when east of the meridian, to be 28^.12'; required 
4ie U^ue time of the day ? The declination of Procyon be- 
mg 5^40'.29" N. 

Pipcyon's alt =(28^.12'-refraction l'.47"=)28M(/.18'' 

Co-latNz =82^.15' - - - Cosec - -00399 

Co-alt sz =61''.49'.47'' 

PolardistSN =95°.40'.29^ - - Cosec - -00213 



2 I 239. 46. 2 

u 



Half sum =119. 53. 1 - - sine.- 9-93807 
Co-alt 8Z = 61. 49.47 



Remmnderzr 58. 3.14 - - sine - 9*92864 



2 I 19-87283 

Cos of half the hour Z 30M5'.13'' - - 9*93641 

8 



The hour Z zns in time = 4'>. 2'. 1^^.44^' 
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(K) The hour Z found by calculation, as above^ is the dis- 
.tance of the star from the meridian of the phice of observation ; 
consequently when the star is eastward of the meridian at the 
time of observation, this hour angle must be subtracted from 
the time of the star's culminating, and when westward it must 
be added. 

4c 's right asc. (1822, Tab. VIIL) + 24\ - =81>>.S3'.59^ 
O 's right ascen. Sept. 7th, 1 822, (Naut Aim.) =11. 2. 

Time of ^ 's culminating nearly - - =20. 27. 59 

O's right ascension, Sept. 7th, 1822, at noon c:Ilh ^ (/' 
O's right ascension, Sept. 8th, 1817} at noon nil* 5. S6 

Increaseof the 0's right ascension in 24 hours It: ©• 3. 36 

Then 24b.3'.36" : 24^ : : 20i>.27/59'' : 20\2^f.55^ time 
of Procyon's culminating at Greenwich. Then, 
15° : 10"::30M8' : 20", hence 20>*.24'.55"+20''=:20«».25'.15'' 
the time of the He's culminating in longitude 30°. 18^ E. 
Lastly. 20^.25'.15''-4^2'.l"= 16^.23^14" the correct time. 

(L) In order to attain the greatest accuracy several altitudes 
of a star should be observed in succession, and if two or more 
separate stars be observed, and the error of the watch be de- 
duced from each star, the medium result will be more correct 
than that derived from the observation of a single star. 

If an equal number of stars can be observed on each side of 
the meridian, and nearly equidistant therefrom, the errors 
arising from the imperfection of the instrument, &c. will be 
rendered almost insensible. 

EXAMPLE II. 

On the 29th of January 1822, in latitude 53^.24' North, and 
longitude 25^. 18' West; suppose the following altitudes of Pro- 
cyon to the west, and Alphacca to the east of the meridian, 
were observed by two separate persons at the same instant of 
time ; required the error of the watch. 

The right ascension of Alphacca being 15b.27'.9'' declination 
27°.19'.12" N., and of Procyon 7^.29'.59'' and 5°.40'.29"N. 
The sun's right ascension at noon on the 29th=:20*».46'.ll" 
(Nant Aim.) and on the 30th =20^50'. 17''. 
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Tmi0 per watch. Procyon*s altitude. Alpliacca's altitude. 

.14h.5S'. 0" - - 20''.41'.40" . . 41M7UO'' 

14.57. - - 20. 7. 40 - - 41.57.40 

15. 0.32 - - 19.37.40 - - 42.24.40 

' 15. 4. - - 19. 8.40 - - 42.55.40 



4 ] 59. 54.32 - 4 | 79. 35. 40 - 4 | 168. 35. 40 

Mean 14. 58.38 Mean 19. 53. 55 Mean 42. 8. 55 

Arunoar. The hour Z by AI|)hacca's corrected altitude is 3^. 
40'.47'', and the 4c culminates at 18\37'.31", hence the correct 
time=14^56'.54''. 

The hour Z. by Procyon's corrected altitude is 4*'.15'.55", and 
the a|t culminates at 10^.41^42", hence the correct time= 14^. 
57'.37''. The mean time between the two is 14**.56'.55", con- 
sequently the watch is 1^43" too fast. 

EXAMPLE III. 

In latitude 48°.56' North, longitude 66° West, suppose the 
altitude of Aldebaran, when west of the meridian, to be 22^.20^ 
15" on the 15th of April 1822 ; required the apparent time of 
observation ? 

The right ascension of Aldebaran being 4^.25'.43" and de- 
clination 16*'.8'.36'' N. Also, the 0's right ascension at noon 
on the 15th (Natd. Jim.) z= 1^32^.23 , and on the 16th = 
1^.36'.5". 

Answer. The hour Z. by the * *s correcteil altitude =4^.57'. 
33^, and the 4e culminates at 2^.52'.9'', hence the correct ap- 
parent time =7^49^.42". 

(M) Scholium. 

The three preceding problems (XIII, XIV, and XV.) are 
all included in one triangle {Zenith jis- Plate III. Fig. 1.), but 
they have been considered separately, on account of their im- 
portance, and to prevent confusion. 

Any three of the five quantities, viz. the sun's or star's de- 
clination, the latitude of the place, the altitude of the object, 
the azimuth, and the hour of the day being given, the rest may 
be found. 

A sixth quantity might be taken into consideration, were it 
materially useful, viz. the Z. opposite to the complement of the 
latitude, being formed by the intersection of the vertical circle 
.zsc, and the azimuth circle nsd. 

PRACTICAL EXAMPLES. 

1. Given the sun's declination 19°.39'Nortli, in North lati- 



s. 
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tude, his corrected altitude S8M9', and bis azimuthnS. i2°AS' 
E. ; required the hour of the day and the latitude of the place ? 

Answer^ The hour angle is 52^.30'= 3^80', the hour from 
noon, hence the time is 8h.30^ A. M. and the latitude 51^.32' 
North. 

When the altitude of the sun and his declination are equal, 
the triangle is isosceles, and the hour angle is equal to the azi- 
muth. But when the altitude of the sun is less than the de- 
clination, the case is ambiguous. 

2. Given the sun's declination = 19^.39' North, his altitude 
corrected = 38°. 19' at 3*^.30' in the afternoon ; required the la- 
titude of the place, supposed to be north, and the sun's azimuth? 

Answer. This problem is ambiguous, the azimuth may be N. 
72°.13'.30" W. and the latitude 9M6' N. or the azimuth may 
be N. 107°.46'.30'' W. and the latitude 51^30'.54.^'N. But 
when the sun's altitude is less than the declination, the problem 
will be limited. 

3. Given the latitude of the place=:51°.32'N. the sun's de- 
cHnationz:! 9^.89' North, the. sun's azimuth z=S. 72M3' W.; 
required the sun's altitude and the hour of the day ? 

Answer. The sun's altitude is 88M8'.30^, the hour angle 
52°.30'.2a'', and the time from noon 3^30'. If the latitude of 
the place be less than the siun's declination, when both have 
the same name, the case will be ambiguous ; see the following 
example. 

4. Given the latitude of the places 1 3^30' North, the sun's 
declination = 23^28' N. the sun's azimuth = N. 67®.30' East; 
required the sun's altitude and the hour of the day ? 

Answer. The angle opposite to the complement of latitude 
maybe either acute =78°.20', -or obtuse =101^40'. In the 
former case the sun's altitude is 7^. 7' nearly, and the time from 
noon 5K52'.12''; and in the latter case the sun's altitude is 57^ 
4'.S4'', and the time from noon 2^.12'.45\ Hence it follows 
that in this latitude on the longest day, the sun appears upon 
the same point of the compass twice in the forenoon and twice 
in the afternoon. 

5. Given the latitude 13°.30' North, the sun's corrected al- 
titude =60°.30^ at two o'clock in the afternoon; required the 
sun's azimuth and its declination ? 

Answer. The angle opposite to the complement of latitude 
may be either acute =80°.52', or obtuse =99°. 8'; in the former 
case the declination is 10°.2l'.42''; and the azimuth 87°.12', aod 
in the latter case the declination is 20°-37'.34", and azimuth 
71°.5l'.30". 

6. In latitude 51''.32' North at 3^30' in the afternoon, the 



Chap. XII. . oblique-angled triangles. 32S 

sun's azimuth was S. 72^.13''West; required the sun's altitilBe, 
his declination, and the angle formed by the intersection of the 
vertical circle, and the azimuth circle passing through the sun? 

Ansfmer. The sun's altitude = 38M8^53 , the declination =: 
19^.39^.19^, and the angle zenith sn formed by the vertical and 
azimuth circle = 38^.58 .28". 

?• The sun's corrected altitude at dfKSQf in the forenoon was 
S8M9', the angle of position, viz. formed by the vertical and 
azimuth circles, was 38^.58' ; ^ required the sun's azimuth, de- 
clination, and the latitude of the place ? 

Ansfwer. The latitude is 51^32^.34": but it cannot be deter- 
mined by the data whether it be north or south, the sun's de- 
clination =:19°.39'. 19", and the azimuth=72M3' from the east 
or west. 

PROBLEM XVI. {PUite III. Fig. 10 and 11.) 

(N) Given two aUitudes of the stm and the time between the 
observations^ tojind the latitude ofthe'pLace. 

example I. {Plate III. Fig. 10.) 
Given the sun's declination 1 9^.39^ North, his altitude in 
the forenoon 38°. 19^, and at the end of one hour and a half 
the same morning the altitude was 50^.25^ ; required the lati- 
tude of the place, supposing it North ? 

On a supposition that the sun's declination is the same at 
both observations, (which will not materially affect the result 
of the operation, when the observations are taken at no great 
distance from each other, and the time be not near the equi* 
noxes ;) the triangle and is isosceles, a being the place of the 
sun at the first observation, and d its place at the second, and 
an=nd. Draw ng perpendicular to ad, then will ag=:6d and 
GND=^AND half the elapsed time. (K. 143.) 

1 • In the right-angled triangle ngd. 

There is,given nd=70°. 21^ the sun's distance from the pole 

at each observation, and the angle gnd= 11^.15^=1 elapsed 

time, to find gd a,nd ad. 

* . . 

Rad X sine GD=sine gnd x sine nd. 

••• (log sine gnd +log sine nd)— 10=log sine gd. 

or, rad : sine NDn 70® .21':: sine gnd =11°! 5' : sineGD=10^ 

35'. 13^, the double of which is 21®.10'.26'^=ad. 

2. Tojind the jLou^. 
Rad X cos ND=:cot d^D x cot gdn 

••• (10 -H log cos nd) — log cot GNDrzlog OOt GBN. 

or, cot GND=11M5' : rad:: COS NDr:70°.2l' : cot 
GDN=86°.10'.2r. 

y 2 
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3. ToJindtheLAnz. 

In the oblique-angled triangle adz, there is 

{"Fn-st co-alt AZI=51^41' ^ „ i %*,o a V/ ao'' 

Sec. co.altDzn39^35' [^^''^J^''''^'=',T.^^^ 

The Z ADZ being greater than the L gdIj, this example belongs 
to Figure 10th. 

And Z. adz — Zgdn ~ 115^23V6"— se'^.lO'.^*^ = 29MS'.42'' 
= Zndz. 

4. Tojind Nz Me co-latitude. 

In the oblique triangle dzn, , there is 

{The co-decl nd = 70°.21' "1 ^r n j ^u i . 

Second co-alt dz=39^35' K'li" ^oM^i? "^'^^ 

And the L ndz=29^12U2'' j ^^^ -"^^'^^ * 
This may be done by the rules Case III. (N.245.) Or by 
Formula I. Case VIII. page 203. viz. 

_ cos Z NDz . tanff nd . cos nd , ^ 

1 anff (2 =: ; — " ; and cosKz n . cos(dz '^ «). 

^ ^ rad cos p ^ ^^ 



Co»Z NDZ«i2S° l9fA^ - 9-94092 
Tkng ND =70^21' - 10-44725 

Sum 20-38817 
Subtract rad— 10* 



Tang^=67^45'.2'' - 10-38817 



Cos ND=70°.2l' - - 9-52669 
C08(dzi^^)«28O.10'.3" - 9 94526 



.M 



Sum 19-47195 
Cos 4>=»67**.45' 2" sub. 957823 



Cos N2« 38°. 28'. 11" - 9-89372 



Hence the latitude is 5P.3l'.49''North. 

(O) The principal use to which this problem is applied, is 
in questions of a similar nature with the preceding ; but several 
other things may be determined from the same data ; such as 
the hour from noon when each altitude was talken, the azimuth 
at each observation, the difference of azimuths, &c. It will be 
sufficient in this place to point out the method of solution of 
these less useful cases. 

The hour from noon when the second altitude was taken, is 
measured by the angle dnz, for © is the place of the sun when 
on the meridian. Now in the triangle dnz, we have nd=: 
70°.2l', Dzn 39^35', zn = 38^28'. lO", and the angle NDzn 
29°.12'.42'', to find the angle dnz the hour from noon=:30°or 
2 hours ; consequently the second altitude was taken at 10 
o'clock, at the first at 8^.30' in the forenoon. Again, in the 
triangle anz we have an=:70°.21'% the sun's polar distance at 
the first obseiTation, AZ-rzBVAV his zenith distance, and the 
angle ANzn3b.30' or 52°.30' the hour from noon when the first 
altitude was taken, to find the angle azn= 107^47' the azimuth 
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from the North at the Qrst observation. Also, in the triangle 
DNZ we have i>N= 70^.21' the sun's polar distance at the second 
observation, DZ=: 39^.35^ the zenith distance, and the angle 
DNZzrSO^ or 2 hours, the hour from hoon when the second 
altitude was taken, to find the angle nzd= 1 32^.2 r. 12^^ the 
azimuth from the north at the second observation. The differ- 
ence of the azimuth is therefore r:24^.34?^12'^ Theazimuths< 
might have been found independent of the time, for in each of 
the above triangles, the co-declination, the co-altitude, and 
the CO- latitude are given. 

EXAMPLE 11. {PlateIILFig.il.) 

When the sun's declination was 22^.40^ North, his altitude 
at J 0^,54' in the forenoon was 53^.29', and at 1^1 7' in the 
afternoon it was 52°.4'8'; required the latitude of the place of 
observation, supposing it to be North. 

12b. 0' 

TifOQ Qf the first alt 10. 54 



Tb^ ^im^ from noon 1» 6 

Tl)p time from noon 1. 17 when the second alt. was taken. 



Elaj^sed time 2. 23= 35^^.45^ the angle and. 
Hplf elapsed time lh.n'.30"=I7^.52'.30'lhe angle gnd. 

Supposing the sun's declination constant during the elapsed 
ti^aae, A^P is an isosceles triangle, and the method of solution 
i^ pre^s^y the 9ame as in the foimer example. 

i. For nd=:an=67°.20', and the Angle gnd=17'?.52'.30^ 
whence the angle gdn is found =; 82°.54^56'', and ad =: 
32^54^22^ 

II. In the triangle apz ar/^ give» az the first co-alt. 'zz 36^^ 1 ', 
D2S :th^ seconid €o-aI,t,=?37°.i^, and the side iU) = ?2^^4'.22'', 
to find the angle adz=65°.44^40'''; hence the difference be- 
tween |(j©N and.AD;z gives «dz=:17°.1.0M6^^ 

T^i-GrPPf being greater than the Zadz, this examjde be- 
longs u> Figure ll*' 

IH. Jn the triangle dzn there are given nd the polar dis- 
tajm^sp(^7^^'9 nz the second C0haltitude=:37M2, and the 
angle ndz=17M0'.16^ to find the co-lat. nz =: 32^5r.36'%- 
hence the latitude is 57°.8^24''^ 

The azimuth at the time of each ob^^ervation may be found 
as in the preceding example. 

y 3 
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(P) K the times as given in Example II. and such like, vvere 
exactly true, one altitude only would at all times determine the 
latitude. But we must not depend upon these times ; they 
qply serve to point out the elapsed time between the observa- 
tions. If the watch go true during the elapsed time, or mea- 
sure that time trulv, it is of no consequence to the solution of 
the problem, whether it be too fast or too slow. 

The methods of solving this important problem directiy by 
trigonometry, as is done m the foregoing examples, have been 
considered by mathematicians as too troublesome for general 
practice. They have, therefore, contrived various other rules 
dependent upon an assumed latitude, in such a manner that 
when the latitude assumed is true, the result of the operation 
will exacdy agree with it. But when the latitude obtained by 
calculation dSTers materially from the assumed latitude, the 
solution must be repeated. 

The rule now chiefly used, and which is printed in almost 
every Treatise on Navigation, the Requisite Tables, &c., was 
'first given by Mr. Douwes, examiner of the marine cadets at 
Amsterdam ; this rule, and tables adapted to it, were first pub- 
lished in England, by Mr. R. Harrison, in the year 1759, but 
without any account of the construction of the tables. In the 
year 1760 the learned Dr. Pemberton gave a very circumstan- 
tial account of the construction of the tables, and the reason of 
the process ; showed the nature and limits of the approxim- 
ation, and estimated the errors which may arise from uie seve- 
ral circumstances that occur in it Vide Phil. Trans. 1760. 
' Tlie following i*ule depending only on the elapsed time, the 
two altitudes and declination, is deduced from Examples I. and 
II. It is in all cases accurate, and in general less troublesome 
in the process than the common method by assumed latitudes.* 

(Q) GENERAL RULE. 

I. Radius, is to the sine of the polar distance ; as the sine of 
half the elapsed time, is to the sine of half the first arc, the 
double of which gives arc iheJirsU 

II. The co-tangent of half the elapsed time, is to radius; as 
the cosine of the polar distance, is to the co-tangent of arc the 
second. This arc is acute or obtuse like the polar distance. 

III. Add the two zenith distances and arc the first into one 
sum. From half this sum subtract the greatest zenith distance. 

* Dr. Brinkley, Professor of Astronomy in the University of Dublin, has pub- 
lished a set of rules for solving this problem, which are annexed to the Nautical 
Almanac for the year 1822. 
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Add together the co-secant of arc the first, the co-secant of the 
least zenith distance, (rejecting the indices,) the sine of the half 
sum, and the sine of the remainder ; half this sum is the loga- 
rithmical cosine of half the third arc, double of which gives arc 
the third. The diffkrmce^ between arc the third and arc the 
second gives arc the fourth. 

IV. Add the sine of the polar distance, the sine of the least 
zenith distance, and double the sine of half the fourth arc into 
one sum, and reject 30 from the index. Consider the remain- 
der as a common logarithm, and find the natural number an- 
swering to it, to as many places of figures as the tables extend 
to, if uie index be 9 ; if 8, to one less ; if 7, to two less ; and 
if 6, to three less (for this index can never exceed 9, nor fall 
short of 6). Subtract double this natural number from the 
natural cosine of the difference between the polar distance and 
the least zenith distance, the remainder will be the natural 
sine oi the true latitude. 

EXAMPLE in. 

In a supposed latitude of 50°.*!' N. at 10\17'.30'' pet 
watdi, the true altitude of the sun's centre was 1 7^.1 3^, and at 
1 iKlT'.SO'^ it was 1 9°.4l', the sun's declination on that day was 
20° South; required the true latitude independent of the sup- 
posed one? 

Here 11^17^30^— 10^1 7'. 30"= l'* the elapsed time, hence 
i the elapsed time = 3O«». = 7''.30'. . 

I. 

Had, fl'ne of 90^ ' - 10*00000 

: sine poL dirt. 110° - 9*97299 
: : nne ^elap. time T^SO' 9*1 1570 
: sine \ aib Ut 7^.8'.4S" 908869 
Arc lst«l4**.5'.26" 



* 1. When the supposed latitude, or latitude by account, is less than, or nearly 
equal to, the declination, and both the same way, the magnetic azimuths of the sun 
ofiight to be attended to at the time of taking the altitudes. For when the magnetic 
azimuth at taking the least altitude is greater than the magnetic azimuth at taking 
the greatest altitude, counting from the elevated pole ;> the wpflement of arc the 
second must be added to the suq^/plemeTU of arc the thlnl to obtain arc the fourth, 

2, Should the double natural number used near the conclusion of the problem, at 
any time exceed the natural cosine of the difference between the least zenith distance 
and polar distance, the latitude will be of a different name with the supposed latitude. 

3. Hence it appears that in places near the equator where the azimuths increase 
and decrease slowly, the abore method of solution requires a little more attention. 
Howe? er, should any doubt remain whether the latitude found by the general rule 
be true or not : find the fourth arc as directed in the first note, and use it instead 
of that found by the rule ; one of the two results will most certainly be the true 
latitude, and some circumstances will generally occur that will seldom fail to poiiij 
out which is the proper one. 

T 4 



II. 

Cot 1 elap. time To.SO" - 


10*88057 


: rad, sine of 90°. 


10-00000 


: : COS. pol. dist. 110^. 


9*53405 


: cot arc 2d 920.S4'.4l'' 


8*65348 
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III. Arc first - - — 
Greatest zen. dist. 
Least zen. dist 


: 14^. 5\26" 
172.47 
70. 19 - 


co- 
co- 
sine 
sine 


secant *61359 
secant '02615 


2| 


157. 11.26 




Half sum - 
Greatest zen. dist. 


78. 35. 43 

72.47 


- 9-99134 


Remainder - 


5. 48. 43 

48°.50'.56'' 
2 


- 9-00544 


Cos ^ third arc 


2 1 19-63652 
- 9-81826 


• 




Third arc - zz 
Second arc n 


97. 41. 52 
92. 34. 41 




Fourth arc - . ri 


5. 7.11 




^ fourth arc - =: 


2. 33. 35 





IV. Sine polar distance 110° 
Sine least zen. dist 70°. 19^ 
J fourth arc - - 2°.33'.35" sine x 2 



9-97299 

9-97385 

17-29986 



Nat. number of this com. log. - • - 



176=7-24668 
2 



352 



Nat. cos. difF. polar dist. 
and least zen. dist = 39°.4r 



= 76959 



Sine true lat 



. 50^ 



= 76607 



Note. This example, by the approximating rules, requires 
a repetition of the process, vide page 18. Requisite Tables, 
Example 2. 

EXAMPLE IV. 

In a supposed latitude of 51°.0' North, when the sun's de- 
clination was 22°.23' South, some time past noon the sun's cor- 
rected altitude was found by observation to be 14°.46' and 
1'*.22' afterwards, his altitude was 8°.27'; required the true la- 
titude independent of the supposed one ? 

Answer. The true latitude is 50''.33'.44" N. 
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EXAMPLE V. 

In a supposed latitode of 47^.19^ North, when the sun's de- 
clination was 12^.16'' North, some time in the afternoon the 
, trae altitude of the sun's centre was observed to be 51^.59'', and 
2^.50' afterward it was 49^.9^; required the true latitude inde« 
pendent of the supposed one? ' '' 

Answer. The true latitude is 4.9°.I9'.30" North. 

EXAMPLE VI. 

In a supposed latitude of 30°.(/ North, when the sun's de- 
clination was 10^.24^ North, at SK54' in dbe forenoon the sun's 
true altitude was 41°.30'; and at 1\24' in the afternoon his 
altitude was 61^47^; required the true latitude independent 
of the sujiposed one ? 

Jnmer. The latitude is 3I°.33'.26" North. 

EXAMPLE VII. 

In a supposed latitude of 40°.0' North, when the sun's de- 
clination was 2^*46' South, at 9^.20' in the forenoon the sun's 
altitude corrected was 33Mr, and at 1'*.20' in the afternoon 
his altitude was 42^44^; required the true latitude independ- 
ent of the supposed one ? 

Ansfwer. The latitude is 40*'.50'.10" North. 

EXAMPLE VIII. 

In a supposed latitude of 50^.40' North, when the sun's de- 
clination was 20^ South, the true altitude of the sun's centre 
was 19^.41', and one hour afterward his altitude was IS^AS''; 
required the true latitude independent of the supposed one ? 

ArUfooet^. The true latitude is 50° North. 

^ EXAMPLE IX. 

In a supposed latitude of 60^ North, when the sun was on the 
equinoctial, or had no declination, tiie true altitude of his centre 
was 28^.53^ and two hours afterwards his corrected altitude 
was 20^.42'; required the true latitude independent of the 
supposed one ? 

Answer. The true latitude is 59°.59'.32". 

In this example the polar distance is equal to 90^; and in 
all such examples, the elapsed time will be arc the first, and 
arc the second will be 90^. 
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EXAMPLE X. 



In North latitude when the sun's declination was 23^.29^ 
North, at S\54i' in the forenoon the sun's corrected altitude 
was 48^.42'y and at 9\4:6' the altitude was 55^.48^; required 
the true latitude? British Palladium 1773, page 72. 

Answer. The true latitude is 4«9°.49'.28" North. 



EXAMPLE XI. 



In a supposed latitude of 6°.50' North, at 7b.30' in the fore- 
noon the true altitude of the sun's centre was SS^.SO', and at 
10^.36^40^ his altitude was 63^.40^, the sun's declination being 
22^.48' North; required the true latitude, without using the 
supposed one? 

Here 10'».S6'.40"'— 7^S0'=S*".6'.40«' the elapsed time, hence 
half the elapsed time= 1^.33'.20''=23°.20'. 



I. 

Had, sine of 90° - lO-OOOOO 

: sine pol. disL 67M2' 9*96467 

: : sine | elap. time SS^.SC/ 9*59778 

^ line ^ arc Ist 21^25" 9*56245 

Arc lst»42<'.50'. 



IL 

Cot I elap. time 2S°.2(y - 10*36516 

: rad, sine of 90° - - lOOOOOO 

: :cospol. dist. 67^12^ - 9*58829 

: cot arc 2d 80°.Sa.S7,, 9*22813^ 



III. Arc first - - - 42°.50' co-secant -16758 
Greatest zenith dist 67^30' 
Least zenith dist. 26^20^ co-secant *35302 



2 I 136°.40' 

Half sum - - 68°.20' sine 
Greatest zenith dist. 67^.30' 



9-96818 



Remainder 



0°.50' sine - 8-16268 



Cos i arc third 77''.46Uo" 

2 



2 I 18*65146 



9-32573 



Third arc - 
Second arc - 

Fourth arc - 

^ fourth arc 



155°.33'.20" 
80^30'.37" 

75^ 2U3" 

37°.3l'.2l" 
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IV. Sine polar distance 67°. l^ - . - 9-96467 

' Sine least zenith dist ^6^20' ... 9*64698 

i fourth arc - - 37°.8l'.21"'sinex2=19*569S8 

Nat Numb. =15170=9-1«098 

2 



Nat COS. diff. polar dist S0S40 

and least zenith distance - - =75623 



Nat sine lat - - 26^55' - 4528S 



This latitude being so very different from the latitude by 
account) it will be necessary to examine it by the notes to the 
rule. 

There can be no error, except in the fourth arc, and this is 
examined with very little additional trouble, there being only 
three numbers to take out of the tables : 

Arc the seconds SO^SC/.S?" its supplement=99^.29'.2S* 

Arc the third = 1 55^83'.20'^ its supplement =: 24°.26'.40^ 

Sum=arc the fourth 123^56'. 3" 



i arc fourth 61°.58' 
Sine polar distance 9*96467 
Sine least altitude 9*64698 
i fourth arc 61^58'; sine x 2= 19*89160 

Natural numb, of this common log. 31860=9*50325 

2 



63720 
Natural cosine of the diff. polar dIst 

and the least zenith distance - 75623 



Sine latitude - - - 6^50' N. 11903 



One of the two latitudes found above is certainly the true 
one, the latter, being the nearest to the latitude by account, 
may be taken as the proper one. 



example XII. 



In latitude 1'^.50' North, by account at 10'*.24^ in the fore- 
noon the true altitude of the suii's centre was 64^59', and at 
1 1. 20^ it was 78^.57', the sun's declination being 0°.30' North ; 
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required the true latitude, without making use of the supposed 
one? 

An^fa>ei\ The latitude by the rule is 1° S6'.24^ North, but 
the place being so near to the equator, it will be proper to ex- 
amine arc the fourth as directed in the notes to the rule. By 
this method the latitude is 0^.39' South. The former is nearest 
the latitude by account. 

(R) In all the preceding examples tlie two observations of 
the sun's altitude are supposed to have been made at the same 
place, and the latitude determined by the solution agrees to 
that place. Although the two altitudes are generally taken at 
the same place at land, yet at sea that is seldom the case. An 
aHowance, therefore, ought to be made for the run df the ship 
during the elapsed time; thus^ find the angle contained be* 
tween the ship s course and the sun, if it be eight points no 
ebrrection is necessary, but if less or more than ei^it points 
ttre correction must be applied to the first altitude, by addition 
or subtraction. Consider the angle contained between the 
ship^fi course and the bearing of the sun as a course, the dis- 
tance n^ade good during the elapsed time as a distance ; with 
diese find a difference of latitude and apply it as above.* The 
result will reduce the first altitude to what it would have been 
if taken at the same place where the second-was taken. The 
latitude must be found with these altitudes, thus corrected, in 
the same manner as before : this will be the latitude of the 
place where the second altitude was taken. 

*The difference of longitude during the elapsed time may 
likewise be taken into consideration, though in general it isof 
little or no consequence. The change of the sun's declination 
during the elapsed time might likewise be considered, but this, 
like the longitude, will cause no sensible error ; particularly, 
if the declination answering to the middle time between the 
observations be used. 

(S) PROBLEM XVII. {Plate III, Fig. 12.) 

Given the apparent distance of the moon from the sun^ or a 
star, and their apparent zenith distances^ to Jind their true 
distance^ as seen from the eariKs centre. 

Let ZM be the observed zenith distance of the moon, zm the 
true zenith distance; Mm being the difference between the moon's 
refraction and her parallax in altitude. And let z © represent 
the observed zenith distance of the sun or of a star ; zs the true 
zenith distance, © s being the difference between the sun's re- 
fraction and his parallax, or the refraction of a star. 

* Vide Mr. Cotcs's De estimatione errorum in mixt& Matbesi. 
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GENERAL PRINCIPLES. 

L Find the segments of the baseQv and vm, (by the rule 
W.2S1.)- With 0z and ©v find the angle z0v, which will 
be equal to the angle tQs^CN. 135.) Wiui 0s, and the angle 
T08, £nd 0T, which will be equal to sp. The triangle t0s, 
being indefinitely small, may be considered as a plane triangle. 

Again, with vm and zm find the angle zmv, with Mm and 
the angle zmv find the base rm, considering the right-angled 
triangle mBM as a plane triangle. 

Lastly, m0 +SP— RMns/12 the true distance in all cases ex- 
cept where the angle at the zenith is acute, and the angle at 
the moon obtuse, then m + sp + RM =: sm, 

II. Or, with z0,ZM, and 0m find the vertical angle 0zm, 
(P. 248.), and with zs, zm, and the angle 0zm, find the true 
distance S77I. (N.245.) 

The various methods which have hitherto been made use of 
for determining the distance between the moon and the sun, or 
a star, are derived from one or other of the above principles. 
Those methods which are derived from the latter, are generally 
preferable to those derived from the former, as being more 
correct and simple. When the observed distance is small, or 
the moon's parallax great, and the star's refraction considerable, 
two other corrections are necessary in order to render the first 
of these principles generally correct. We have considered the 
little triangles as ri^ht-angled, but the fact is NP0and nrm are 
each of them isosceiestriangles, and, therefore, 0pand Rm are 
not strictly perpendicular to sm and 0m; these corrections, 
therefore, consist in determining how much sp and rm deviate 
l?om the bases of right-angled triangles. A true method of 
determining these j^r corrections may be seen in the Edin- 
burgh Transactions, Article VIL, Physical Class. 

(T) INVESTIGATION OF A GENERAL RULE FOR DETERMINING 
THE TRUE DISTANCE OF THE MOON FROM THE SUN, OR 

FROM A FIXED STAR. {Plate III. Fig. 13.) 

Let 0M be the observed distance, and sm the true distance. 

Also, let ZM be the observed zenith distance of the moon and 

zm the true zenith distance; z0 the observed zenith distance 

of the sun or of a star, and zs the true zenith distance, as 

above. Then, by one of the formulas F. 184, we have, in the 

triangle Qzm, 

2 sine* i z rad . cos (z2'^zM)--rad . cosOm . ,., 

' r- — = r —- -r—z ; and, likewise 

rad* sine z0 x sine zm 

in the triangle szm, by the same formula, 

2 sine* ^z rad . cos (zS'^Z7w)--rad . cos sm 

rad* sine zs x siiie zm 



334 ASTRONOMICAL PROBLEMS. BOOK IIL 

By putting these values equal to each other, and dividing by 
the radius, we obtain 
cos (zQ*^zm)—cos 0m _cos (zs~zm)»oos mn 

sine z© x sine zm "" sine zs x sine zm 
Hence,coss»i— cos(zs~z»i):rcos©M— cos(z© — •^zm)x 
sine zs x sine zm 

sinez© xsinezM* 

Now zs <^ zm and likewise z © <^ zm will always be acute, 
being each less than 1^; but ©m and sm, being each of the 
same species, may be either acute or obtuse, therefore when the 
observed distance is more than 90% 

^ ' ^ , ^ ^ \ sine zs x sine zm 

Cossm=icos©M+cos(z©»^zM)x-; ; ~cos 

smez© X smezM 

(zs '^ zm)w 

And when the observed distance is less than 90% 

^ / X ^ sine zs x sine zm 

CoSS»l = COS(ZS~ZWl) — COS©MX -. — ; '^COS 

sme z© X sine zm 
(zs ~ zm.) Hence the following 

GENERAL RULE.* 

To the natural cosine of the difference between the apparent 
altitudesf , add the natural cosine of the apparent distance if 
more than 90% or subtract it if less than 90% and find the com- 
mon logarithm of the remainder ; to which add the logarithm 
secants of the apparent altitudes, the logarithm cosines of the 
true altitudes, and reject the tens from the index. The differ- 
ence between the natural number answering to this sum in the 
table of logarithms, and the natural cosine of the difference 
between the true altitudes, will give the natural cosine of the 
true distance. 

Note. The moon's correction, which is the difference be- 
tween the refraction and the parallax in altitudes, must always 
be added to the apparent altitude to obtain the true altitude ; 

* Several ot^er rules, differing in the form of expression, may be deduced from 
the foregoing demonstration, but this has been preferred on account of its short- 
ness, and the ease with which it may be applied : requiring no other tables in its 
application than those which are common and well known. 

A collection of short rules, without demonstration, may be seen in Nicholson's 
Philosophical Journal, for November 1806, vol, XV. page 254. 

Dr. Mackay*s 1st Method (page 150, vol. I. 3d edition) of his valuable treatise 
on the longitude, is the simplest I have ever met with, when his tables are used. 

Mendoza's method is likewise very short and easy, but his tables are large and 
expensive. 

•f- The apparent altitudes, are the observed altitudes corrected for dip and semi- 
diameter, and the ap[)arent distance, is the observed .distance corrected for semi- 
diameters. 
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but the sun or star's correcdon must always be subtracted. 
The sutfs correction is the diflFerence between the refraction 
(Table IV.), and the parallax in altitude (Table VI.), and a 
star's correction is the refraction (Table IV.). 

EXAMPLE I. 

The apparent distance of the moon's centre from the star 
Regulus was 65^.S5'.13^) when the apparent altitude of the 
moon's centre was 24^.29'.4?4'', the apparent altitude of the star 
45^.9'«12^; and the moon's horizontal parallax 55\2''; required 
the true distance ? 

]) 's horizontal parallax= 55^2^', the parallax in altitude= 
50'.5"(T.96.), refraction 3:2'.4." (Table IV.) hence the D 's cor- 
rection =(5(/.5"— 2^.4''=) 48'. I", and the»'s correction =57^ 
(Table IV.) 

DiflF.app.altitudes20^.32'.28''Nat cos. 9S57a 

Apparent distance 63°.35M 3'' Nat cos. 44485 



.H 



Common log. - - 49085=4*69095 

Moon's apparent altitude / 24°.29'.44"log. sec. 1 0*04097 "% 
Star's apparent altitude* \ 45^ 9'a2"Iog. sec. 10*15169 I 
Moon's corrected altitude 25^.17'.45"log.cos. 9*95622 H 
Stales corrected altitude 45°. 8'.15"log.cos. 9*84843 J 

Natural number - 48782 4*68826 

Diff. true altitudes 19**.50'.30" Nat. cos. 94063 

True distance r 63^ 4'.33" Nat. cos. 45281 



* Instead of the logarithmical secants of the apparent altitudes, you may take the 
logaridnnical cosines, add them together and take the sum from 20, tfie remainder 
will be die same as the sum of the logarithmical secants without the indices. 

•f* The sum of these four logarithms, rejecting the tens, is 9 '99^31. This num- 
ber may be found at once from the XLIId Table of Dr. Mackay's treatise on the 
Ixm«|tude, 3d edition, using the}) *shorisontal parallax 55'. 2", and the apparent 
altitude 24^. 29'. 44". "The operation would be rendered shorter by such a table, but 
it occupies 45 pages of Royal Octavo, and, therefore, could not be inserted in this 
work. The IXth of the Requisite Tables is not so extensive, but then it is propor^ 
tionably imperfect. The author of the articleLongUude in Dr,Jlees*i new Cyclopedia 
has been pleased to remark, that the rule given by me may be simplified by using the 
IXth of the Requisite Tables, or Dr. Mackay*s XLIId Table; this I was fully 
aware of: my object was not to give a short rule for solving the problem by auxiliary 
tables not in common use, but to render the subject plain and easy to a learner 
without the help of any other tables than those at the end of this treatise. 



w\ 
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EXAMPLE II. 

The apparent distance of the moon's centre from the sun's 
vfas 106^46'.44^ when the apparent altitude of the sun's centre 
was 45^32'.30", and the moon's 19^43'.22"; the moon's cor- 
rection 5(/,S^y and the sun's 5(/^ ; required the true distance of 
their centres ? 

Diffi of app. alts. - 25^.49'. 8" Nat cos. 90018 
Apparent distance 106°.46'.44" Nat. cos. 28868 

Sum, common log. - 118886= 5*07513 

Moon's app. altitude - - 19°.43'.22" log. sec. 10-02625 

Sun's app. altitude - - 45^32^.30^' log. sec. 10-15466 

Moon's corrected alt. - 20°.33'.25'^ log. cos. 9*97143 

Sun's corrected alt. - - 45°.3l'.40'^ log. cos. 9*84544 

Natural number 118281 - - 5*07291 

DifF. of true alts. 24^.58'. 1 5" Jfat. cos. 90652 



True distance 106°. 2^.19" Nat. cos. 27629 



EXAMPLE III. 

The apparent distance of the sun and moon's centres was 
68°.42'.ll , when the apparent altitude of the sun's centre was 
32^.0'. 1", and that of the moon's 24°.0'.10"; the sun's correction 
was l'.23''', and the moon's 5l'.l'^; required the true distance 
of their centres ? 

Answer. 68°.19'.46". 

EXAMPLE IV. 

The apparent distance of the moon's centre and a star was 
2^.20', when the apparent altitude of the star's centre was 
11°.14', and that of the moon's 9°.39'; the moon's correction 
was 51 '.30", and the star's 4^40^%* required the true distance of 
their centres ? 

Ansts:ei\ 1°.49'. 

EXAMPLE V. 

The apparent distance of the moon from the star Spica was 
observed to be 31°.17'.53"5 when the apparent altitude of tlie 
moon's centre was 18°.56'.45% and the apparent altitude of the 
star 20°.10'.56"; the moon's correction was 50'.46", and the 
star's 2'.35" ; required the true distance of their centres ? 

Answer. The tme distance is 31°. 11 '.44''. 

12 
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EXAMPLE VK 

The apparent distance of the moon's centre from that of the* 
sun was IQP.^'.^S" at a time when the apparent altitude of the 
sun^ centre was 22°.14'.55'', and the apparent altitude of the 
moon's centre SQP.52'J29^'\ the sun's correction was 2^.1 1", and 
the moon's correction 8^47^; required the tme distance oftheii: 
centres? 

Jnffwe^'* 70°.7'.56\ 

EXAMPLE ICII. 

The apparent, distance of the sun and; mpon'^ centre waft. 
63°.5'.46'', the apparent altitude of the sun 4.5°.9'.12", that of 
the moon 24°.29^4?0"; the sun's correction 57^ and the moonls, 
4i7''.47'^; required the true di^tancQ of the.ir centres ? 

Jnsxper. 6S°.44'. 

EXAMPLE VJir. 

The apparent distance of the sun and moon's centres wqr 
72°.21'.40^', the apparent altitude of the moon 19°. 19', that of 
the sun 25^.16'; the moon's correction being 50'.40'V^nd the 
sun's l',5S"; required the- true distance of tbeit centres?; 

PROBLEM Xyjlf. 

(U) The latitude of a place aitd its Itmgitude by acconmt^ the 
distance between the stm and the moon, or the moon and>(f star* 
in the Nautical Almanac,, being given, to find the,> connect 
longitude. 

* The principal stars used for ^ding the longitude at sea are the fplloncing : 
a ArieHf in the head of Aries. This is a small, star, without the zodiac, ^nd can- 
not be Teadily found and Applied bj the generality o£ persons ; it appear;s about 
22^ to the right hand of the Pleiades. 

2. Alddnxran in the Bull's eye is easily distinguished by its largeness^ coloiir, 
and position to die other stars, being half way b^ween the Pleiades and the star 
whidi forms the western shoulder of Orion. 

' 3. a Pegan or Mcarkab^ about 44^ to the>right band of AriietjSj a line difaim in 
imagination from the Pleiades through Arietis will pass through aPegasi. — The 
constallation Pegasus is very remarkable, the three, principal stars ioc it, with the 
head of Andromeda, fovm a large squase, of which the four comer &tfM^ are all of 
the second magnitude. 

4. FoUuXiS, little northward of Ajdebaran, and about 45° towards the left hand, 
there are two stars nearly together : the right hand one is Castor,, the left hand one 
P<mux. 

5. BeguluSf about S^'^ S. £• of Pollux, is easily distinguished by being the 
southem*most of four bright stars resembling the letter Z inTerted, it lies to the 
north-east of Aldebaran. 



\ 
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I. Turn the longitude, by aocouot, into time (X. 265 and Z. 
"266.) BuA add it to the aatronomical ttme^ where jou are if west 
longitude, but subtract it from that time if east, and jou will 
have the astronomical time at Greenwich nearly, -which call 
reduced time, 

II. In page VII. of the Nautical Almanac, fw the giren 
month and day^^take out the moon's semi-diameter, and hori- 
zontal parallax, for the noon and midnight between which the 
reduced time falls, subtract the less semi-diameter from the 
greater, and the less parallax from the greater^ 

Then, as 12 hours are to the first difference, so is the re- 
duced time to a fourth number, which must be added to the 
moon's serai-diameter if the tables be increasing, but subtracted 
if they be decreasing ; to the sum or difference add the ang- 
mentation (Table VII.), and you will have the moon's true 
semi'diameter at reduced time, 

Again^ As 12 hours are to the second difference, so is the re- 
duced time to a fourth number, which must be added to or 
subtracted from the horizontal parallax at the nearest noon, or 
midnight, preceding the reduced time, according as the tables 
are increasing or decreasing, and it will give the horizontal 
parallax at reduced time. {See Example II. page 272.) 

III. Clear the observed altitude of the moon of dip (Table V.) 
and semi-diameter f, and you have the apparent altitude of her 

r centre : to the cosine of the moon's apparent altitude, add the 

^logarithm of the horizontal parallax at reduced time in seconds; 

the sum, rejecting 10 from the index, will be the logarithm of 

6» Spka, or a Virgiiiis, a white sparkling star, about 54° south-east of Regulus. 

7. Antares, The arc of a great circle passing through Regulus and iSjptca V4rginis 
east-south-east, or to the left hand of Regulus southward, will pass through An- 
tares, which is about 45° from Spica Virginis, 

8. FomalhauU^ about 45° south of a Pegasi. 

9. a Aquiht 47° westward, or to the right hand of a Pegasi. 

The distance between the moon and the sun, and between the moon and tlie 
nine stars above described (being near her path), are given in the Vlllth, IXtb, 
Xth, and Xlth pages ff the Nautical Almanac, to every. three hours apparent 
time, by the meridian of Greenwich. The observer who uses the Nautical Almanac, 
and certainly no observer ought to be without it, is under the necessity of taking 
the distance of one or other of the above stars from the nioon. The distances cal- 
.Cttlated in theNautical Almanac afford, perhaps, the readiest niethod of knowing the 
star from which the moon's distance ought to be observed. For the sextant being 
iixed to that distance, and the moon found upon the horizon glass, there is no- 
thing more to do than to look to the east or west of the. moon, according as the 
distance corresponds to the VII Ith and I^th, or Xtli and Xlth pages of the 
Nautical Almanac, guiding the sextant in a line with the moon*s shortest axis. 

* By a late order from the admiralty, the Nautical Day begin* at midiug^l;, in 
consequence of which the Navy Logs correspond with the civU reckoning ; but the 
(tables in the Nautical Almanac are adapted to Astronomical time, see the iibte, 
) age 267. 

t Viz. take tlieir difference and add it to the observed altitude of the moon*s 
Jower limb ; or take their sum and subtract it from the observed altitude of the 
^noon's upper limb, according as the lower or upper limb has been observed. 
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thetDoon^s parallax in altitude in seconds (T«96.), from which 
take the refraction of the moon in Altitude (Tab]o XV.)) the 
remainder will be the moon's correction. 

The moon's correction must always be added to the ap^ 
parent altitude to obtain the true altitude. 

IV. Additional Jh-eparationfor the Sun and Mqan* 

dear the observed altitude of the sun of clip and semi- 
diameter % and you have the apparent altitude of bis centre. 

From the refraction of the sun's altitude (Table IV.) take his^ 
parallax in altitude (Table VI.), and you have the cotrection 
of the sun^s altitude i which must always be subtracted from 
Uie apparent altitude to obtain the trtie altitude. 

V. To the observed distance ^f the sun and mqf^n's nearest 
limb^f add their semi-diameters at reduced time, and the sum 
will be the apparent distance of their centres. 

IV. Additional Preparation for the Moon and a Star. 

From the star's observed altitude take the dip of the horizon 
(Table V.), the remainder will be its apparent altitude. The 
refraction' of a star (Table IV.) is the correction of its altitude^ 
and must always be subtracted from the apparent altitude to> 
obtain -the trtie altitude. 

V. To the observed, distance of the moon from a star, add 
the moon's semi-diameter at reduced time, the sum will be the 
apparent distance \ if the farthest limb was observed, subtract. 
the semi-diameter. 

VI. Tojind the trite distance. 

With the apparent altitudes, their corrections, and^the ap- 
parent distance, find the true distance, by the general? rulCi, 
(T. S33 and 334^.) 

Note. If the watch has not been previously regulated; the 
true time must now be found with the mean altitude of the sun 
or star, and the latitude of the ship, as in Prob. XIV. and XV. 
taking care to calculate the sun's declination to the reduced^ 
time. (B. 270.) 

VII. Tojind the longitude. 

In page VIII, IX, X, or XI, of the Nautical Almanac for 
the given month and day, look for the computed distance be- 
tween the moon and the other object; if you find it there ex-, 
actly, the time at Greenwich stands at the top of the column ; 
but if you do not find it exactly, take the nearest distance to 
it both less and greater; take their difference, and likewise the 
difference between the computed distance and the earliest 
Ephemeris distance. 

* Vix. take tbeir difference, and add it to the observed altitude of the 0*s lower 
limb ; or take their sum, and subtract it^from the observed altitude of thp 0's-upper 
limb, according as the lower or upper limb has been observed. 

Z 2 
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Then, as the first difference is to 3 hours, so is the second 
difference to a fourth number, which being added to the time 
standing over the earliest Ephemeris distano^ will give the 
true time at Greenwich. 

The difference between the ship's time and the time at 
Greenwich (turned into degrees) will be the londtude of the 
place, w'here the altitude of the object was taken for determin- 
ing the true time. If the ship's time be 'greater^ 'the longitude 
is east ; if less, we^. 

EXAMPLE I. 

'Suppose on the-Sth of January 1822, in longitude 7° west 
by.accounL at l\SS' A. M. per watch well regulated, the dis- 
tance of the moon's farthest limb from the star Begidus to be 
'64^2'; the altitude of the moon's lower limb 2.4.M8',30^; the 
star's altitude 45MS'.I5''; and the eye J 8 feet above the sur- 
face of^the.sea, required .the true longitude 7 



'nine per watch at ship 5th of January: 
7^ longitude W. 



Oh.28' 



jReditced iimej ^ Ame at. Greenwich nearly - =:rl4Kr 



II. 

Jfrs semi-dia. at midDigfat, 5th Jan. 1822» 16^.^" Hor. pand. . - ^^t^.Sff 
>• •« semi-dia. at noon, 6th Jan. 1822=16'.16'' Hor.|»aral. - - =r59'.41" 



* First diff. 

i2»» : 4''::2h.r : of. or 

y's semirdiam. at njidojght = 1 6.20" 



C. 4' 



Second diff. C. 9^ 



j) 's semi-diam. at red. time — 1 6'. 20" 
J *s augmentation (Tab. V 1 1. ) = + 1" 



D 'strue semi*dia..at red. time =s 16'.27^ 



JSh: 9"i^:2h.l' tc/ 1" 
Hor. parallax at. midnight - =53f.5(f 

Hor. parallax at red. time - »=59'.49" 

€0 



In seconds .3589 



III. 



}) 's observed altitude = 24°. 1 8' . 30" 
})'ssemi.dia. «=16'.27''> _ . ,^, ^.^ 
Pip.(Tab.V.)= 4'. 3"J ~ "*" ^^-"^^ 



App. altitude 3)'s centre 5=24° 30'. 54" 
3) 's. correction .. = 52'. 21'' 



}) 's corrected altitude - =55°, 23'. 15" 



Cos }) ''s apparent altitude » 9«95897 
Horizontal parallax 8589 log « 3 '55497 

Parallax in altitude 3266 log » 3 '5 1394 

3266^=54'.26" 
D 's Mfr. (Tab. IV.) « 2'. 5" 



}) 's correction 



»52'.21 



// 



* The reduced time being so near to midnight^ the proportions here made are 
superfluous, excepting to show the metliod ofproceeding in other cases. 
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IV. 

^ 8 obsa vw uHtttuo 
I>ip(lU>leV.) 



- - 4'. ^ 



« 's app««iit altitude - s45^. 9.12^ 
« 's raAMtimi [TMe IV.) *> - 57^^ 



V. 

Obsenred distance • 
}) 'b. flemi'-diametflr • 



= 64°. 2'. cy 



Apparent distajQce - «63*^45'.33^ 



«*scorractMl altitude -45^ 8M5" 

VI. To find the true distance. 

#*sapp.alt. 45°. 9'. 12^ Log. sec. - 
D *s app. alt 24°.30'.54f'' Log. sec. - 
Diff. app. alts. 20''.S8^18" Nat. cos. 93582 
App. dist. 6S°.4^5'aSS" Nat cos. 44215 

Common log. of 49367: 
♦ *s cor. alt 45°. 8'. 15'' Log. cos. - 
}>'scor. «lt 24°.23^15^ Log. cos. - 

. Natural number 49032 
Diffi of true alts. 19^45'.0" Nat cos. 941 18 



10*15168 
10-04103 



4*69344 
9*84844 
9-95589 

4'6904a 



True dist - 63*'. 13'.0'^ Nat cos. 45086 



VII. To find the longitude. 



Dist Jan. 5tli 1 822 at 12^ « 64^26^.42" 
Dist. Jan. 5th 1822at 15>^=62°.37^38'l^ 



First diflbrence 



= 1«>.49'. 4" 



Earliest epbem. distance rse4°,2€r^42f*' 
Computed distance - ■s63^.1S'» 0'" 



Second difference 



i^.isr.4^^ 



Thai 1°.49'.4"' : 3'»::iM3'.42^ : 2\ 1^38'' 
Time above the earliest distance zzl2\ 



True time at Greenwich =:14*». r.38' 
Time at ship =13^33'. 



Difference =: 0»".28'.38'^= 7°. 9'.30"' 
the longitude west of Greenwich, because Greenwich time ex- 
ceeds the ship's time. 

EXAMPLE it. ' 

Suppose on the 26th of April 1822, in longitude 105"^ £. 
of Greenwich, by account, at 9*».16" P.M. the distance between 
the slin ismd moon's nearest limbs to be 68^.9^30^'^; the altitude 
of the sun's lower limb 3 1^.48'. 16''; the altitude of the moon'- 
lower limb 23°.44'.16''; and the eye 18 feet above the level c 
the sea; required the true longitude. 

z 3 
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D 's semi-diameter at noon, 26th April {Naut. Alm.)^i 16'. 5" ^ 
nfld at midnight= 15.'.58-^ horizontal parallax at- noon ^= 59'. 1^', 
and at midnight =: 5^.S6^'i also the ©'s semi^diameter :r 

Answer. The reduced time is 2*^.16':; -*'s true semi-dia- 
nieter=16'.ll"; horizontal parallax =58^5 7"; apparent alti- 
tude of the D 's centre 23°. 56^24:^; and the correction of her 
altitude = 5 r.4.6". 

The apparent altitude of the 0*s centre =32°.0'.8"; cor- 
rection i»23"; apparent distance of the © and J)'s cfentres 
68?.41'.36''; true distance 6S\lS\4fT\ and the true longitude 
=:105^37' East,^ ' 

{NatU. Aim. distance at noon bein^ '=i£^^,6K\5^\ and at 

IIlh=68°.44M"0 



EXAMPLE III. 



Suppose on the 10th of July 1822, in longitude 116° W., 
Hijy.accounti the following observations to be taken: 



*Time A.M 

.9^30'. 0" 
9. SI. 
9. SI. 50 
9. 82. 10 
9. 32. 45 



Alt. O's 
lower limb. 
44°.48'.SO'' 
45. 4. 
45. 22. 45 
45. 45. O 
^5, 50. 



Alt. D-8 
upper limb. 

20'^. sa*. 0' - 

20. Id. SO - 

20. 10. - 

19. 50. - 

19. 30. O - 



Distaiieeof 

nearest Ihnbs. 
106M9'.15* 
10^. 18.'45 
106. is. so 
106. 17.45. 
106. 16.45 



'5 I 47. 37. 45 5 | 226. 50. 15 5 | 100. 20. 30 5 ] 531. 31. O 

Mean 9. 31. 33 - 45. 22. 3 - 20. 4. 6 - 106. 18. 12 
Errors of the quadrant —58 - — 1. - —2,37 



True mean 45. 21. 5 



20. 3. 6 



106. 15. 35 



Required the true longitude, the eye being 21 feet above 

' the level of the sea. 

D's semi-diameter at noon, July lOth {Naut. Aim.) = 
15'.44'^ and at midnight 15'.49''; horizontal parallax at noon 
=:57'.46", at midnight 58'.4"; also the O's semi-diameter = 

1 6\^e\ 

An^er. The reduced time is SMS'.SS'' July 1-Oth; }) 's true 
semi-diameter 1 5'. 52''; horizontal parallax 57'.53"; apparent 
altitude of her centre 19°.42'.52''; and correction of her alti- 
tude 51'.51". 

The apparent altitude of the sun's centre is 45''.32'.29 ; cor- 
rection 50^'; apparent distance of centres 1 06^47'. IS'^; true 
distance 105°^1''.29% and the true longitude 11 6*.0'.2'' W. 
(Naiit.Alm. distance on the 10th at III^=i07°.2'.33^ and at 
VIbr:105^28M8^) 
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EXAMPLE IV. 



Suppose on the 6th of May 1822, in longitude 72M0^E> 
by account, the following observations to be taken : 



Tunes P.M. 
12^.87'. 10" 
IS. 89. so 
1^ 41. 80 
U. 43. 20 
12. 45. 18 



Alt ^'s 
lower limb. 
190.10.20' 
18. 50. 10 
18. 40. SO 
18. 20. 10 
18. 9.20 



Alt.* 
Spica tij{ 
20P.S9'.40^ 
20. 29. 20 
20. 15.50 
20. 4. 10 
19. 47.30 



Dist of*from 
}) 's far limb. 
S1^.85'.45'' 
31.34.10 
31. 32. 50 
31. 31.35 
81. 30.40 



5 I 63. 26. 38 5 | 93. 10. 30 5 I 101. 16. 30 5\ 157. 45. 



Mean 12. 41. 19 - 18. 38. 6 - 2a 15. 18 - 31. 33. 
Error of the quad. +7.39 Error — 19 



18. 45. 45 



20. 14. 59 



Required the true longitude? the eye being 18 feet above 
Xhe level of the sea. 

})-s semi-diameter at noon, May 6th {NaiU. Aim,) = 
14?'.4?2% and at midnight the same ; horizontal parallax at noon 
53'.S8^ and at midnight 53'.57^ 

Jnswer. The reduced time is 7^.52'.39", })'s true semi- 
diameter=14f'.48''; horizontal parallax =;:53'.58\ apparent.aLx 
titude of the })'s centre = 18°.56'.30^ and her correction >=^ 
48'.19". 

App. altitude of the star 20°.10',56", correction 2'.35"; 
App. distance of centres 31°. 18'. 12"; true distance 31°. 12^.20'^* 
The true longitude 72°.9' East. 

(Naut.Alm. distance at VIhr:30^16'.54% and at IX»>=: 

31^45'.25'0. 

(W) In all the preceding examples the watch is supposed 
to have been previously regulated; when that is not the case,- 
the error of the watch must be found from observations of the 
altitudes of the sun or of a star, taken* either before or after 
that of the distance, as directed in Problems XIV. or XV., 
pages 316 and 319. Or if the sun or star be sufficiently 
distant from the meridian, the mean of the sun's or stai^'s^alti*- 
tudes, taken at the same time as the distance, is taken, toge- 
ther with the latitude of the place and the sun's declination, 
&c« may be used to correct the watch; with this corrected 
time proceed as before. 

EXAMPLE v. 

At sea, April 26th 1 822, in latitude 47°.39' N. and longitude 
178°.2(/.30'' West from Greenwich, by account, at 4b.23' P.M. 

z 4 
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per watch not previously regulated ; suppose the observed al- 
titude of the sun's lower limb to be ^5^.5 7^10% and that of the 
moon'« lower limb 46^22^32'9 and at the same time the dis- 
tance, of the sun's and moon's nearest limbs to be TS^.SS'.S?"; 
required xhe longitude? The eye behig 18 feet above the 
level (Of the «ea. 

})'-s s»m*diameter atnudnight, AprU 26th {Naut. jllm*)zz 
15'^68'vand at noon j\prfi^7thr:15'.Sl'^^ horizontal parallax 
at midnights 58'.36"; and atnoon April 27th =58^11''; also 
the })'s semi-diameter=15'.55'"'. 

Answer. The reduced time is 16\16'.22"; }) 's true semi- 
diameter 16^7^^; horizontal parallax 5 8'.28"; apparent altitude 
of her centre 46°.34'.S6'', and correction of her altitude S9'.\6'*. 

The apparent altitude of the sun's centre is 26°^9'!.2'' ; cor- 
rection 1^48''; apparent distance of centres 7^®^5'.3S''; true 
distance 75''*51'.20". 

The sun's declination {Naut. Aim.) on tlie 2eth=13°.^S^.19" 
N. on tlie 27th= 13°.44'.36'' N. which reduced to the thne and 
place ofobservation (B. 270.)=:13^ 38^.23" N.; with this de- 
clination,, the 0's true altitude 26°.7'.l 4''; and the co-latitude 
42° .2.1', ffind the correct apparent time at ship fF. 316.)n 
4^24^6^; and hence the true longitude is 177°.5r.45" west 

{;Naut. Aim. distance at XVb-75Ml'-16", and at XVIII* 
^76*.4r.7".) 



CHAP. xm. 

dOP THE FLUXIONAL ANALOGIES OF ^SPHERICAL 

TRIANGLES* 

PROPOSITION I. {Plate IV. Fig. 3.) 

(X) A preparatofy Proposition. 

tUoNSTEUCT a general figure as at Prop. XIX. Book III. 
Chap. I. (L. 151.) Thus, let a be the pole of the circle 
hgfe; f the pole of abh; Ethe pole of cGi; and c the pole of edi. 



* See Cote's "DeiEstimationeErronim in mixtAMatbesi." Cainbridge, 1722. 
Simpson's. Fluxions, toI. ii. page 278, et seq.— Crakelt*s translation of Mauduit's 
Trigoncfmctry, Chap.v. page 164, &c. — Trait6 de 'J'rigoBomfetrie, par M. Cagnoli, 
Chap.xix. page SIO, &c —La Lande*s Astronomy, Paris» 1792, vol. iii. puge 
588, et seq ; or art. 3997 to 4051, S.c. &c. 



CfiAP. XIII. OF SPHERICAL TRIANGLES. 3^5 

Suppose these circles to be invariable whilst another great 
circle dfcb revolves about tlie pole f, and let en be at right 
angles to the great circle mnoYsd ; then the three triangles abc, 
CGF, and EDF will be variable, viz. 

I. In the right-angled triangle abc, the L a will be a fixed 
quantity, and the other parts will be variable; viz. sm will be 
the increment of ab ; no the increment of bc ; co the increment 
of Ac; and ds the increment of the arc id which measures the 

II. In the right-angled triangle cgf, the side fg will be a 
fixed quantity, and the- other parts will be variable ; viz. co 
will be the decrement of cg; no the decrement of fc; btw, the 
decrement of the Zcfg; and us the increment of the Zc. 

f 

III. In the right-angled triangle fde, the hypothenusesF will 
be a fixed quantity, and the other parts will be variable ; viz. sd 
^:nOf will be the increment of fd=ibc ; 5D the decrement of 
£d; and Bfff, the decrement of the Z.efd= Zcfg (N. 135.) 

PROPOSITION II. {Plaie IF. Fig. 3.) 

( Y) In any right-angled spherical triangle abc, right-angled 
at b, suppose one of the an^es as a to remain constant^ it is re-' 
quired tojlnd the ratios of the jluxions of the other parts. 

1. In the triangles fb;;!, Fcn, having the same acute Z.at F^ 

sine FB : sine fc: :tang Bm : tang en (M. 167.) 

ButFB=90^, FC is the complement of bc, and Bm and en, 

being very small arcs, have the same ratio to each other as 

their tangents. 

, ^ cos BC 

V rad : cos bc :: bw : eN= 7-. b/w. 

rad 

2. In the triangles oei, eon, where the L dci may be sup- 
posed equal to the Z eon. 

Tang Di : sine ci::tang en \ sine no (M.167.) 

But DI is the measure of the Ze, cii=90'^, and the tangent 

of en and the sine of no, have the same ratio to each other as 

the arcs, 

- / cos Bc . cos Be 

V tangZe : rad::cn (= p-. Bm) : nozz, . b»i. 

° rad tang ZC 

Again, sine di : sine De::sine en : sine co (M. 167.) 

But Di=: z e, DC =90°, and the very small arcs en and co, have 

the same ratio to each other as their sines. 

. cos Be . cos Be 

•.• smeZe : rad:: en (= r--^ bw) : eo=-T . bw. 

rad smeZe 
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3. In Itie triangle^ bp/w, df5, where F5=:fp extremely near, 
sine FB : sine B92 :: sine F^ ; sine i>s^, (M« 1670 
But FBr=90% F5=FD=Bc, and the small arcs areas their sines. 

J . sine EC 

V rad : Bm::sme bg : i^snz . , . B9^. 

raa 

., cos BC C03 bc 

Hewe won: ;— . bw ; oo:;:— — — . bw; 

tangZ.c sineZc 

. sine BC 

and Ds ssji-^-T-, B»?^ 
rad 

But namU. represent the fluxion of bc ; cp the fl^^xipH Qf ac; 
Bs the fluxion of dj s Z. c ; and Bm the Suxion of 4:p. (E). 1 2^.) 
Ther^ore} 

cos BC • • cos BC • • sine bc 

bc= txab; AC=r, — xab; /.c:;;;-^ — 3— ^AB. 

tang 4. c sine Z c rad 

(Z) Hence, in any right-angled spherical 
triangle abc, right-wangled at b ; by denoiiog 
th^ sides (q)posite tp tne angles a, b, c, by a, 
J, r, respectively, we derive by substitution 
and reduction, the following general equa- 
tions, which include all the varieties that can 
possibly happen wherein the Ab is 90^ and 
one of the other angles {viz. a) constant* j^ 

^- • cos a • cos c ; cot a 

*I. a=: X czz X = X c. 

tang c rad tang c 

__ • cos a • rad • cot a • * 

II. b =-, X c = X a =-; X c. 

sme c cos c sme c 

,^^ • sine a • tangc • sine c ; 

III. c =: r- X c — — i^ X azz — = — x 0. 

rad cot a. cot a 

,^^ • tanff c • sine c ; rad 

IV. c = — 2-»_ X azz X — -T-^ — X c. 

cos a cos a sme a 

(A) Any of the foregoing equations may be turned into 
proportions, or varied in the expression, by reference to pages 
104, 105, &c. 




* Simpson's Fluxions, page 280. 
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Thus, from the fourth set of equations c x cos a r: 6 x siq Z. c« 

that is, 6 : c: :cos a : sin €• 

cos b sin c,^ , ^^ .. 

:: — : -:-7(0. 109.) 

COS c ain 6 
: : cos 6 X sia 6 : cos c x sin Cm 
: :sin 2b : sin 2c* (0, 108.) 

PROPOSITION III. {Plate IF. Fig. 3.) 

(B) In ahi/ right-angled spherical triangle X:gf9 right-angled 
at G, suppose one of the sides as fg to remain comtantj it is re- 
quired tojind thejluxions of the other parts* 

By the foregoing proposition no =: • Bm ; oo = 

cos Bc , sin EC « . 1 J n 

-T-= — . B»i : mid D5=:- — 7- . BWf. But no is the aecrement of 
smZiC rad 

Fc ; ^m the decrement of the Z. f ; oo the decrement of cg ; and 

D5 the increment of the /.c, also fc is the complement of bc* 

Therefore, 

• _ rin cf • • sin OF • , • 

— cf =2 X — Z F;-*CGr::-r^ x — Z. f; and Z c =: 

tangZc smZe 

COB CF • , • tanffZc • sin Z c 

5-x — Z f; alsoZP = -— x.cf=:— ; x cg == 

rad sm cf sm cf 

rad 

— X Z c. 

cos CF 

(C) Hence, if the fixed side fg be represented by r, the hy- 
pothenose fc by 6, the side cg by a, and the angles opposite to 
these sides by c, b, and a respectively (as at Z. 346.) we derive 
the following general equations, or formulae, *mhich comprehend 
all the d^erent cases that can possibly happen wherein the angle 
B is 9(f and one of its adjacent sides (viz, c.) constant. 

. , • tanff c ; sine c • rad 

t I. A =: . °, X 6 = -: r X <X = r X C. 

sine sine o cos o 

,» • cos b • tanir c i sine c 

IL c = r X A = — — -^ X 6 = — •_ X a. 

rad tang b tang b 

,-_ • sine b • rad % tanc b 

III. a tz- X A = X 6= r-^— X c. 

sine c eos c sme c 



• Vince's Trigonometry, 2d edition^ page 139 ; Trait6 de Trigonometrie, 
M. Oignoli> art. 677, page 329. 
t Simpson's FluKiona* page 280. 
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w-^ / sine b • cos c • tanff b 

IV. b = X A = — r- X a =: 2— x a. 

tang c rad tang c 

(D) The preceding formulae may be varied in the expres- 
sion by reference to pages 104^ 105, &c. or they may be turned 

into proportions thus^ from the first set of equations a x sine b 

=:sine ex a, that is, 






a I All sine b I sine c* 



PROPOSITION IV. {Plate IV. Fig. S.) 

(E) In any right-angled spherical triangle pde, right-angled 
at D, suppose the hypothenuse ef to remain constant^ it is re- 
quired tojlnd thejluxions of the other parts. 

T> -n ^ J cos BC cos BC 

By Prop. 2d, «©=- — -. bw; co = -: .Bm; and 

tang Z. c sme Z c 

sine BC - 

D5= =— • Btn. 

rad 

But no is the increment of bc, or of its=:FD; Bm is the 
measure of the Z. bf;72, or of its equal sfd, and consequently 
it is the decrement of the Z efd ; also bc = fd, and the 
Zc is measured by the ar^ di which is the complement 

of ED. 

-.-. • cos fd 

Hence fd = x — Z f. 

cot ED 

Again, CO is the decrement of cg, and CG is the complement 
of Gi the measure of the Z e, therefore co is the increment 
of the Z E. 

* cos FD * 

Hence Z e = x — Z f ; also ds is the decrement 

cos ED 

of ED, 

sine FD 
Consequently— ED =: — x " /LTy and by reduction 

cot ED • cos ED • rad 

Z F = XFD= : X Z E =Z -1 X ED. 

cos FD cot FD sme Fa 

- (F) Hence, if the hypothenuse ef be represented by 6, the 
side FD by c, ed by a, and their opposite angles by b, c, and a 



* Vince*s Trigonometry, 2d edition, page 140. 
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respectively, (as at Z« 346.) we derive the following general for- 
mulsQy which indude all the varieties that can possibly happen^ 
wherein the angle b is 90°| and the hypothenme {^viz» b) cm* 
stant* 

-. • cot a • cos a • rad 

L A =5 — X c :=: X c = -; X a. 

cos c cos c sine c 

-- • cose • tansc • rad • 

II. c= X A = ^- X a = X c. 

cos a cos a sine a 

'^- • cos c • cot c • sine a 

III. czi — - — X A= — xazz =-x c 

cot a cot a rad 

,,, • sine c • cot a • cos a 

IV. an r- x a =: x c =: — x c. 

rad tang c cot c 

(6) These formula may be varied in the expression or 
turned into proportions, &c. as before observed. Thus from 
the third set of equations 

cote • , ^ rad^ , rad* 

c=a X a; but cot c=: , and cot a= 



cot a tang c tang a 

• tans fl • __ • • 

V c := ^— xa. Hence a ; e::tang c : tang a.* 

tang c wo 

PROPOSITION V. {Plate IF. Fig. 4.) 

(H) Jn any cblique'angled spherical triangle abc, suppose 
the angle a ani£ fVi adjacent side ab ^o remain constant -fy it is 
required tojlnd thejluxions of the other parts. 

Let bc, by its revolution about b, be changed to Bm, then 
AC will become Am, and the L abc will be reduced to the Z 
ab»i. Now, mc will be the decrement of ac, the Z. cb»i will 
be the decrement of the L b, and if en be drawn perpendi- 
cular to Bn, mn will be the decrement of bc; produce Bn and 
BC so that Bp and bo may be quadrants, then op will be the 
measure of the L csm. Hence, 

I. en : (?p: Isine bc : sine bo, 
and in the small straight-lined triangle cnm right-angled at n 
mn : cn::sineZwic;» : cosZ^Ticn. (Y. 34.) 
%• mn : cpll sine bc X sine Z. ^cn : sine bo x cos Z men. 



* Vinoe'f Trigonometry, Prop. 49th, page 140, 2d edition, 
t Traits de Trigonometrie, par Cagnoll, page 31 1 . La Lande*s Astt 
art. S998 to 4003. 
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But ZMid^t 'will he^ the complement of the-angle c, beoafise sen 
IB a ri^t ^ngle, ati'd bo =90" by the constmctkMijbence 

Bc : Z B : : sine Bc X cos Z c : rad x sineZ c, 

radxsineZc 

: : sine EC : •—. . 

cos Z c 
:: sine BC *: tang Z c. (N. J 04.) 

II. Again, rad : wc::«ine Zmc« : mn. (Y. S4.) ' 

that is, rad : AC :: cosZc : bc. 

III. Also, mc : »c::rad : cosZ^wcn. (Y. 34.) 

and nc I op:: dine bc : sine Aorz rad. 
V mc : op : sine iBc:: sine Zc, 

thAt is, AC : fl::sine bc : sineZc. 

IV. By taking the supplemental* triangle to abc, viz. dfe, 
(S. lS6*)!tfce Z'E and the side Fis will b^ edtostafit t]Uatitities, 
MdHbe^rest will beirariaijle; now it^sisbo^n in tbe^fiHt«aseof 
this proposition, that flux, side opp. a constant Z : flux. Z adj. 
to the' constant side : : sine of the side opp. to the constant Z : 
tang Z opp. to the cfonstant side.f 

Hence, df : F::sine df C tang/ d, that is, (S. 136.) 

c : Aci:sineZc : tang bc, 

and B : Ac::sineZc : sine bc. (III. case above.) 

•.• B : c : : tang bc : sine bc. 

: : rad : cos BC. (U^ 103.) 

OTHERWISE. (Plate IF, Fig. 4f.) 

(I) Let a perpendicular bd be drawn from the end of the 
fixed side ab and opposite to the fixed z a, then the several 
parts of the right-angled triangle bda will be invariable; and 
in the right-angled triangle bdc, the perpendicular bd will be 
a fixed quantity, and all the other parts will be variaUe; hence, 
by the assistance of the formulae already given, (C. 347.) all the 
variations of which this proposition is susceptible ttiay^easily be 
derived; some of the principal will here be inserted, denoting 
the sides of the triangle by a, i, c, and their opposite angles by 
A, B, c, as in the figure, where a is the constant angle, and c the 
constant side. 



* Called by the French writers the polar triangle, fnm the maimer in which it 
ii described. 

f Cagnoli, page 314, art, 555» 
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o : B::siiie a : sme c. Ist equation C 30. 
b : a::rad : cos c H\i equation C. 347. 
bl r : : tang^r : s:ine c. 3d equation C. 347. 
a : BMsinea : tangc. 1st equation C. 347. 
B : c : : rad : cos a. list equation C 347« 
c : a:: tangc : tanga* 2d equation C. 347* 

PROPOSITION VI. {Plate IV. Fig. 5.) 

(K) In any oUique-angled spherical triangle abc, suppose the 
atigle A and its opposite side bc to remain constant* ^ it is required 
to find thefiuxions of the other parts. 

Let BC. change its position to fnv^ and let these circles inter- 
sect each dther in an indefinitely small angle at r; make r»2r: 
rB, Budrcizrpi then, nm will be the decrefnent'of rB, andjE?o 
will be the increment of re ; and because npzz.Bc^ by construc- 
tion, and 7730 =:bc, by hypothesis; if the common part mp be 
taken from each, there will remain 7Z2yi=i:o^; then, 

I. Considering the indefinitely small triangles B;zm, cpo as 
rectilinear, and right-angled at n and je7, we have 
In the right-angled triangle cpo, rad : co : : eds-Apoc : op^ and 
In the rignt-angled triangle b;iw, rad : ww : : sine ZwBwi : nm:rz 
op. (Z. 34.) 

•.• CO I Bmt: sme Z. nBtn I cos ^poc. 

that is, AC : ab::cosZ.b : COSZ.C. 
For, CO is the increment of ac, Bm is the decrement of ab ; 
and the three angles pco, per, and Acr are together eqiiaTto two 
right angles (M. 134.), of \vhich ^cr is a riglit atigle^ therefore 
Z^pco+ ZAcrrrone right angles Zpco+ Lpoc, hence /.^wc 

— 21 ACB. 

ir. Take the supplemental triangle to abc, viz. dfe (S. 136.), 
t^en, since Z A arid Bc are constant quantities Jh the triangle 
ABC, £F and the L o will be constant quantities in the' triangle 
DF£ ; and it has been shown in the first piart of this proposition, 
that the fluxions of the variable sides are as the cosines of their 
opposite angles, We have 

DE : df::cos L i^ \ cos Z. e, but DE is the measure of the 
Zb, and df is the measure of theZc, also cosZf=cos ac, 

and cos Z Ezrcos ab*.« Z b I Z c : : cos ac : cos ab. 



• La I^nde*s Astronomy, vol. iii art. 4O03 to 4010. Cagnoli, page 316, &'c 



359 THE FLUXIONAL AVJOJOGIES BoOK IIL 

III. Again, sine Z. a : sine BCI.'sineZc : sineAB. (G. 176.) 

;:sine/.B : sineAc. 
That is, the sines of the variable angles have a constant ratio to 
the sines of their opposite sides^ consequently their fluxions will 
be in the same ratio ; but the rectangle of radius and the fluxion 
of the sine of any arc=:the rectan^e of the fluxion of that arc 
and its cosine (1st equation page 127.) Hence, flux, sine of 

COSZ.C • ^ . c. cosZb . _ 

Z. c = -7- X Z. c, flux, sine of /. b= 1- x Z. b, flux* sine 

rad rad 



cos AB . . cos AC . ^ - 

of AB= d"^^® ^^* ^^°® ^^^ — -T— X AC, therefore, 

sine Za ; sine &c:;cos Z.CX Ac I cos abxab, 

. •> 

: ; cos /. B X Z B : cos AC X AC, 

that is,Zc : ABlIsineZ A xcos ab : sine Bcxcoszc, 

• • • • 

and Z.B : Ac: :suieZ A x cos ac : sine bc x cosZ b. 

But it has been shown in the first paft of this proposition, that 

AB : coszc;:ac : coszb. 

V Zc : Ac::sineZAxcos AB : sineBCXcosZB. 

(L) Hence, as in the former propositions, if we denote the 
sides of the triangle abc, by a^ 6, c, and their opposite angles 
by A, b, c, we derive the following proportions, wherein a and 
a are invariable quantities. 

1. b : c::coszb : coszc. 

2. b : c: : cos b l cos c, 

3. c : c: Isine a x cos c ', sine a x cos c. 

4. b : i: : sine a x cos b I sine a x cos b. 

5. c : i: : sine A x cos c I sine a x cos b. 

These proportions may be varied in their form, thus from 
the third. 

sine A sine a 

cos c cos c 
But sine a : sine «: rsine c : sine c. (G. 176.) 

sine c sine c 

. • r^ • /• • • • 

cos C COS c 

viz. c : olltSLiig c : tang c. (N. 104.) 
And exactly in the same manner, from the fouith proportion, 

we derive b I'bi: tang b : tang b. 
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PROPOSITION VII, {Plate IF. Fig. 6.) 

(M) In aty oiblig^ie-angled spherical triangle abc, 'suppose 
tie tw sides AB and ac to remain constatU*f it is required to 
find thejhixions rfthe other p€nis. 

Let Bc and ac change their positions to sn and An, An being 
equal to ac ; produce ac and An to the points o and p^ so that 
Ko and Ap may be quadrants, and join en. 

Also, produce bc and Bn to the points q and r, making laq 
and Br quadrants, and through c draw cm parallel to qr. 

Then op will be the measure of the increment of the L a, qr 
the measure of the decrement of the L b, and mn will be the 
increment of the side bc 

I. Sine Kp I sine An : : sine op : sine en, 

- . • . sine AC 

VIZ. rad I sme ac : : Z. a : sme cn= r- x /. a^ 

rad 

Also, sine Bq : sine bc : : sine qr : sine cm, 

- . • . sine BC 

VIZ. rad I sme bc I : Z. b • sine cm=: 1— x Z b, 

rad 

II. In the-small straight-lined triangle cmn. 

1. rad I en :: sine Z. wen : mn. (Y. S4.) 

, sine AC • . • sine ac x sine Z. c 

Viz.rad: — x Z. AlIsmeZ-crBcn it x Z.A. 

rad rad* 

But sine Z. c : sine ab : : sine L b I sine ac. (G. 1 76.) 

••• sine Z c X sine Ac=sine Z b x sine ab, consequently 

sine Z B X sine ab 

^^ — -^^ — ^^^' 

2. rad : cos Zwne: Ten : cm. (Y. 34.) 

--. , sine AC • sine Be 

Viz. rad : cosz c : : p- x Z a : T- X Z B. 

rad rad 

,^T. TT • cosZexsineAC 

(N) Hence ZB= ; : x Za. 

^ rad X sine bc 

3. Cot Z wine : rad: lew \mn (B. 34.) 

,^^ ,^. - sineBc • -sineBc 

(O) 'Viz.cotZ e : rad : : r— x Zb : Be= x Lb. 

^ ' rad cZc 

Again, by substituting ab for ac, and Z c for Z b, we obtain 



* ha, Land^'s Astronomy, voL iii. art 4015 to 4034 ; Cagnoli» page 321, &r 

A A 



\ 
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. • COS Z. B X sine AB 

(N.353.)Z.c= 1 ; X Z A, and 

^ radxsmeBC 

^ . • sine Bc 

(0.353.) BC= — — — X Z.C, 
^ cotZ.B 

* ■ • 

(P) By denoting the three sides of the triangle by e^ 6, c, 
and their x)pposite angles by a, b, c, the following proportions 
are deuced, where c and b are constant quantities. 

1. A I all rad^ : sine b x sine c. 

2. a : a: :rad^ : sine c x sine b. 

rad^ rad^ 

But-: — r=:cosec J, and-: zrcoseccr. (Q.105.) 

suie6 sine c ^ 



suie 



\* A I all cosec b I sine c : : cosec c : sine i, 
and A I all cosec c I sine b : : cosec b : sine c. 

S. A : b: trad X sine a l cos c x sine b. 

• • 

4. A : c: : rad X sine a : cos b x sine c. 
•. • 

5. c I a::cot B : sine a« 

• • 

B : a::cot c : sine a. 

6. V B : c::cotc : cotB, 

and B : c: :tang b : tang c. 

PROPOSITION VIII. {Plate IF. Fig. 6.) 

(Q) In any chlique-angled spherical triangle abc, suppose the 
two angles b and c to remain constant*^ it is required to Jiid 
the Jiuxions of the other parts. 

Take the supplemental triangle def (S. 136.) then de, and 

DF will be constant, therefore by Proposition vii. 

« . 
1^ Z D : EF : : cosec df : sine Z f I : cosec L f : sine df, 

» . 

Viz. bc : L A::cosecZ.c : sine AC :: cosec ^c : sinec. 

2. Z. D : EFtlcosecDE : sine Z E :: cosec Z E : sineoE, 

* * 

Viz. BC : Z A : : cosec Z B : sine ab : : cosec ab : sine _ b. 

* La Lande's Astronomy, art. 4034 to 4045 ; Cagnoli, page 325, &c. 
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3. /Id: ZElIradxsineEF : cosZ-FXsineFD, 
Viz. Bc : AB::radxsineZ.A : cos ac x sine Z. c. 
4^ /.P : ZF::radxsine£F : cosZEXsineDE, 
y^ BC : Ac::radx8ineZ.A : cos ARXsineZ-B, 
5. Z.F : £F::cotZ.£ : sine ef, 
andZE : EF::cotZ.F : sineEF. 
Viz. AC : ZA::cot AB : sineZA, 
and AB : L Allcot ac : sineZA. 

6. ••• AC : ab: :cot AB : cot ac, 

and AC : ab:: tang AC : tangAB(C. 103.) 

(R) By denoting the three sides of the triangle by a^ &, and 
r, and their opposite angles by a, b, and c, we derive the fol- 
lowing proportions, wherein b and c are constant quantities. 



1. d 

2. a 

3. a 

4. a 

5. b 

6. c 

7. b 

8. b 



A::coseC c : sine 6::cosec b I sine c. 
a: :cosec b : sine ^r: :cosec c : sihe b. 
cl : itid X sine a : cos b x sine c 
b:: rad x sine a : cos c: x sine b. 
A::cot c : sine A. 
A::cot 6 : sine a. 
c:::cot c : cot b. 
c::tang b : tang c. 

SCHOLIUM. 



(S) In all the preceding propositions if the sides of the 
triangle be dimini^ed without limit, the triangle may be con- 
sidered as rectilinear, and instead of the sines and tangents of 
the sides, we may substitute the sides themselves (Z. 193.) 
Hence the variations of plane triangles are readily deduced 
fi-om those of spherical triangles, in every case where the 
fluxions are proportional to the sines or tangents of the sides. 
Thus, by the 4th proportion (P. 354.) we have shewn that 

A : c::radxsine a I cos Bxsine c, that is, (supposing tl 

triangle straight-lined) a : c : : rad x a : cos b x c. 

A A 2 
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Again, by the 8th proportion (R.355.) b I clltaxigb I tang 

c, that is, when the triangle is straight-lined, b I cllb I Cj and 
in the same manner the rest may be deduced. 

The variations of rectilinear triangles may be deduced from 

the triangles themselves, without reference to spherical tri« 

angles, in a manner exactly similar to those deduced from the 

" spherical triangles. Fide Traite de Trigonometric, par M. 

Cagnoli, chapitre X. 

THE USE OF THE FLUXIONAL ANALOGIES.* 

PROPOSITION IX. 

(T) Tojlnd when that part of the equation of time depend^ 
€7it on the obliquity of the ecliptic is the greatest possible.^ 

Here the sun's longitude will form the hypothenuse of a 
rl'i^t-an^ed spherical triangle, his right ascension will be the 
base, and the obliquity of the ecliptic will be a constant angle. 

Let the hypothenuse be denoted by b, and the base by c 

Then b : cllsine 2b : sine 2c (A. 346.) 

• • - ■ ••. 

when ft=c, then sine SSnsine 2c; but when two arcs have 
equal sines, the one must be the supplement of the other. 

(K. 31.) Consequently i-fc= 90°, therefore when i— c=0, 
that is when ^— c is a maximum, i-f t:=:90°. 

The equation of time dependent on the obliquity of the 
ecliptic is therefore the greatest possible, when the sun's longi- 
tude and his right ascension together are equal to 90°. The 
sun being in the first quadrant of the ecliptic. 

PROPOSITION X. 

(U) Given the par altar iii altitude of a planet^ to find its 
parallax in latitude and longitude. 

Let B represent the pole of the ecliptic, a the zenith, and c 
the place of the planet. 

Then b will represent the parallax in altitude, B the paral- 
lax in longitude, and a the parallax in latitude. 



* A variety of examples will be met with in^the perusal of La Lande's Astro- 
nomy, vol. iii. 

f Simpson's Fluxions, page 550. 
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. smec • . 

Now B ^ . I ■ X and a = 
sine a 



X b (I. 350.) 



H. 



cose 

rad 

If EC be supposed to represent 
a part of the ecliptic, then be and 
Bcwill bequadrants (H. 133.) and 
CEB and ECB will be right angles (1. 134«.) 

In the right-angled triangle cea, making ea the middle part, 

- sine EC A /cose \sine ea , , , .^ . 

we nave : — =: I — 7-= I~^ , hence by substitution, 

V Tfu\ / cir - 




rad 
sine EA 



sine AC 



a = 



sineft 



X 5, and because the altitude of the nonagesimal 



d^ree of the ecliptic, is an arc of a great circle comprehended 
between the zenith of any place of the pole of the ecliptic 
(R. 2^b\ we obtain the following proportion. 

(W) Sine of the zenith distance is to cosine of the altitude of 
the nonagesimal degree ; as the parallax in altitude^ is to the 

parallax in IcUitude^ viz. sine h : sine EArzcos c! :d . a. 

Again, in the right-angled triangle cea, making the Z eca 
the middle part, we have rad x cos eca =: tang ec x cot 6 ; but 

rad* .^ ,^, X , cos eca / sine c \tang ec 

cot 6=- 7(0. 104.) hence ^ — = I 3-= I ■ ,* 

tang 6^ . rad V rad ^ tang b 

and by substitution b =: — —r x b (because the planet is sup- 
^ tang 6 ^ ^ ^ 

posed to be in or very near to the ecliptic, sine a =: rad) 

hence^ 

(X) Tangent qftheplanefs zenith distance^ is to the tangeift 
of its longitude Jrdm the nonagesimal degree ; as the parallax tn 
altitude J is to the parallax in longitude^ viz. 

tang b : tang ec: :6 : B. 



PROPOSITION XI. 



(Y) Given the altitude of the nonagesimal degree of the 
ecliptic ; the longitude of a planet from the nonagesimal degree^ 
and its horizontal parallaxy to fnd its parallax in latitude r 
lofigitude. 



A A 3 
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COS c 



It is sbewn in the preceding proposition that a =: -t— r- x b 

siueo 

J * tan^ EC • 
and B =: -j—^^T" ^ *• Now, if h represent the horizontal pa- 
rallax of any planet, its parallax in altitude b zz — -- x h nearly. 
(T. 96.) By substituting this value of b in the above equations 



cos c 
a =r 



, . • tanff EC X sine b 
X H, and B zr — - — r ^— x h. 



rad tang b x rad 

In the right-angled triangle cea, makipg b the xpiddle part, 

J . , ^ t » r^d X sine b , 

rad X cos 6ri cos ea x cos ec ; but cos 6= ; and 

tang b 

radxsineEc^., , ^ . , sinei cos£AXsineEc» 

cos EC = (M. 104.}, hence r = '- — ;- 

tang EC tang b tang £c x rad 

... • tanff EC cos ea x sine ec 

and by substitution b= — ^ — x 3— x p = 

*^ rad tang ec x rad 

cos EA X sine ec i_ ^ . .i r.i. . /▼ ^^^ \ 

.^ X H, but EC IS the measure of the L b (L^ 227.) 

rad« ^ ' 

. ^ • 8ine<?xsineB - 

and cos ea = sme 0, therefore b ^ --r^ x n ; hence are 

iderived the following general rules. 

1. Radius^ is to the cosine of the altitude of the nonagesimal 
degree of the ecliptic ; as the horizontal parallax^ is to the pa'* 
rallax in latitude. 

2. The square of the radius^ is to the rectangle of the sines of 
the altitude of the nonagesimal degree and the planefs longitude 

from thence ; as the horizontal parallax, is to the parallax in 
longitude.^ 

PROPOSITION XII. 

(Z) To determine the correction far finding tjie time of ap- 
parent noon^ from equal altitudes of the sun. 

It is obvious that if the sun's declination were invariable, 
half the interval of time between equal altitudes would shew 
the instant of noon ; but by the variation in the sun's declin- 



* Simpson's Fluxions, voL ii. page 286. 

22 
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ation he will have the same altitude at different distances from 
the m^jdian : this variation will, in general^ be very small^ and 
can only affect the polar distance. c ^ 

lii dierefbre, we suppose b to ^'t'^'^^ ^^ 

represent the pole of the equinoc- 
tial, A the zenith, and c the place 
of die sun; ab and ac will be con- 
stant quantities, and bc variable. 



Now we have shewn (P. 354.) that a \ &: Isine a : cot c ; 

_, (sine a x cot c)— (cos a x cos b) ^^ 

But cot c -=>' i—- (O. 189.) 

sme B 

therefore by substitution, and dividing by sine of a, 

/c ot c ^ cos a cos b \ . cos a cot a 
B = a X I -: Ir-. X -r-- — J, but -; = -- 

^'Sme B sme a sme b ^ sme a rad 

_ cos B cot B ,^ , . rad , 

and-i ^:r r"(^« 104.) r=: ^ hence 

sme B rad ^ tangB 

B = a X (-: ). The half of this expression, re- 

^sme B tangB^' ^ 

duced into time, will be the correction required, where cot c=: 

tangent of the latitude^ and cot a= tangent of the declination.* 



PROPOSITION XIII. 

(A) The error in taking the altitude of a star being given^ to 
find the corresponding etror in the hour angle. 

As in the preceding proposition, let b represent the pole of 
the equinoctial, a the zenith, and c the observed place of the 
star. Then c will be the co-latitude, a the star's co-declin- 
ation, and & its co-altitude; the sides c and a will be con- 
stant quantities, and the hour angle B will be variable. It is 

shewn (P. 354.) that b : ^ : : rad^ : sine a x sine c, hence 

rad* X b rad* 

B = -t : = -: : X b, 

sme A X sme c sme a x sme c 
Since the variation of the angle b is the measure of the 
error in time, and that r, in the same latitude, and a (if 



« AsiA>nomie Nautique, par M. de Maupertuis, page 34. Viiice's Trifff 
mtury, aecond cditioiiy page 144, &c. 
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* 

the same errorprevails in different observations, (are constant 
quantities; the error in time will not be altered whatever 
the altitude of the star may be ; and this error will be the 
least if the altitude of the star be taken when it is on the 
prime vertical.* 

PROPOSITION XIV. 

(B) The error in the altitude of any tower, or other object, 
is to the error committed in taking the angle of elevation ; as 
double the height of the observed object, is to the sine of double 
the angle of elevation. 

This proposition is designed to illustrate 
the scholium (S. 355.). From the first set of ' 

//^ «^^\ i_ ' sine c 

equations {C.^347.) we have a = -: r x a, 

sine 

that is, a : A : : sine b ! sine c, and consider* 
ing the triangle as rectilinear (S. 355.) 

• • T . a - 1 

a : a::o : smec=cos A, •.•-7-=:6x 




^ cos A 

But, sine 9a=2 sine a xcos a, rad = l (O. 108.) 

, 12 sine a ^a 2 i . sine a 

hence =—: — --—and—r: — : — . 

cos A Sine 2a ^ sine 2 a 

Again, sine a : a: Trad = 1 I 6 (Z. Si.) 

And sine a : 2a : : 1 : 2b \' 2b . sine a = 2a, by substitu- 

. 

tion—r =— : — - — that is, a I k:i2a : sine2Awhich was lobe 
^ sine 2 a 

shewn. 

Corollary. Because a = -: — -~ it is obvious that (a) 

sine 2a 

the error in altitude will be a minimum, when sine 2a is a 

maximum, that is sine of 90*^. Hence if (a) the error in 
the observed altitude be l', the sine or arc of which is 
•0002909, and the observed angle be 45°, we have 

a X 2a -0002909 X 2a ^^^^^,^ « c 

a 1= = = '0005818 X a==-— -•— . See 

sine 2a 1 1718-8 

the note page ??• 



* See Dr. Maclcay's Theory and Practice of finding the longitude at sea or 
land, vol. i. page 298, tliird edition. 
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MISCELLANEOUS PROPOSITIONS, &c. 

(C) L Of the French Division of the Circle. 

The modern French writers on Trigonometry divide the 
circumference of the circle into 400* eqaal parts or degrees, 
each degree into 100 equal parts or minutes, each minute into 
100 equal parts or seconds, &c. which d^rees, minutes, &c. 
they write in the usual manner, thus, 126°,80'. 64?''', &c. 

A French degree is therefore less than an English degree, in 
the ratio of 90 to 100, or of 9 to 10; a French minute is less 
than an English minute in the ratio of 90 x 60 to 100 x 100, 
or of 27 to 50 ; and a French second is less than an English 
second in the ratio of 90 x 60 x 60 to 100 x 100 x 100 or of 
81 to 250, 

Hence, if nrrany number of degrees, to turn English de- 

greesmtoFrench, wehave9 I 10::» : — -=n H — ,andtotum 

o*> <•■ 

French degrees into English, 10 : 9::n : — =:n 



10 10 



PROPOSITION I. 

(D) To turn French degrees^ minutes^ S^c. into English. 

Rule. Consider the degrees as a whole number, after which 
place the minutes and seconds f as decimals; ^V of this mixed 
decimal deducted from itself will give the English degrees cor- 
responding to the French. 

Example I. The latitode of Paris is 54?°.26'.36'^ in the 



• Elements de Geoin6trie, par A. M. Legendre» 6tli ed. page 328. Preface 
to Borda's Trigonometrical T^ble^ (Paris, An. IX.), page 18, et seq^ 

-f- The minutes and seconds, if under 10, must have a cipher prefixed, thu» 
270.7'.35'', must be written 27*^.07'. 35", or 27^0735; 45^.1 S*. 4" =43°.! 8-04" « 
4&*>.1804> &c. ^ 
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French division of the circle, what is the corresponding lati- 
tude in the English division? 

54f^26'.36"= 54^^2636 French degrees. 
^ '=1 b •426S6 

48 •83724 English degrees. 
60 



50*234^ 
60 



14 '06400 
Amxier. 48^50'.14'' English. 

2. What number of degrees, &c. in the English divistott of 
the circle will correspond to 74°.4'.8" in the French division ? 
74^4'.8'^=: 74^04'.08''= 74^-0408 

■iV = 7 -40408 

66 '63672 

60 

■ 

38 •20S20 
60 

12 -19200 

A7is^er. ee^.SS'.lS'" English. 

PROPOSITION II. 

(E) To turn English degrees^ minutes^ Sfc. into French, 

Rule. Reduce the minutes and seconds, &c. to the deci- 
mal of a degree, and annex it to the given number of degrees; 
this mixed decimal increased by -^ of itself will give the French 
degrees corresponding to the English. 

Example. The latitude of Greenwich Observatory is 
5F.28'.40" N. according to the English division of tlie circle, 
what is the corresponding latitude by the French division ? 

5l°.28U0"= 5l°-477777, &c. 
i = 5 -719753, &c. 

57 '197530=57°.19^75^3. 



An^'er, 57°.19'.75",3 North, by the French division of the 
circle. 
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On the 22d March, 1813, the moon's distance from the sun, 
at midnight, was 114fM3'.2l'' by the Nautical Almanac, what 
was the distance according to the French division of the 
circle r 

114M3'.2r= 114^2225 

-J. =2 12^.691388 

126^913888 = 126\91'.39''. 



Jnsfojer. 126^91'.39^. 

(F) A table of arcs differing by 10 degrees according to 
the French diTision of the circle, or by 9 degrees by the English 
division, with the corresponding natural and logarithmical 
sines. 



jprench Division. 




English Diviston. 


Nat. sines. 




Log. sines. 


sine 


100«oo«90*> 


- 


sine 9°= cos 81° - 


•1564345 


• 


9-1943324 


aiiie 


a0P«cos80o 


. 


sine 18°=cos72° - 


•3090170 


• 


9*4899824 


one 


80°«cos70° 


. 


sine 27°»co8 63° - 


•4539905 


• 


9*6570468 


dne 


40°=: cos 60° 


. 


sine 36° « cos 54° - 


•5877853 


- 


9:7692187 


ane 


50P«co8 50° 


. 


sine 45°* cos 45° - 


•7071068 


- 


9-8494850 


nne 


60^-cos 40° 


• 


sine 54° « cos 36° - 


•8090170 


. 


9^9079576 


nne 


70° « cos 30° 


m 


sine 63° = cos 27° - 


♦8910065 


- 


9*9498809 


sine 


80°=.co8 20° 


- 


sine 72° « cos 18° - 


•9510565 


mm 


9*9782063 


sine 


90^=coslOP 


. 


sine81°«cos 9° - 


•9876883 


- 


9*9946199 


sine 


I00°BCOS 0° 




sine 90° « cos 0° - 
EXAMPLE. 


1-0000000 


«■ 


10*0000000 



The latitude of the Observatories of Paris and Pekin are 
54^^e'.S6'' N. and 44^33'.73'' N., and their difference of lon- 
gitude 126**.80'.56'', according to the French division of tlie 
circle, what is their distance ? * 

(G) SOLUTION BY THE FRENCH DIVISION OF THE CIRCLEf. 

Here we have two sides a and i of a spherical triangle given, 
and the included angle c, to find the third side c. 

By the formulas (S, 191.) tang ^z: * ° , and cos c= 

cos b 



. cos (a-<^) where a=:(lQ0°--54° 26'.36'0=4'5^73'.64.'' 
cos ^ 

6=:(100^-44.°.S3^73'')=55°.66'.27", and c=126°.80'.56\ 

log cos c=logcos 126°.80'.56''=logcos200''-126^80'.56''=: 

log cos 73M9'.4f4f". 

* Jjegendre's Geoinetry> pa^e 403. f By Borda's Tables^ Paris^ An. 
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logcos78°.l9'.44"'=: 9'6iUS5S 
log tang J=:log tmg55'^.66'.27''=lO'07767lS 

log tang 9 - - = 9'6891071 The arc cor- 
responding in the tables is 28^.94''.23^ But because the cosine 
of c is negative (K. 100..), it is plain, by the formula above, that 
tang (p is also negative, hence ^ = — 28°.94^23'' and a^(p=> 
45°.7S'.64"+ 28°.94'.23''= 74^67^87". 

log cos (a— (?>)=log cos 74°.67'.87"= 9'58809S8 
log cos ' b zrzlog cos 55°.66'.27''= 9-8071949 

19-3952887 
log cos ?=log cos 28°.94^23"= 9-9534823 

log cose = 9*4418064. The 

corresponding arc is 82^. 1 6^05^^ the distance between Paris and 
Pekin=821605 seconds, or 821*605 myriametres ; a myria- 
metre being an arc of 10 minutes, and a metre an axcof^oi 
a second.* 

(H) SOLUTION BY THE ENGLISH DIVISION OF THE CIRCX£.f 

Lat of Paris=54°.26'.36'' French = 48^50'. 14''-064 English. 
(C, 360.) 

Lat of Pekin=44°.33'.73" French = 39*^.54'. 12"-852 English. 
DifF. Long=126°.80'.56" French = 1 1 4°.?'. 30"- 144 English. 
Hence a = (90° - 48°.50'.14''-064 = ) 41°.9'.46''-064; b zi 
(90°-39°.54'.12"'-852n) 50°.5'.47"*148. 
andc=114°.7'.30''-H4. 

log cos c=log cos 114^.7'.30"144=: 9-^114358 
log tang6=logtang 50°.5'.47''-148 = 10-077671 3 

log tang ? = log tang 26^2'.53"=: 9-6891071 

Because tang (p is negative, a— f — 41°.9'.46''-f-26®.2'.53''=: 
67°.12'.39". 



* According to the French mathematicians -^ of the whole terrestrial meridian 
(viz. 100°) = 5 1 30740 toises in length, the ten millmUli part of whicli is the metre; 
therefore the metre — -^ of a second = '5 130740 toises = 3 078444 French feet; 
and because 107 French feet are equal to 114 English feet nearly, the French metre 
= 3'28 Engfish feet. If a French loisc = C-3945 English feet, a metre will be= 
3-280852 English feet. 

f Tables Portatives, par Callet, edition Stereotype, An. U. 
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log cos (a-.(p)=log cos 67''.12'.39"= 9-5880938 
log cos 6=:log cos 50^5'.47" • 148= 9'807I94f9 

19-3952887 
log cos <p=log cos 26^2'.53"= 9-9534823 

log COS cnlog cos 73^56'.40"= 9-44.18064f 

The length of a degree, by the trigonometrical survey of 
England and Wales, is 364950 feet* ; hence, the distance be- 
tween Paris and Pekin is 26986025 English feet. 

73^56'.40" English=82°.16'.05" French as above (E. 361.) 

PROPOSITION III. {Plate IF. Fig. 7.) 

(I) If from the sum of the three angles of any spherical 
triangle two right angles be dedmted, the remainder mil be to 
tmo right angles^ as the area of the triangle is to one fourth of 
the Si^ace of the sphere. 

Let ABC be the triangle ; complete the circle abed, and pro- 
duce AC, BC to meet in the point f, cutting the circle abed in 
the points £ and d. 

Then because bd and cf are each of them a semicircle 
(C. J33.) BC=DF, and for the same reason aczzef. 

Th^ angle acb— Z.dce=: Z-DFE (N. and Q. 135.) therefore 
the triah;^ abc is equal to the triangle def (D. 141.); let the 
sur&ce oT each of these triangles be represented by m^ and let 
tt7, .r, and y represent the surfaces of the triangles in which they 
are situated. Now it is plain, that if any great circle of the 
sphere (as 1, 2, 3.) be divided into any number of equal parts, 
and through the points of division (1, 2, 3.) great circles be 
drawn so as to pass through the poles (b and d) of the divided 
great circle, the surface of the sphere will be divided into as 
many equal parts, or lunuLce^ as there are parts in the divided 
great circlef ; therefore, the whole circumference of the sphere, 
will be to any arc of this great circle, as the whole surface of 
the sphere,>is to the surface of the lune comprehended between 
two great circles, whose greatest distance is measured by the 
aforesaid arc. 



* Vol. II. part ii. page 113. 

f This may be farthtr illustrated by considering the manner in which the 
scyeral meridians, on a terrestrial globe^ divide the equator and the surface of the 
^!obc. 
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Hence 180*^ : LaH^ sur&ce of the sphere : «+y. 
180^ : Z.b::| surface of the sphere : m+tv. 
180° : Z.ci:i surface of the sphere : m+x. 

By Composition 
180° : Z.A+ Z.B+ Z.c::surface of the sphere I S»i+^+w+ 

x; and, by Division, 
180°: ( /. A+ Z.B+ Z. c)— 180°: risurfcoeof thesphere: 2W. 
or,180°:(Z.A+ Z.B+ Z.c) — 180°::4.surfaceofthesphere:i». 
Consequently (Z. A + Z.B+ Z.c)— 180° : 180°::iw : ^ snrface 
of the sphere, q* b. b. 

(K) Corollary. The measure of the surface of a sphe- 
rical triangle is the difference between the sum of its three 
angles and two right angles. For if 8 =4* of the sur&ce of the 
sphere, 180''xm=:8 x(a+b+c— 180°). 

sx(A + B + c-180°) 8 , , . , 
'••^= T^o =Y80^. (A+B + c);-8. 

But the whole surface of the sphere is equal to four times 
the area of one of its great circles^ and the area of a great 
circles ^ circumference xradius=: 180° x radius, if therefore 
radius=l, the surface of one fourth of the sphere may be ex- 
pressed by 180°; therefore mrr (a +8 4-0)— 180°. 

PROPOSITION IV. 

(L) The sum of the three angles of every spherical triangle 
being greater than 180° (T. 137.) the sum of the three ob- 
served angles of a triangle, on the surface of the earthf, ought 
to exceed 180°; which excess may be found by the following 
rule. From the logarithm of the area of the triangle taken as 
a plane one^ injeet, subtract the co7istant logarithm 9*3267737, 
anJ the remainder is the logarithm of the excess above 180° in 

seconds nearly. % 

Put ^ of the surface of the sphere =:s, then 

m X 180° 

(Z.a+Z.b+Z.c)-! 80°= (K. 365.) But, by mensura- 

s 

tion,-^ of the surface of the sphere =rad* x 3'14'159, 8cc. there- 

. . X , o 180° xw 

fore (ZA+ ZB+ ^c)-180°=j^^-^;^^-^-^; 

• Simpson's Fluxions, page 189. 

•f* The sides of the triangles which connect the successive stations of a trigODO- 
metrical survey, may be considered as formed by arcs of great circles, whose radii 
are equal to the radius of the sphere; and each observed angle, being formed by 
the tangents of two of these arcs, will be the measure of the spherical angle con- 
tained between them, at each successive station (R. 135.) 

\ Trigonometrical Survey of England and Wales, vol. i. page 1 38. 
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180^ 
Now S-14159, &c. : •5=rad::S60° I , and the 

length of a degree^ supposing the earth to be a sphere, z: 

180® 
60859*1 X6* feet, hence ^ x 60859-1 x 6 = the 

earth's radius in feet '.* 

(ZA+ ZB+Z.C) — 180®= the excess of the 

S65154.*6|»+180® 

three angles above two right angles, and it* a, b and c be ex- 
pressed in seconds, the excess in seconds will be 

»*x 3-14.159x60x60 62-831853, &c , . • 

= m X -z =r ,thatis,logofm x 



365154-6 *x 180® 365154-6 



(1<^ of 62-831853, &c.-log of S65154-6j«= 

logofwi + 1-7981799 ^ 1 M 249536 nlog ^ - 9-3267737. 

2. E. D. 

(M) EXAMPLE TO THE FOREGOING PROPOSITION. {Trigono- 
metrical Survey.) 



Namn of the Siatitnt, Gbterved angles, 

t Butser-hill - 76®.12',22'' 

Dean-hill - 48®. 4'.32-25 

Dunnose - 55®.43'. 7 



IHtUmce ofDumnMefrofm 

Butser-hill 140580*4 feet 
Dean-hill 183496-2 feet 



180«. 0'. 1.25 ^ 
Here we have tjt^o sides of a plane triangle, and the angle con- 
tained between them, given, to find the area, viz. 
a= 140580-4 feet, i= 183496-2 feet, and the contained Z.c= 
55®.43'.7". By the common rule of mensuration ^- « x i x na- 
tural sine of/. c=the area of the triangle. 

ifl= 70290-2 log= 4-8468947 

5= 183496-2 log=5-2636271 

log sine Z.c= log sine 55®.43^7 '=9-9171279 

log of m= 10-0276497 
Deduct the constant log = 9-3267737 

Log of the spherical excess=: 0-7008760 the number cor- 
responding to which is 5"'022 or 5". Hence, the error in the 
three observed angles above, is 5"— 1'^-25 = 3''-75. 

■ ■■■I »■ ■■■■■■I— ■■-■■■■^ m tim ^,1^—^11 ■ ■ I ■ P ■ ■■ ■ I ■— ^^M^^^w^M^— ^— ^»^— »^ 

* Trigonometrical Survey, vol. i. page 138, Faden*s edition. 

t Fhilosophieal Transactions, 180S, page 428. Dr. Rees*s New Cyclopedia, se- 
cond series of triangles, word degree, A variety of examples will be met with in the 
works here referred to, and in the Trigonometrical Survey , published by Mr. Faden. 



d6B MISCELLANEOUS PROPOSITIONS. BoOK IIL 

(N) By the assistance of tbis spherical excess the observer 
vfill be enabled to examine the accuracy of his observations; 
and, having corrected the angles, the sides of die triangle, be- 
ing arcs of great circles (supposing the earth to be a sphere) 
may be calculated by the rules of spherical trigonometry. 

Legendre in his Geometry, page 416, has given the rule de- 
monstrated in the following proposition for correcting the ob- 
served angles, and though the method be only an approxima- 
tion, it is sufficiently accurate and commodious for practice. 

PROiPOSlTION V. 

(O) A spherical triangle^ "whose sides are very small when 
tompared with the radius of the sphere, being proposed; if 
Jrom each of its angles you subtract one third of the excess of 
the sum of its three angles above two right angles, the an^s 
thus diminished may be taken for the angles of a rectilinear tri" 
angle, whose sides are equal in length to those of the proposed 
spherical triangle* 

Let A, B and c represent the tliree angles of a plane triangle 
of which the opposite sides a, b and c are small relatively to the 
radius of the sphere* 

Then, 

a : 6:: sine a : sine b (D. 35.) 
• ^ l^et d be an arc indefinitely small, then considering the tri- 
angle to be spherical, sine a : sine & : : sine (a -f- ^) : sine (B + rf) 
extremely near. But sine(A + ^) = (sine a . cos d) + (cos a . sine d) 
the radius beingiz 1 (D. 115.); ^ow d being very small, by sup- 
position, its sine is equal to the arc, and its cosine equal to the 
radius, therefore sine (a + 6?) = sine a + cos a . d, and for the 
same reason sine {B + d)=. sine b -f cos B,d; moreover it is shewn. 
(C. 127.) 

z^ . a^ 

that the sine of an arc zznz •.• sine azza-— and 

2-3.r^ 6 

b^ 
sine bzzb the radius beinff 1 ; hence 

6 ^ 

a^ I^ , 

a—-—- : b : : sine a + cos \ . d I sine b -|- cos b . d, 

6 6 

but b I a\\ sine b ! sine a, and by compounding these propor- 
tions, we get 

a" b^ 
1 — ^ • 1 • • (sine A . sine b) + (cos \ . d . sine b) : 

(sine B . sine a) + (cos b • rf . sine a) but the antecedents and 
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coiisequenl3of this proportion being nearly equals by adding. 
r--to the first 4ind second terms, and deducting cos a • cJ • sine B 

from the diird and fourth, the proportion becomes 

«•— ft* 
1 : IH •- — : : sineA.sinen: (sine b .sine a) + (cos B.d. sine a^ 

— (cos A . d . sine b). 

But (cos b • sine a)— (cos a • sine b) . dzzsine (a— b) . rf 
(D. 115.) 

V 1 : IH — ::sineA«sineB : (sine a . sine b) + 

sine (a— b) • d. 

Consequently 1 : — — ::sine a. sinen : sine a— b . d 

(Euclid 17. ofV.) 

and sine (a— b) . c^rzsine a . sine b . . 

6 

But since alb:: sine a ; sine b. 

By composition a 4- 6 ! ft : : sine a + sine b : sine b. 
And by division a— ft : ft::sine A— sine b : sine b. 
By multiplying the corresponding terms, we obtain 
a«— ft< : ft«::sine« a— sine* b : sine* b, 

and because-r-—— r 9 if the two consequents be multiplied 

ft sme b . ^ ^ 

by these cjuantities, we get a*— ft* : flrft::sine^ a— sine* b : 

sine A • sine b. 

••• sine A • sine B.{a^-^b'^)z=:ab . (sine* a— sine* b) henc^by 

substitution^ sine(A— B).d=:~- . (sine* a— sine* b). 

But, sine (a+b) . sine (a — b)— sine* a— sine* b (D.115.) 

Hence sine (a— b) . dz=. •--. sine (a+b) . sine (a— b), 

6 

and d=:.--- . sin^ (a+b). 
6 

• Now because the sum of two of the angles (a -f b) of a recti- 
linear triangle, is equal to the supplement of the third angle (c), 
and any arc and its supplement nave the same sine, dzHab . 
sine c, or Sdzz^a • ft . sine c. But the three angles of the spheri- 
cal triangle are a + rf, b 4- rf, c + ^, and the three angles of the 
plane triangle are A, B, c ; hence (A+rf) + (B4-d) + {c+rf)— ' 
a + b4-c + 3£?. 
Or, (A+rf) + (B+d) + (c + rf)-l«0^=:5d=;i«. ft. sine.Q t^ 



ahf<> 



Mii<cfii.iAi^C6vs ifttofdBtnoixB, fiiooK I1I< 



arlbftof a plane triangle whereof the two sides ttrea tod bj md 
the contained angle c, or the three sides Op b and c^ and the 
tliree angles a, b, and c; and since the three sides a^ b^ c ^ 
the plane triangle differ insensibl v from the tbree sides of the! 
i^herical trian^e, the surface of the one may be taken from the 
dCirikce of the other without material error: biitthe surfiioe of 
the spherical triangle is the difierence between the sum of its 
three angles and two richt angles (K. S650 therefore the troth 
of the proposition is eviaent*' q. £• D* 

(P) EXAMPLE TO THE PRECEDING PROPOSITION. (TrigCh 

fwmetrical Survey.) 



Names of stations* Observed angles. 

Hundred Acres - 5S^58'35'''75 
Hanger-hill tower 68. 24. 44 
St. Ann*s-hin - - 57. S6. S9» 5 



Dtstance of Hwtdnd Acres Jrom 

Hanger^hill 719S2-8 feet 
St. AnaVhill 79209'? feet 



179.59.59*25 
Herea=7l9d2-8, &=:79209*7 and Gai^8^58^85^75. 

|a= 35966-4 log=s4-5558969 
5=79209-7 Iog=4*898778S 
logsine of Cs=l6gsuieof 5S^58'.S5'^-75=9-90782a7 

log of the area of the triangle «= 19*8625059 
dedud: the constant log=9*S2677S7 

log of the spherical excesstt±*0857802 the num- 
ber corresponding to which is 1*0857 sec<mds=Srf, hence (2=: 
*S6'^nearly. But theobserved angles are spherical andes, hencec 
corrected becomes (53^ 58'.35''-75 - '36^=)53°.58C35^-89 with 
this as an included angle^ and the two sides given above, find the 
angles and the third side of a plane triangle.^ By the formulae, 

Case III. page 43, tang (p=— . rad, and :J- (A'^b)= 

cot c . tang (^—45°) 



a 



rad 

log 6= 4-898?783 
\ogaz= 4-8569269 



^Ikmt^ 



0*0418514 
log rad =10* 



tattg<>« 100418514 

Hence <^=47°.45^23'''l 
<^-.45®=- 2^45'.23''rl 



tang (<^-45°) = tang 20.45'-23''-l= 8*6825576 
cot 26<'.59'.17'.695=lO-2930M4 



COt^C' 



sum (r^jecUng rad » 10} «> 8*075(ltO 
Hence l(ArvB) = 5*24' 2" 327 
And \ (a + b) = 63. 42»3 

Therefore Bar 68 24' 44*637 '- 

AndA« 57 36' 39*973 




* ThiR demonstration, which is more simple than Legendre's, is grounded oo 
the same principles as that given in page 492 of Mr. Lxslie's Elements of Gtone- 
try, first edition, 1809, 
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The Uiird side c mtnf be foiind by tbe fiurmula page i2| viz* 

sine c A 
cs — ; — ' — ; by logarithms, 9-907828 1+4-8569269 — 
Bine A * c 

9*9865646 =4-888 1904 log of c, hence <;=:68895-43. 

ThiB example i# ffcdved exactly by the same rules as the cviith 
example^ page 417 of Legendre's G^metry, and by adding to 
each of dw angles one-third of the spherical excess, a complete 
aululiiili will be given to the spherical triangle. 

Ad|^ of the spherical triangle. Sides of the spherical triangle. 

c + rf= 5S^58'.35''.75 c= G8895-43 

B+rf=:68. 24.44. 99 6=79209-7 

A+rf=57.S6.40. 33 a= 71932-8 



180- 0- 1- 07 



(Q) The arcs and angles which occnr in a trigonometrical 
survey may be calculated by the exact rules of spherical trigo- 
nomet]^ in tihe manner of Boscovich: or by the approximating 
rules oi Legendre ; or the observed angles may be reduced to 
the angles formed by the chords of arcs, and w arc of the me* 
ridianinay be oonsidered as formed by the chords of curves. 
This last method has been successfully practised by Delambre 
in France^ and by the late General mudge in th^ trigonome- 
trical mrvey orEngland and Wales. 

PROPOSITION VI. 

(R) Given two sides of a sphericcU trianglef and the angle 
eamprekended between them $ tojind the an^ contained between 
the chords t^f these sides, supposing the chords not to differ ma^ 
teriaVyfiom the arcs which they subtend* 

Let the three angles of the spheri- ^ 

cal triangle be represented by A, b, c, ^^^<^ 

and their opposite sides by a, J, c ; and y^^^'c^ 

let d, y, (f represent the chords of /C"'' ^ 

these sides, which chords are supposed jJkr:'^ ^^^ 

not to difier essentially from the arcs. "•v^^T^ 

Then cos a=:(cos a . sine h • sine c) + (cos h • cos c) the radius 
Keing 1. (Equation IV. D. 184.) 

But cos a= 1—2 sine'^ \ a; cos d=: 1 — 2sine^ ^ b; and coses:; 
1—2 sine^ ^ c the radius being 1 (1. 1 17)9 therefore by substi- 
tution 

B B 2 
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1 —2 sine^ ^ a = (cos a • sine b • sine V) + (1 -*S sine^ i £} . 
(1 — 2 sine^ i c)> By transposition, &c. we obtain 
2sine^^i + 2sine^^ — 2sine^^ a=:(cos A. sine d.sine cl-f- 4sine4 b 
. sine* i c. But a'» = ^*+i'«— (2 c^l/ . cos rectilinear Z aO; 
(N. 92.) and because a% h\ <f do not differ essentially froni a, 
&, c (by hypothesiis), and that small arcs are nearly equal to their 
sines, a'=:2 sine \ a\ &^=2 sine ^ 6;and c/=2 ^ne ^ c; therefore 
by substitution 4 sine* ^ a=:(4 sine* § c+4 sine^^ &)— 4 sine-J-c 
. 2 sine ^ & 

2 sine* i b) 

substituting - . * 

above, we get,2 sine^c • 2 $ine|5 • cos a'=(cos a • sine b • sine c) 
4- (4 sine* » b . sine* i c). Hence, cos rectilinear Za'= 
(cos a . sine b . sine c ) + (4 sine* \ h . sine* j^ g) _ 

2 sine J c . 2 sine J i • "" 

sine & sinec ,. , , . , % •, . , 
cos a . -— : — r£ • ^T"- — T" + (^^6 J 6 . Sine j^ c). Btit sine i= 
2sinei6 2sine^c 

S COS 1 & • sine ^ ft, and sine £7=2 cos } c • sine ic (Z. 110.) 
ttierefore by substitution, cos rectilinear Z.a'= 
(cos A • cos i b • cos i c) + (sine ^ b . sine j^ <:)• 
' (S) Scholium. In the investigation of the preceding for- 
mula, the radius 1 has been used in order to lessen the number of 
diaracters of symbols, but formula^ constructed for the radius 1| 
are easily converted into formulas which involve ft radii]s=:r, 

t^ i^ .-s. ^ c ' Q ^^"® A cos A ^ 
by substituting tor sine a, cos a, &c., , . &c. 

r r 

Hence, the foregoing formula by the introduction of r be- 

l;omes cos a'=— [(cos A.cosifi.cos^c) + (r. sine ^i.sinejc)} 

And this formula may be varied in the expression by auxiliary 
quantities as at Q. 190, &c. 



(T) EXAMPLE. 

At Calais, the correct angle between Watlen and Fiennes, 
was 66°.30',S6".875, the distance from Calais to Watten 
15'.59" of the earth's meridian ; and from Calais to Fiennes 
7'.26", required the angle formed by the chords of these arcs. 

log cos A = log COS ee'^. 30'. 36T. 87 5 = 9. 6005^ 1 1 
log a»46 = log cos 7'. 59' . 5 ■= 9. 9999988 

log co«4 c =- log cos 3.43". s= 9. 9999998 



9.6005197 



Reject the tens in the index, and 
' subtract the resultisg index 
from 10, prefixing the s^ 
minus to the remainder. 
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The natural nuihber answering to the common log— 1 .6005197 
is *39858385. 

log tine |»-log nne r.59*''5-7-3«59128 
loggiiiej|.e»l^nneS'.43'' «7*OS38796 



4*3997934 



Nat. num. answering to— 6*3997924 
18*00000251. 



Hence •S9858385 +'0000025 1=*39858636 the natural cosine 
6f the rectilinear Z. a', answering to 66°.30'.36".23. 

(U) The remainder of the calculation is performed by the 
rules of Plain Trigonometry, and the criterion of the accuracy 
of the observations is at once determined ; for the sum of the 
three angles formed by the chords, and deduced from the sphe- 
rical angles, will always be equal to two right angles, if the 
spherical angles have been correctly observed. 
* In all cases the rectilinear angle a' diiSers but little from the 
spherical angle a, and to enable the calculator to obtain the 
necessary correction, with as little trouble as possible, M. De- 
lambrenas investigated a formula^ from which he has con- 
structed a set of tables for determining, in an easy manner, 
thr angles formed by the chords from the spherical angles. 



PROPOSITION VII. 

( W) The angles of elevation of two distant obfeds on the 
surface of the earth being given, together with the oblique angle 
contained between the objects, tojind the horizontal angle. ^ 

Let sp and ob be two objects ele- 
vated above the surface of the earth ; 
D the place of the observer, z his ze- 
nith, and s and o two points on the 
surface of the earth. 

The observed Z will be pdb, and 
the horizontal or required L will be 
SDO, measured by the arc so. 

In the spherical triangle pzb ; pz, 
Bz and PB are given to find the Z. 
PZB, the measure of which is the arc 

sqpz C spp» __^ 

sine i Z PZB= %/ si"e \ (pb + pz-bz) . sine \ (pb +zb-zp) 

^ sine pz . sine bz 

(F. 184.) 

\ But PB is the measure of the observed L pdb ; pz is the com- 
plement of the arc sf, which is the measure of the L pds ; bz is 
the complement of the arc ob, which is the measure of the L bdo; 
and the difference between any two arcs pz and bz is equal to 

B b 3 * . 
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^difl^ce&oebetweenihdrcotnpleintttssp&ndoB. Therefore 

Sioei ^ gDOS i/ s'PJCpPB -^ PP^ — BDo)^iDi(PDB -f BDO— PDB) 

^ COS PDS . COS PDO 

the same as M. Delambre's formula already given at page 94^ 
which formula is there illustrated by an example. 

(X) In a trigonometrical survey, where a formula of the same 
nature as that given above is usually applied, zpand zb do not 
materially differ from 90% or the altitudes or d^niessioDs ps 
and BO, do not exceed 2^ or S'^ ; in such cases, the problem 
will admit of a convenient and useful approumation, such as 
that ^ven by Legendre at page 41 S of his E'lements de Oeo- 
m£tne, sixilme Mition^ and also by other authors. 

Let pa and bo be represented by h and h^ and let d be the 
observed aufde bop and x the correction, viz. let n ^s be the 
required angles: ons, for theZ.0D8 will always be greater than 

^v . rT!r ^. % 1.^ cos PB — (OOI PZ • COB BB) 

theZ.Bnp (H.^1.) Now cos z = « — ^ ; -• 

^ ^ suie pe • sine bb 

(D..184.) the radius being !» viz. oos D + 4r=2 

cosD— (sineH.sineA) , , ^ h* h* ^ 

-^ 7 — "^ butthecosmeofH=l — s'+5T^""*^- 

cos H . cos A 2 2.S.4? 

and cosine of *=! + &c. (E. 128.) and in very 

2 2.3.4 ^ 

small arcs, the $ines do not differ essentially from the arcs, 

, _ ... cosD— hA cosd— hA 

hence by substitution cosd+^- ^_^^, ^_^^, = ^,^^,_,^^, 

rejecting all the powers of h and A above the second, as being 
small ; but cos d +^z=(cos d . cos ir)— (sine n . sine x^ the ra- 
dius being 1, (2d Equation D. 115.) and as /ris very small, by 
supposition, cos xiz 1 the rad, and sine x-zix, 

cos D— hA , ,x 

••• cos D — sine d . .r= ^ — - — r-r-rrfcos D— hAJ 

•(1 +1 H* + | A^) nearly, viz. cos d— sine d . ^=cos D + icos p 

•(h* + A*)— hA, by rejecting the smaller terms after multipli- 

, hA — ^cos D . (h^ + A«) , . -. . 

cation, hence xzz = — . ^^ the correction of ttic 

sine D 

observed angle d, the same as Legendre's formula. 

(Y) The preceding formula may be simplified, by fcdlowinff 
the method of Legendre; tlius, let \ (h + A)=je; and ^(h— A) 
= y, then p'^q'zz. hA, /j^ + y^z: \ (h« + A*) and xzz. 
P*-?* (P^ + ff**) • cos J>P'-—ip'^ . cos d) — y^4-(y* . cos d)^ 
sine D sine d dine n 
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_ 1— COSD ^ l+COSD, , , . . 

p* • — : — fl^ . — r by reduction. Airain, 

tangjDr: — : the radius beinff 1 (L. 11 1.)) andcotiDS 

sine J> 

1 +C081> 

— -. — — ; therefore d?=:(p* . tang J n)— (j* . cot i d). In ap- 
plying this formula to practice^ p and q are generally given in 
seconds^ a should therefore be express^ in seconds, hence if r 
be the number of seconds contained in the radius, the number 

of seconds contained in x:^^-- • .t^g J p— — . cot i d. 

SCHOLIUM. 

(Z) The five preceding propositions, viz. from the Sd to the 
7th bdosive, comprehend the principal rules and formulas 
ned m die oakiilation of a trigcmometrical survey, eonsider^ 
m'the earth as a sphere. The spheroidical form of the earth 
wnL oecafion a smidl correction, and reqaire formnlss some«>. 
what difierent, though of no great difficulty, but th^ are 
here omitted because they do not properly belong to sphjerical 
trigoDOflietry* 
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BOOK IV. 



THE THEORY OF NAVIGATION, 



CHAPTER I. 

DEFINITIONS AND PLANE SAILING. 

(A) NAVIGATION is the art of finding the latitude and 
longitude of a ship at sea, and her course and distance firom 
that place to any other given place. 

(B) The Earth is considered as a perfect sphere or globe, 
revolving on an imaginary line called its axis, from west to east, 
in twenty-four hours* This rotation towards the east causes 
all the heavenly bodies to have an apparent motion from east 
to west 

' (C) The equator, generally called the line by seamen, di^ 
vides the globe into two equal parts, called the northern and 
southern hemispheres. 

(D) Meridians are great circles cutting the equator at right 
angles, and passing through its poles. Every point upon the 
surface of the eartn is supposed to have a meridian passing 
through it. That meridian passing through Greenwich is 
called the^r5^* meridian. 

(E) Longitude of places on the earth, is reckoned on the 
eouator from the^r^^ meridian. If they be situated eastward 
of the first meridian, they are said to be in east longitude ; if 
westward, they are in west longitude. The greatest longitude 
on the earth is 180 degrees. 

(F) The difference of longitude between two places, is an 
arc of the equator, contained between the two meridians pass- 
ing through these places. 

(G) The latitude of a place on the earth, is reckoned from 
the equator, upon a meridian passing through the place. The 
greatest latitude a place can have is 90 degrees. 

* It is necessary for the purposes of Geography and Navigation; to caU the meri- 
dian of some remarkable place, Hie first meridian, and to estimate the longitudes 
of all oth^r places from that meridian. And, as all the tables in the Nautical 
Almanac, and other English astronomical tables, are adapted to the meridian pass- 
ing through the Royal Observatory ^at Greenwich, our seamen always reckon 
their longitude from that meridian. 
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(H) ParaOek of hUilude are small circles parallel to the 
equator. Every place upon the surface of the earth is sup- 
posed to have a parallel of latitude passing through it. 

(I) 7^ difference of latitude between two places, is an arc 
of a meridian contained between the parallels of latitude which 
pass through these places. 

' (K) Meridional distance is the distance between the meri- 
dian sailed from, and that arrived at, and b reckoned on that 
parallel of latitude which the ship is in. 

(L) Tlie Mariner's compass, is a representation of the hori- 
zon; and is divided into 32 points, each point ll^A5\ 

(M) The variation of the compass is the deviation of its points 
from the corresponding points of the horizon. When the 
north point of the compass is to the east of the true north 
point of the horizon, the variation is east; if it be to the west, 
the variation is west 

(N). If a ship be steered due north, or due south, her dis- 
tance sailed is equal to her difference of latitude ; and her track 
will be on some meridian. 

(O) If a ship be steered due east or west, her track will be 
eitiher on the equator, or some parallel of latitude; and the 
distance sailed will be equal to her departure, or meridional 
distance. 

(P) If a ship be steered towards any point of the horizon 
between the north and east, north and west, south and east, 
or south and west ; the track she describes will be a Bhumb 
Une. 

(Q) A Rhumb line is a curve upon the surface of the sphere, 
cutting all the meridians in equal angles. 

(R) The course of a ship is the angle in which the track she 
describes cuts the meridians. 

(S) The bearing between two places on the same parallel of 
latitude is east and west, on the same meridian north and 
south ; in all other situations it is a rhumb line, continually 
approaching the pole. 

(T) The departure is the whole easting, or wasting, the ship 
msJces in any single course. 

PROPOSITION I. {Plate III. Fig. 2.) 

(U) In sailing upo» a Rhumb line the differences of latitudes 
are proportional to the distances sailed* 

' Let p r^resent the pole, woqe a portion of the equator, 
AbczeuL a rhumb line, or the track deiscribed by a ship sailing 
from A to L ; ap, dFfJfPigF, q^, &c. meridians ; ib, he, H, &c. 
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parallels of latitude ; and let the elementary triangles a/6, Uc^ 
dtZf xU^ &C. be conceived so indefinitely small as to di£&r io- 
seilsibly from plane or rectilinear triangles; 

Then, the angles uJff ibcj kcz, &c. are equal (Q. S77} ; and 
the angles A26, bkc^ ciz^ &c. are right angles, fov ike paralleb 
of latitude cut the meridians at right angles. Therefore 
all the elementary triangles Aib, bhc, ckz, ute^ &c. are equian- 
gular and similar. 

Hence, Ab I Aillbc lihllcz I ckllze : ztj Sec (Euclid 4^ 
VI.) Therefore, Ai : Ai::Ai+6c+ca+z^, &c. : A«+fti+£*+ 
2i, &c (Euclid 12 o/N.) That is, 

jJb : ai::ax. : a/; where a6 and al are distanoest and Ai and 
a2 correspondent difibrences of latitude, g* £• ^« 

PROPOSITION II. {Plate III. Fig. 2.) 

( W) In sailing upon a rhvmb line, the departure correspond 
dent to any course and distance^ is equal to the sum of aU the 
intermediate departures. 

Fcfr, as in the preceding proposition, 

Ab : ib::bc : hcllcz : kzllze : f^, Sea (Euclidig^VI.) there- 
fore, a6 : iby.Ab+bc+cz+ze^ &c : ib-^-kc-^-kz-^-te, &c. (Eu- 
clid 12 ^ V«) But the whole distance al is equal to the aom of 
all the intermediate distances Ab+bc+cz, &c.; hence^ ab I ib 
llALlib+hc+kz+tej&ic. q.e.d. 

(X) Scholium. Hence it appears that the meridional dis-* 
tance, departure^ and difference qflongitude^ ar« esseatiallj dif- 
ferent. Let a ship sail from a to l, when she arrives at l her 
meridional distance will be i^ her departure ii+^+^+/^9 
&c. and her difierence of longitude we. But the meridional 
diat£Uice is evndently less than the departure (which is equal to 
the sum of all the arcs £6+^+^ &c.); because .the aevera) 
meridians converge towards the pole ; and for the same reason 
the difierence of lostgitude we is greater than the departure. 
Again, let the ship return fi*om l to a along the rhumb line LAf 
her meridional distance will then be Aa, and her departure m 
-4|-ttif+7z+gc^&c the same as before; for the elementary tri- 
angles are equal, an equal portion of the ship's track being the 
diagonal of each. Here the meridional distance Aa is greater 
than the departure ; hence in the same course, or track, back- 
ward and forward, the departure and difierence of longitude 
remain the same, but the meridional distance is variable. 

(Y) While the course remains the same, it has been shewn 
that the departure is greater than the meridional distance li, 
and less than the meridional distance Aa ; yet it is very neariy 
equal to the meridional distance mn, in the iniddle latitude, be- 

20 
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tween tbe latitude sailed from, and the latitude arrived at This 
was probably a casual discovery ; and when the places are near 
the eqoator, or when their parallels of latitude are not very far 
distuit from- each other ; the nautical conclusions, drawn from 
a supposition that the dqmrture is equal to the meridional dis- 
tance, in the middle latitude, between the latitude sailed from, 
and tihe latitude arrived at, are very nearly the same as the 
conclusions derived from Mercator^s sailing. But in high lati- 
tudes, or in a long run, when the course is not near some of 
the lour cardinal points, tliis method is not sufficiently accurate. 
And, if a ship sad upou several courses, she makes a less de- 
parture near the pole, and a greater departure near the equator, 
from one place to aiiother, than if she were to sail in a direct 
course; yet in such small distances, as a day's run, the differ- 
ence is almost insensible. 

FEOPOSiTiON III. {Plate III. Fig. 2.) 

(Z) Straight lines equal in length to the dista7ice run, difference 
of latitude, and departure, from a right^ngled plane triangle; 
having the angle opposite to the d^arture equal to the ship's 
course. 

For it is shewn (U. 377.) that, 

Ab : ai::al : a/; or A* : al: : ai : a/; and by W. 378, we 
have Ab : Aisllib I ib -^ he +kz'\-te. Sec. therefore Ai I Alllib I 
ib+hc-i-kz-hte, &c. But the small elementary triangle is con- 
sidered as straight lined, and is right-angled at i; therefore the 
triangle to which it is similar, may be considered as straight 
lined ; ajl will be the hypothenuse, aI tbe difference of latitude, 
and the departure i6+Ac+itz+^+^+£0 l. 

(A) All problems solved by the preceding propositions are 
said to be ia plane sailing ; because tbe veiy «ame conclusions 
would be drawn if the earth were a plane, and all the meri- 
dians paralld to each other. Hence it appears that plane sail- 
ing is true^ so fiir as course, distance, JASsreoce of latitude, 
and departure, are concerned. 

(B) Scholium. Since, from the third 
proposition, the distance run, difference 
of latitude, and departure from a plane 
triangle; let ca in the annexed figure 
represent the distance, cb the difference 
of latitude, ab the departure, and the 
angle acb the course (C. 52.), then will 
CAB be the complement of the course. 
Hence are deduced the following propor- 
tions for solving all the cases that can oc- 
cur in the practice of plane sailing. 
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1. Radiusj 
: distances 
: : sine of the coursey 

I departure. 

3. Cosine qfcaiirsej 
Idiff. of latitude i 

II radius, 

I distance. 

5. Distance, 
I radius ,• 

: : difference of latitude, 
: cosine of course. 

7. Sine of course, 
: departure ; 
I : radius, 
: distance* 



9. Radius, 
: distance ; 

llcosine of the course, 
: difference of latitude. 

4. Cosine of course, 
: diff. qf latitude i 
y.sine ^course, 
I departure. 

6. Distance, 
: radius ; 
lldeparture, 
I sine of course. 

8. Sine of course^ 
: departure : 
r I cosine of course, 
: difference of latitude. 



9. Difference of latitude, 
: radius; 
lithe departure, 
I tangent of the course. 



For, 

1. Rad : Acrisine of c ! ab 

2. Rad : Ac::sine of A=tcos c 
S. Cos c : Bc::rad : ac 

4. Cos c : Bc::sine c : ab 

5. AC : rad::BC : cos c 

6. AC : rad:: AB : sine of c 

7. Sine of c : AB::rad : ac 

8. Sine of c : ab::co5 c : BC 

9. BC : rad::AB : tangc 



BC } <Y.84.) 

{From the 2d.) 
{Island 2d,) 
{2d inverted.) 
{\U inverted.) 
{From thejbrst»y 
{1st and 2d.) 
(Y- S4.) 
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PARAIXEL AND MIDDLE LATITUDE SAILING* 

(C) When a ship sails directly east or west, upon any parallel 
of latitude^ the method of finding her difference of longitude, 
distance, &c. is called parallel sailing. 
. (D) Middle latitude sailing is founded on a supposition^ that 
the meridional distance, half way between the latitude sailed 
from, and that bound to, is equal to the departure which the 
jship makes in sailing fi*om the one latitude to the other. It is 
a compound of plane and parallel sailing. 

PROPOSITION I. (Plate III. Fig. 2.) 

(E) In sailing upon any parallel of latitude, or directly east 
or westi the cosine of the latitude, is to radius, as the distance 
fun, is to the difference of longitude. 

Let c be the centre of the sphere, p the north pole, woqg 
an arc of the equator; p/raw, vno, meridians; mn the distance 
run on the parallel mns, and wo the difference of longitude. 

In the plane of the parallel mns, draw mr, nr, meeting pc 
the axis of the sphere in r; and in the plane of the equator 
woQE, draw wc, oc, meeting the axis of the sphere in c : thed 
the angle iTtrh is equal to the angle wco (R. 185.); therefore 
the arcs mn and wo are similar. Hence, 

mn : parallel of lat.::wo : equator. 
Or, mn : wo:: parallel of lat : equator. 

But the circumferences of circles are as tlieir radii (JfCeithfs 
Geometry 196 ^VII.); therefore 

mri wc:: parallel of lat : equator. 
Consequently mr I vjcllmn I wo. 

But mr is the sine of the arc vm, or the cosine of the latitude 
wm, and wc is the radius of the sphere; 

Therefore, cosine lat. : radius: :dist. : diff. long. g. e. d. 

(F) Corollary I. Radiusy is to the cosine of the latitude ; 
as the difference qf longitude i€ to the distance rim. 
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(G) Corollary IL 77ie distance betweem amf two meri- 
dianSf on one parallel qflatitudef is to the distance betxoeen the 
same two meridians on any other parallel, as the codne, of the 
latitude of ihejirsb paraUel, is to the cosine of the laiihule of 
the second. 

(H) Scholium. This proposition and Corollary I. will solve 
all the cases that can occur in parallel sailing. Examples exer- 
cising these cases have be«a given alreacfy at page S96. 

PROPOSITION II. {Plate 111% Fig. SU) 

(IJ Gmui<fAemidmelaH^fde{vh^HB^mU9aM k^wt^ 
between the latitude sttileA/romj andihitibmmi kfjyariapmtm^ 
asih&depurii§nisti^ihediig^ence<^Umgii^ 

ILet J^ represent the parallel of latitude sailed ftmi^ ft that 
bound to^ ultLj^ the middle latitude between these parallels^ 
and hbczeuL the rhumb line, or tracks of the ship, in siuUng 
from A to L. 

Now whether the ship sail from a to l^ or from L to a, it 
has been shewn in the scholium, X. 378. that the departure 
will be ib-^-hc-^fJcz^te^ &c. and (Y. 378.) this departure is 
neoiiy equal to the meridional distance TAkzqiS. But, 

Cosine wm : radius ::m£zj^n : woqe* (E. 361.) 

Viz. Cosine mid. lat. : rad.:: departure : diff. long, {nearly). 
j2* Rt D. 

PROPOSITION III. {Plate III. Fig. 2.) 

(K) Difference of latitude, is to the difference of longitude; 

as tlie cosine of middle latitude, is to the tangent ^the course 

{nearly). 

For, diff. lat* : radius: :dep. : tang, course (B. 379.) 
And COS. mid. lat. .* radius : : dep. : diff. long. (1. 38^.) 
Hence, diff. lat. x tang* course = radius x dep. 
And, cos. mid. lat. x diff. long. = radius x dep# 
Consequently, diff. lat. x tang. course=cos. mid. lat. X diff. 

long. 

••* Diff. lat. : diff long. : .* cos. mid. lat. : tang* course. Q.B.n. 

(L) Corollary. Cosine mid. lat. I tang, course II diff. lat. 
diff. long, {nearly). 

PROPOlsiTioN IV. {Plate III. Fig. 2.) 

(M) Distance sailed, is to the difference of lofigitude, as co* 
sine of the middle latitude, is to sine of the course {nearly). 

For, radius : distance :: sine of course : dep. (B. 379.) 
And, cos. mid. lat. : radius:: dep : diff. long. (I. 382.) 
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Henee^ radtos x dep.:: distance x sine of course. 
And radius x dep.=:cos.mid.Iat x diff. long. 
Cknseqaendy distance x sine of courses: cos. mid. lat x difF. 

long. 

V Distance : diff..Iong.:!cos.mid.Iat : sine of course. q.e.d. 

(N) ScHOLiOM. The second, third, and fourth ^propositions 
include all the cases that can occur in the practice of middle 
UaUnde sailing; the several proportions, for the sake of uni- 
fbrmi^, are here collected. 



1. Radius, 

: diffirence oflon^tude ; 
: : omne qf middle latitude, 
! departure* 

S. Difference qf latitude, 
; difference qf longitude s 
llcosine qf middle latitude, 
: tangent qfihe course. 



2. Cosine qf middle latitude, 
: departure; 
II radius, 
: diffirence of longitude* 

4. Cosine qf middle latitude^ 
\ tangent qfihe course ; 
: : differenoe qf latitude, 
: difference of longitude. 



6. Cosine qf middle latitude, 
I sine qfthe course; 
II distance, 

: difference qf longitude. 
See pages 296 and 297. 



CHAP. III. 

mergatob's sailing. 



(O) Mercator's sailing is the art of finding on a plane 
sur&ce, the motion of a ship upon any assigned course by the 
compass, which shall be true in latitude, longitudey and dis- 
tance sailed.* 

(P) In a Mercator's chart, from which this method of sail- 
ing is derived, the degrees ot longitude are every where equal, 
the degrees of latitude increase as you approach the poles, and 
the liuimb line, or track the ship describes, is represented by 
a straight line. 

(Q) On the globe the degrees of latitude are every where 
equal, and the degrees of longitude decrease as you approach 
the poles : that is, the distance between any two meridians in 



* Thi9 indudes the whole theory and practice of navigation, and if any method 
could toi deviled for meesuriuig a ship's oojune and diatance truly, noCbhig more 
wonU be wanted to eonplete die art. 
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any latitudci is to the diiSerence of longitude betwera. these 
meridians, as the cosine of that latitude^ is to the radi.us. 
(F. 381.) But, on a Mercator's chart, the distance between 
any two meridians is made equal to their difference of longi^ 
tude, and consequently the parallels of latitude are enlarged, 
in the ratio of the cosine of the latitude to the radius : now, 
in order that the angle which the rhumb line makes with the 
several meridians on the chart, may correspond with the same 
angle on the globe, it will be necessary to increase the merir 
dians in the same ratio, by which the parallels of latitude are 
increased, viz. as the cosine of the latitude is to the radius, or 
which is the same thing, as the radius is to the secant of the 
latitude. Hence the degrees of the meridians on a Merca- 
tor's chart increase towards the poles, as the secant of the 
latitude increases ; likewise all the parallels of latitude^ anS 
every part of them, are larger th^u they are on the globe 
in the ratio of the radius to the secfoit of the latitude* Hence, 
though the latitudes, longitudes, a<id bearings of places are 
truly represented on a Mercator's ^hart, the distances are dis- 
torted in various proportions. To render these observations 
more clear, let us suppose wei^ (PlcUe VI. Fig* 24.) a Mer« 
cator's chart, constructed to represent the spherical surface 
WEii {Plate III. Fig. 2.) Then w/; 10, 10; 20, 20; &c. 
are meridians; abcz^ul a rhumb line; ib, hc, kz, t^, yu, 
&c. parallels of latitude, each straight line on the chart repre- 
senting its corresponding arc on the spherical surface. 

The meridians in this projection being parallel to each other, 
IB is equal to w, 10; hence ib is the difference of longitude on 
the chart, corresponding with ib on the sphere. Therefore 
cos. vii : radius ::/& : ib (E. 381.) 

Now to make the elementary triangle aib on the chart, equi- 
angular with Aib on the sphere, the difference of latitude u 
must be increased in the same ratio with the departure ib\ 
hence cosine vfi : radius: I a£ : ax. But the cosine of any arc 
is to the radius, as the radius is to the secant; therefore ra- 
dius : secant oivfiWAi : ax. 

(R) But Ai is an indefinitely small portion of the sphere 
which is increased to ai on the chart. Let us suppose the ra- 
dius of the sphere an unit, and the difference of latitude hi 
1 minute*; then the last proportion will be 1 ! secant w/:: 
1' : Ai ; consequently in this case, the increased minute will 
be equal to the secant of the latitude. 

(S) Hence it follows that the natural secant of any lati- 

* It is evident that if ai were to represent a smaller portion of the meridian thifn 
one minute|the conclusions derived from such a supposition would be more accural^. 
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tude, will be equal to the increase of the next minute on the 
chart, nearly. 

(T) TTie meridional Ivie on a Mercator^s chart (construfited 
on the above principles J is equal in length to the sum of all the 
natural secants of every minute of latitude contained in it. 

Thus suppose the difference of latitude hi on the sphere to 
be 6 minuteSi then the enlarged meridian a/ on the chart is 
^nal to Ai+BH + CK + zT+ey-f-u, 50; and thesQ are the. se- 
cants ofwA; 10, b; 20, c; 30, z; &c. 

Hence is derived Mr, Wright's method of constructing a 
table of meridional parts. 

(U) The difference of latitude (in geographical miles) be- 
tween two places on the globe, is generally called the proper 
difl&rence of laUtude, to distinguish it from the difference of 
latitude (in geographical miles) on the chart, which is called 
the meridional difference of latitude. 

(W) A plane rigfit-angled triangle formed by the ship*s 
course^ distance^ differefice of latitude^ and departure {Ji. 3«79.) 
»i// he similar to a plane triangle formed upon a Mercator^^ 
^Juirt^ by the enlarged distance^ meridional difference qf latitude 
and difference of longitude. 

For all the elenientary right-angled triangles on tlie sphere, 
[Plate IIL Fig. 2.) viz. A{6, bhc^ ckz^ zte, &c. are equian- 
gular and similar (17. 377.); and from the very nature of the 
chart, the elementary triangles [Plate VL Fig. 24<.) aib, bhc, 
c&z, ZT^, 8cc. are likewise equiangular iind similar, not only to 
each other, but tg the elementary triangles. a/6iuMc, &c. on tbq 
sphere. 

Now the elementary triangles on thee sphere may be truly 
represented by a plane triangle (Z. 379.); therefore the ele- 
mentary triangles on the chart , may likewise be truly repre- 
sented by a plane triangle; equiangular and similar, 

(X) 1. Ma. WaiGHx's method of constructing a table of 
meridional parts* 
Meridional parts of 1 '= Natural secant of 1 ^ 

M. P. of 2^= Natural jjecantsof l'+ 2' 
M. P. of 3'= Natural secantsof !' + */+ 3' 
M. P.of 4'=Naturalsecantsof 1'+ 2'+ 3' + 4' 
M.P.of 3'=Naturalsecantsof 1'+ 2^+ 3'+ 4'+ 5',&c, 
Hence by a table of natural secants, as Sherwin's Tables, or 
Dr. Hutton's. 

M. P. of 1'= 1-0000000, Nat sec. I'n I'OOOOOOO. 
M. P. of 2^=20000002, Nat. sec. 2'= 1-0000002. 
M. P.. of 3'= 30000006, Nat. sec 3'= 1 '0000004. . 
M. P. of 4' =4-00000 13, Nat. sec. 4'= 1 '0000007- 
M. P. of 5'= 5-0000024, Nat. sec, 5'= I'OOOOOl 1, &c, 

cc 
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And by addhiff together the nataral seamts of a few pages^ 
in eitbelr of the fubove-mentioned books, you will, find 

The meridional parts of 1 degree = 60*003 1231. 

M. P. of 2 degrees = 120-0246423. 
M. P. of 3 degrees z=l 80-0829505. 
M. P. of 4 degrees=240-1963752. 
M. P. of 5 degrees = 300*8833699. 

(Y) In this manner (by a continual addition of the secants) 
Mrr Edward Wright formed the first table of meridional parts, 
which is contained in his celebrated work intitled, Certain 
Errors in Navigation Detected and Corrected. This book was 
first published in 1599. Mr. William Oughtred was the next 
who constnicted a table of meridional parts, by the continual 
addition of the intermediate secants of |, l|y2|, &c. minutes ;^ 
and these taWes were again corrected, and extended, by Sir 
Jonas Moor. 

(Z) It must be admitted that Wrighfs method of construet* 
mg a table of meridional parts is not strictly geometrical; for 
the cosines of any two parallels of latitude are not precisely the 
same, even if you suppose the common difference between these 
parallels, to be less than one n inute of a degree, and the secants 
of such parallels do not increase in any regular ratio. A table 
constructed on Wright^s principles, in high latitudes, will ex- 
ceed the truth, a small matter. This, the learned author was 
sufficiently aware of; for he says he rejected some of the de- 
cimal parts of the secants in making his table. ^ Because that 
** indeed, at every point of latitude, a minute of. the meridian 
^ in this nautical planisphere {^Mercatov's Charf] hath some- 
*^ what lesse proportion to a minute of the parallel adjoyning 
** towards the JEquinoctialj than the secans of that parallels la- 
^ titude hath to the whole sine. But in this table it was thoudit 
^ sufficient to use such exactness as that thereby (in drawmg 
** the lineaments of the nautical planisphsere) sensible error 
^* might be avoided. He that listeth to be more precise may 
<< m^e the like tables to decades or tennes of seconds, out of 
*^ loachimus Bh^eticus his Canon magnus ttiangulorum. Not- 
<* withstanding the Geometrician that desireth exact truth, 
** cannot be so satisfied neither.'* 

(A) II. Another Method of constructing a table of meri* 
diontd parts Jrom the secant of an arc 

It is shewn (G. 129.) that if a = the length of any arc, the 
radius being 1, the secant will be 



a 5a* 61fl« 277a» 50521rt>o 54055Sai* 

2 24? ^ 720 , 8064 3628800 95800320 * 

This multiplied foy a, the fluxion of the arc, will produce 

• a«a Ba^a Slffia 277a«fl . 50521a'^fl o xt. n . 

aH -i , &c« the fluxion 

2 24 720 ^064 3628800 * 

of the sum of the secants in the arc c^ the fluent of which is 

a» a* ei^'' 277a«» . 50521^' ' « . 

a -4 1' — u i 1 +, &c, the sum of all 

^ 6 24^5040^72576 8991680 ' 

the seciuits contained iu a« 



EXAMPLE* 

Let i£ be required to find the meridional parts corres- 
pondent to 5 degrees* llie length of the arc of one mi- 
nute bdkig «O00290888208665, &c.^ supposbg the radius 
an unit. 

First, 5° X 60 X '00029088820866. ='087266462599, &c.= 
a the length of an arc of 5 degrees. 

a= + •087266462599 

i«»= H- 110762019 

^«T«*=: + 210875 

Tihs^'^ + 466 



Hence ^+i^«+^*+7U^% &c.= -087377435959 



Thb result, divided byn)00290888208665,&c. the length of 
the arc of 1' will give the meridional parts of 5*^z: 300*38 1498, 
true, to the last place of decimals* 

By a similar process you will find the meridional parts 
of 10^ to be 603*0695795. Proceed in the same manner 
to find the meridional parts of any other degree of latitude. 

(B) III. The method of constructing a table of meridional 
parts^ by u table qflogarifhrhicid tangents* 

PROPOSITION I. {Plate FL Fig. 25.) 

If the logarithmical tangent of hcdfthe complemeiU of any 
degree of latitude be subtrncted from 10, and the remainder he 
nwkiplied by 7915.7044679, &c.; the product wili give the me^ 
ridional parts {in minutes), cotrespondent to that latitude. 



• Gwdintr't edition of Sberwin's Logarithmt, page 44 (17^). Tna!^ 6e 
Tdgbnom^trie,' par C^gnoU (Table A A^ page 474, 

C C 2 
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Demonstration. Let p be tlie i)ot(B, eq a portion of the 
equator; Qp the latitude, ov its sine find oz::zva) its cosine; 
and Ei; the radius of (he sphere. 

Put a =zQp the latitude, mnthe length of qVj on a Mer- 
cator^s chart, called the meridional parts ; ^ = ot; =:: eu? the 
sine of the latitude, and r = Et? the radius of the sphere. 

Then will eo =: ww = v^r*— ^, arid because the degrees of 
latitude on a Mercator's chart increase as the cosine of lar 
titude is to radius, we have 



j^r^-^y^irllx : w, hence 7W = 



^r*-y 



n 



But, a/^-^^* lr::y : a?,conseq.4?=: 



L. »» 



^/r^-y 



For a write its value, then mzz ^ '^ ^ the fluent of which ii 
»i=r X 2-80258509299404., &c. X * X log.— ^; + tlie correo^ 

tion,=:rx 2*302585, &c. x log.\/ l-J^ + the correction. 

But by Plane Trigonometry, in the triangle vooSi 

vw I rad llws ', tang W0S3 or co-^ng w^v* 



Fiz. Js/^^-^y^ 'r :: r-{- y : rx . ^, . _ . 



— — T=:r X \/ : — ^ X - 



=:rx y/ 



— ^the co-tangent of wsi;, measured by half the arc 

Pt7, the complement of the latitude. Hence we have m z: 

^ ^^ ^ - .% 1 co-tanff. 4 comp. lat. , 
r X 2*302585, &c. x W. ^— ^ h the correction 

But when Twrro the co-tangent of half the complement of la- 
titude zir (L. 31.); and hence the correction is nothing, there- 
fore 7w=rx 2-302585, &c. X log. ^^" "^' comp. a _ 

r X 2*8025 ; &c. x log.-- 7——, for the co-tanirentof 

° tang. -J. comp. lat. ? ® 

an arc divided by the radius, is equal to the radius divided by 

the tangent (Z. 103.) ' 

But the tables of meridional parts are generall}' expressed in 

geographical miles, therefore we must express the radius of the 

sphere in geographical miles. If the diameter of the earth be 

1, the circumference will be 3*14«1592653589, &c., hence ' 
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86^. 



S-14I59265S589 ! ^ :: 360° x 60 : 3437-74.677, &c conse- 
quently w^2*3025, &c, x'34S7'74677, &c x log. 

2 = r— =7915-7044679 x log.;; z TT- Q.E.D. 

tang.^comp.lat. ° tang.^comp.lat. 

'- Note. It would be improper to mdce the value of r in the 

latter part of the expression = 3437*7467, &c., unless the table 

ef logarithmical tangents was calculated to the same radius* 

EXAMPLE. 

; Let it be required to find the meridional parts correspondent 
to 5 degrees. 

90° 
5 



2 I 85 



hog. radius =10' 



Halfcomp.lat. 42-30 the tang, by Ulacq*s tables, = 9*96205246 1 7 

•0379475383 
this multiplied by 7915-7044679 produces 300-38149846, &c. 
exactly agreeing with the answer before found by the secants* 
, In the same manner you will find the meridional parts of 10° 
to be 603*069579, &c., the logarithmical tangent of 40° being 
9-9238135302. 

(C) The following table comprehends the meridional parts 
'answering to every five d^jreeis of latitude. The first column 
contains the degrees, the second the meridional parts copied 
from Wright's original treatise, and the third the meridional 
parts truly calculated by this problem.— As our tables of meri- 
dional parts are seldom carried to decimals, the reader will 
readily perceive that Wright's tables may be iised without 
sensibly error. 



Mr. 

Wr^ktU 

Merid-Pts. 

300*3694 

603-0475 

910*4325 

1225*1292 

1549*9878 

1888*3768 



True 
Meridi 
Parts. 

300*3815 

603*0696 

910-4606 

1225*1390 

1549-9952 

1888*3754 



4> 



35 
40 
45 
50 
55 
60 



3/r. 

JFrigkt't 
Merid.Pts. 

2244*3047 
2622-7559 
3030-1271 
3474-6045 
3968 1879 
4527*7106, 



True 

Merid. 

Parts. 

2244-2868 
2622*6902 
3029*9392 
3474-4720 
0967 -9661 
4527*3677 



65 
70 
75 
80 
85 
89 



Mt, 

ff right's 
Merid. Fts. 

5179-3079 
5966*6811 
6971-5485 
8377-3416 
10769-6200 
16317*5324 



True 
Merid. 
Parts. 

5178-8081 
5965*9179 
6970-339Q 
8375*1970 
10764 6210 
16299*5563 



(D) A table of meridionaLparts being formed, by any of the 
preceding methodsj.to every degree and minute of the guadrisir* 
a Mercator's chart may be readily constructed therefrom. - 

£jf AMPLE. Let it be required to construct a Mercator*s 3 

3 ' 
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containing 60 degrees of edst longitude, and extending from the 
equator to 40 degrees of north latitude? 

I. Draw WE to represent the equator {Plate VL Fig. 24?.)^ 
on which 9et off we =3600 miles, (the number of miles^n- 
talned in 60 degrees, the extent of the charts) from any scale 
of equal parts. 

II. Divide the Une we into 6 equal parts in the points 10^ 
20, 30, 40, &C., each part containing 10 degrees; and each of 
these parts may be subdivided into single degrees, half degrees, 
fcc. if necessary. Then straight lines dtawn through die points 
w, 10, 20, 30, &c« perpenmcular to we, will rqpreaent the 
meridians passing through every 10 degrees. 

III. From the same scale of equal parts take 2622*7 (the 
meridional parts answering to 40 d^rees) and set them off 
from w to / and from £ to l, and join li,. which will represent 
the parallel of 40 degrees of latitude^ and determine the extent 
of the charf northward* 

IV. From' the scale of equal parts take 603 (the meridionat 
parts answefring to 10 degrees) and set them off from w to a, 
and from e to 10, and join a, 10, this will reijpresent the parallel 
of 10 degrees. In the same manner w, 20^ si 1226; and w^ 
30,= 1888 ; and draw the parallels of latitude ; or mi^e'A, 20, 
— 1225—603; 20, 30, = 1888 — 1225; &c 

If the chart does not being at the equator, it is evident that 
the meridional parts cbrreiqK>Ddent to the least latitude con- 
tained in it, must be subtracted from the meridionsl parts of 
each point of greater latitude. 

PROPOSITION II. 

(E) RadiuSy is to the tangent of the course; as the meridional 
difference qftatitudCf is to the difference of longitude^ 

In the annexed figure bc is the proper dif- 
ference of latitude, DC the meridional difference 
of latitude, the angle acb the course, AC the 
distance sailed, ab the departure, and ed the 
difference of longitude. Then edc is a right- 
angled triangle, and similar to abc ( W. 385.) A> 

Now DC : radius : : ed : tangent of acb ; £, 
therefore radius : tangent of acb : : do : ei>. 

PROPOSITION III. I 

(F) The number '00012633114, &c, i 
Js to the natural tangent of the cotirse ; 

As the difference between the logarithmical tangents of hdj j 
the complements of the latitudes sailed Jrom^ and bound to^ ' 




Xsioihe differences of longitudes between these jiaceSj ingeo* 
graphical miks. 

Let the less latitude be represented by Ij and the greater bj 
L ; -thea the meridional parts correspondent to /z: 

*^-1 T^^ r X 7915-7044?, &c (B. 387.) and by the 

° tang. + comp. /, ^ \ * j 

i^une.r.ndie the o^eridional parts correspondent to hzz 

^og.z^ — 7— X 79 15 '7044, &C. The difference between 

' ^ taag. •}- comp. l. 

these quantities is . 

(log- .^ ' ■ ■ r '^ log-m — r- — :: — ) x 7915-7044, &c 

^ *=* tun^. 4 comp. /. *^ tang. I comp. l/ 

the mendtonal difference of latitude in miles. Now (by E.SSO.) 

r r • V 

rad.:tang.course::{Io£:. 7- '- 1 '^los.r : J 

° ^ ^ tang. -^ comp. /. » tang.^comp.L./ 

X 7915-7044, &c. : diff. longitude. 

r r 

But, loff, ; J 'w los.- -r: IS evidently 

° tang. ^ corap« /. ° tang, -J- comp. l. "^ 

zzlog. tang, ^comp. /.~log. tang. J comp. l; hence 

rad. : tang, course .' : (log. tang^^comp. L '^ log. tang. \ comp. l«) 

X 7916-7044, &c. : diff. longitude. 

Divide the antecedents by 7915'7044, &c. then 

7915-7044 &c.' ^"^' ^^^^^ ' ^ ^'^®* tang.icomp. l. -log, tang. 

rtd: 1 

= •000126331143874, &c. hence it follows that 

•000126331 143874, &c. : tang, course,*: (long. tang,|comp. L 
-—log. tang. ■}• comp. l) I diff. longitude, 

(G) Corollary. Find the hgarithmictd tangent of half the 
complement of the latitude sailed Jrom^ the logarithmical tangent 
qfhcdfthe complement of ike latitude bound to^ multiply their 
diffsrence by 10000, and fkd the common logarithm of the 
product. 

Then, 

Tlie logarithmical tangent of the angle 51°.38'.9'^.14'^ = 
10-1015103, 

Is to the logarithm found above ; 

As the logarithm tangent (f the course^ 

Is to the logarithm of the difference of longitude in miles* 

For, -00012633114, &c. : the natural tang, course :: (^og. 
tang. |comp. /. —log. tang. \ comp. l.) : diff. longitude in miles. 

Multiply the antecedents by 10000, then 

1*26331 14,&c. : the natural tang, course : : (log.tang.^mp. 

c c 4 
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/. ^ Ipg.tang.icomp. l.) + 10000 : diff. Iongitude,but 1 -2633 114, 
&c. IS the natural tangent of 51°.38'.9".14'", the logarithm of 
which is 10*1015108; hence by taking the logariSims of all 
tne terms in the last proportion, we deduce the above rule. 

(H) SCHOLIUM* 

The second proposition (E. 8d0.) and the following, whiclr 
i|5 immediately deduced therefrom, (viz. Meridional difference 
of latitude, is to difference of longitude; ^ui radius is to the 
tangent of the course,) will solve all the cases that can occur 
in Mercator's sailing by the help of a table of meridional parts. 
And UtiQ corollary (G. 39 1 .) will solve the whole with the assist- 
tapce of a table of Ipgatithmical tangents (independent of ^ 
table of meridional parts) by varying Uie proportion. 



THE END OF NAVIGATION. 
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TABLES. 



L A table of the Logarithms of Numbers, from an unit to 
ten thousand. 

II. A table of natural sines to every degree and minute of 
llie quadrant. 

Hi. a table of Logarithmical sines and tangents to every 
degree and minute of the quadrant. 

IV. A table of the Refraction in altitude, of the heavenly 
bodies. 

V. A table of the depression, or dip, of the horizon of the 
sea. 

VI. A table of the sun's parallax in altitude. 

VII. A table of the augmentation of the moon's semi- 
diameter. 

VIII. A table of the right ascensions and declinations of 
thirty-six principal fixed stars, corrected to the beginning 
of the year 1822. 



TABLE U LOGARITHMS OF NUMBERS FROM 1 TO 10,00(Xf 



No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Lo g. 


No. 


Log. 
90849 


m 


1 


00000 


31 


33332 


41 


61278 


61 


78533 


81 




3 


3/)109 


33 


34242 


42 


62335 


63 


79239 


82 


91381 




a 


4771a 


33 


36173 


43 


63347 


63 


79934 


83 


91908 




4 


60306 


34 


38031 


44 


64345 


64 


80618 


84 


92428 




I 


^9897 


35 


39794 


45 


65321 


65 


81291 


85 


92942 




77815 


36 


41497 


46 


66276 


66 


81954 


86 


93450 




7 


84510 


37 


43136 


47 


67210 


67 


82607 


87 


93952 




8 


90309 


38 


447I6 


48 


68134 


68 


83251 


88 


94448 




9 


95434 


39 


46340 


49 


69020 


69 


8d8nB5 


89 


94939 


1 


10 


00000 


30 


47712 


50 


69897 


70 


84510 


90 


95434 




11 


04139 


31 


49136 


51 


70757 


71 


^5126 


91 


95904' 




13- 


07928 


33 


50515 


52 


71600 


72 


85733 


93 


96379 




X3 


11394 


33 


51851 


53 


73428 


73 


86332 


93 


96848 




14 


14613 


34 


53148 


54 


73339 


74 


86923 


94 


97313 




15 


17609 


35 


54407 


55 


74036 


75 


87506 


95 


97772 




16 


3Q413 


36 


55630 


56 


74819 


76 


88081 


96 


98327 




17 


33045 


37 


56830 


57 


75587 


77 


88649 


97 


98677 




18 


35537 


38 


57978 


58 


76343 


78 


89209 


98 


99123 




19 


97875 


39 


59106 


59 


77085 


79 


897^3 


99 


99564 




20 


30103 

f 


40 


60306 


60 


77815 


80 


90309 


100 


00000 


i 
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TABLE I. LOGARITHMS OF NUMBERS. 





--^^H 




^^^^ 


_^a^^ 




^ >• • ^ 


m^i^^ 






^^^^H 


^^^^^_ 


Ik 




No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 






100 


00000 


00043 


00087 


00130 


00173 


00217 


00260 


00303 


00346 00389 






101 


0432 


0475 


0518 


0561 


0604 


0647 


0689 


0732 


or75 


0817 






102 


0860 


0903 


0945 


0988 


1030 


1072 


1115 


1157 


1199 


1242 






103 


1284 


1326 


1368 


1410 


1452 


1494 


1536 


1578 


1620 


1662 






104 


1703 


1745 


1787 


1828 


1870 


1912 


1953 


1995 


2036 


2078 






105 


2119 


2160 


2202 


2243 


2284 


2325 


2366 


2407 


2449 


2490 






106 


2531 


2572 


2612 


2653 


2694 


2735 


2776 


2816 


2857 


2898 






107 


2938 


2979 


3019 


3060 


3100 


3141 


3181 


3222 


3262 


3302 






108 


3342 


3383 


3423 


3463 


3503 


3543 


3583 


3623 


3663 


3703 






109 


3743 


3782 


3822 


3862 


3902 


3941 


3981 


4021 


4060 


4100 






110 


04139 


04179 


04218 


04258 04297 


04336 


04376 


04415 


04454 


0449;^ 




^ 


111 


4582 


4571 


4610 


4650 


4689 


4727 


4766 


4805 


4844 


4883 






iia 


4922 


4961 


4999 


50«8 


5077 


5115 


5154 


5192 


5231 


5269 






113 


5308 


5346 


5385 


5423 


5461 


5500 


5538 


5576 


5614 


5652 




• 


114 


5690 


5729 


5767 


5805 


5843 


5881 


5918 


5956 


5994 


6032 






115 


6070 


6108 


6U6 


6183 


6221 


6258 


6296 


6333 


6371 


6408 


■ 




116 


6446 


6483 


6521 


6558 


659S 


6633 


6670 


6707 


6744 


6781 






117 


6819 


6856 


6893 


6930 


6967 


7004 


7041 


7078 


7115 


7151 






118 


7188 


7225 


7262 


7298 


7335 


7372 


7408 


7445 


7482 


7518 




• 


119 


7555 


7»91 


7628 


7664 


7700 


7737 


7773 


7809 


7846 


7862 






120 


07918 


07954 


07990 


O8O27 


08063 


08099 


08135 


08171 


08207 


08243 






121 


8279 


8314 


8350 


8386 


8422 


8458 


8493 


8529 


8565 


86iOO 






122 


8636 


8672 


8707 


8743 


8778 


8814 


8849 


8884 


8920 


8955 


^ 




123 


8991 


9026 


9061 


9096 


9132 


9107 


9202 


9237 


927? 


9307 


' 




124 


9342 


9377 


9412 


9447 


9482 


,9517 


9552 


9587 


9621 


9656 




» 


125 


9691 


9726 


9760 


9795 


9680 


9864 


9899 


9984 


9968 


16003 






196 


10037 


10072 


10106 


10140 


10175 


10209 


10243 


10278 


10312 


0346 






127 


0380 


0415 


0449 


0483 


0517 


0551 


.0585 


0619 


0653 


0687 






128 


0721 


0755 


0789 


0823 


0857 


0890 


0924 


0958 


0002 


1026 




• 


129 


1059 


1093 


1126 


1160 


1193 


1227 


1961 


1294 


1327 


1361 


• 




130 


11394 


11428 


11461 


11494 


11528 


11561 


11594 


11628 


P661 


iL694 


« 




131 


1727 


1760 


1793 


1826 


1860 


1893 


1926 


1959 


1992 


2024 






132 


2057 


2090 


2123 


2156 


S189 


2222 


2254 


2287 


2320 


2352 


» 




133 


2385 


2418 


2450 


2483 


2516 


2548 


2581 


2613 


2646 


2678 






134 


2710 


2743 


2775 


2808 


2840 


2872 


2905 


2937 


2969 


3001 






135 


3033 


3066 


3098 


3130 


3162 


3194 


3226 


3258 


3290 


3322 






136 


3354 


3386 


3418 


3450 


3481 


3513 


3545 


3577 


3609 


3640 






137 


3672 


3704 


3735 


3767 


3799 


3830 


3862 


3893 


3925 


3956 




» 


138 


3986 


4019 


4051 


4082 


4114 


4145 


4176 


4208 


4239 


4270 






139 


4301 


433U 


4364 


4395 


4426 


4457 


4489 


4520 


4551 


4582 






140 


14613 


14644 


'14675 


I4706 


14737 


14768 


14799 


14829 


14860 


14891 






141 


4922 


4953 


4983 


5014 


5045 


5076 


5106 


5137 


5168 


5198 






142 


5229 


5259 


5290 


5320 


5351 


5381 


5412 


5442 


5478 


5503 






143 


5534 


5564 


5594 


5625 


5655 


5685 


5715 


5746 


5776 


5806 






144 


5836 


5866 


5897 


5927 


5957 


5987 


6017 


6047 


6077 


61 07 






145 


6137 


6167 


6197 


6227 


6256 


6286 


6316 


6346 


6376 


6406 






146 


6435 


,6465 


6495 


6524 


6554 


6584 


6613 


6643 


6673 


6702 






147 


6732 


6761 


6791 


6820 


6850 


6879 


6909 


6938 


6967 


6997 






148 


7026 


7056 


7085 


7114 


7143 


7173 


7202 


7231 


7260 


7289 






149 
150 


7319 


7348 


7377 


7406 


7435 


7464 


7493 


7522 


7551 


7580 






17609 


17638 


17667 


17696 


17725 


17754 


17782 


17811 


17840 


17869 






151 


7898 


7926 


7955 


7984 


6013 


8041 


8070 


8099 


8127 


8156 






152 


8184 


8213 


8241 


8270 


8298 


8327 


8355 


8384 


8412 


8441 






153 


8469 


8498 


8526 


8554 


8588 


8611 


8639 


8667 


8696 


8724 






154 


8752 


8780 


8808 


8837 


8865 


8893 


8921 


8949 


8977 


9005 






155 


9033 


9061 


9089 


9117 


91*45 


9173 


9201 


9229 


9257 


9285 




■ 


156 


9312 


9340 


9368 


9396 


9424 


9451 


9479 


9507 


9535 


9562 






157 


9590 


9618 


9645 


9673 


9700 


9728 


9756 


9783 


9811 


9838 




1 


158 


9866 


9893 


9921 


9948 


9976 


20003 


20030 


20058 


20085 


20112 






159 


20140 


20167 


20194 


20222 


20.249 


0276 0303 


0330 


0358 


0385 

t 

1 





TABLE I. LOCaRITHMS OF NUMBERS. 



No. 


_L. 


_1_ 


^ 


,- 


* 


5 


6 


^t 


9 




ITi 


0683 




^ 


aoTgb 


r: 


Ts" 


10575 


306U3 


90699 
0898 


90656 




16a 


09H 


O^B 






1059 


lOBJ 






1.65 


?r99 




163 


1919 


.145 




1399 


1335 


1353 






.43. 










IS.I 




1564 




1617 


.643 




1696 










1775 










1906 


1933 


1958 


1985 




166 




9037 


9063 


3D89 






1167 




3990 


3946 




lfl7 


9179 


399B 




9350 


9376 


9401 


3*97 




1479 








9*31 


9557 




3609 


3634 


9660 




971s 


3787 


3763 




169 


3789 










9917 


9943 


3968 




3019 




170 


^MM 


93070 


93096 


33I3I 
3376 


93147 


33179 


93198 
3459 


93113 


93949 


93974 




174 
17» 


ajsa 

aios 

405 s 


3578 
3830 

4399 


38SS 


3699 
4378 


E 


3679 
3930 


3704 

3955 


3799 
39S0 


375) 


3779 

4979 




1T« 


4JSI 


4576 




4635 




467. 




4794 


4748 


4773 




Ijfl 


4797 
S0*9 


t«6 


sog! 


4871 


M39 


5164 


494< 


4969 


4993 

5137 






179 


iaa* 


S310 


5334 


5358 


5383 


540» 


5431 


545; 


5479 


5503 




180 


aiS« 


95551 


95575 


95600 


^^ET* 


35648 


95673 


956^ 


95730 


95744 






5768 














5935 




5983 




IBS 


6007 


6031 


6055 


6079 








6174 


6198 


6931 




1§0 


6345 


6969 






6340 


6364 


63S7 




643S 


645B 












6553 






£633 






6694 






6717 


6741 


6761 


6788 






6858 


6881 








|§G 


""4 




6998 


7091 


704 S 


7068 


7091 




713S 


716I 




la? 




7907 




7 951 




7300 


7393 


7346 


7370 


7393 








7439 




7485 


7108 


7531 




7*77 


760O 






leg 


7S46 


7669 


7699 


7715 


7738 


7761 


7784 


7B07 


7 830 


7859 




190 


a7S75 


37898 


57931 




37967 


17989 




38035 








191 










B194 


89.7 






8385 


8307 




iga 


8330 






8398 






6466 






8533 




193 




857 B 










8691 


8713 




8758 




19* 


8780 


Bsoa 








8 893 




8937 


8959 


8981 




19i 


900a 




9048 








9137 




9.81 


9303 




196 




9948 


9970 






93361 9358 


9380 


9403 






197 


9447 


9469 




9S13 




95S?7 9J79 


960. 








.99 


9667 


9688 


9710 


9733 


9754 


9776 979s 






9863 




igg 


9BB5 


9907 


9999 






999l|300l6|300a8 


30060 


aoDBi 




'JOO 


3oioa|3oiai 


30.46 


30168 


30.90 


3031 1 


8O933'a0355 


JoiTe 








oaao 




0363 




0400 


















055; 




060( 






0664 


0685 








307 


0933 

117s 

.597 


119; 
1618 


079! 


im'< 


1960 

1471 


1069 

I70! 


0878 
1091 
1309 

1793 


1534 

.744 


1345 


0949 

1S76 
■ 7 85 






laOG 






.869 


1S90 




1931 




.973 






^109 


3015 


9035 


9056 


9077 


30ga 


9111 








9301 






39999 33343 








J 933 5 


39346 










9439 




9469 


9490 








3S73 




9613 








3654 




9695 


9715 


9736 


3756 


9777 


9797 






ai3 






9879 




9919 


9940 


9960 






3091 






3041 










3143 


3163 




3903 












3984 






3345 




33BS 








ai6 






34B6 


350Sl 


3536 


3S4fl 


3566 


35 B6 


360« 


3696 




917 




aecfi 




3706 


3736 


3746 


3766 


3780 




3836 






3846 


3866 






3995 


3945 


39*5 


3985 


40DS 


4095 




319 


>Bi 


^p- 


4084 





4134 


4143 


4163 




4903 







TABLE I. L0G4EITHMS OF NUMBERS. 





Ho. 


_l.l_i_l_JLl^ 


* 


5 1 6 1 7 


« 


9 




aai) 


3424: 


343ej 


34i8aO4a0 


3439 


3434134361,34380 


34400 


34420 










479 49S 






577 




6(6 










674) 694 


713 




779 


792 










850 


S69| 839 


90s 


928 947 


967 










3309} 




35064,35083 


35109 


351*3 35141 


35160 




199 












276 




SI5 334 




379 


399 




H-16 












507 526 




















679 


698 717 


736 


755 


774 






793 


Bia 


832 




870 


889 908 


997 


946 


965 




aaq 


9S4 


36003 




36040 


36059'36C 7 836097 


36116 


36131 


36154 




-130 


36173 










967 


986 


305 




349 




931 
















493 














586 








6SI 






717 






736 




773 


791 




899 


847 


856 




903 




aa* 


gaa 






977 


996 


37014 


37033 




37070 


370S9 




aas 


37107 


37195 




37162 


37181 




918 






973 






291 












401 






457 




aa? 


47i 


493 










«5 


6i>3 




639 




238 


658 


676 


694 


719 


731 


749 


767 










J21 




Bsa 


S76 


894 


919 


931 


949 


96; 


985 


J 8003 








38057 


38075 38093 


38ll9;3a]30 




38166 
















374 








346 










399 


417 


435 




471 


489 




S2S 






343 






5S6 


6.4 


639 




668 






791 






739 








BIO 


838 


846 












917 


934 




970 




19005 




39041 








24* 


^'^37^ 


39111 


39139 

305 


39I4G 


J9164 
340 


III 


199 
37s 


39.' 


■935 


428 
























602 




249 


6H 


637 


655 


673 


6<90 


70? 


724 


74' 


759 


777 






794 












898 


915 










9fiJ 








40037 




J0071 








asi 






175 


192 








361 


978 






III 


dB3 


III 


346 


S35 


ll'l 


398 
569 


415 


603 


620 


6a? 




25i 


8M 


VA 


sis 


705 

875 


III 


739 


756 
9J6 


77; 


790 
960 


so? 

976 








41010 




41044 


4106 


41078 


11095 


mil 








asg^'aao 


a!? 


lea 


a 80 




246 


363 


«7 


464 


4 81 




90o: 497 






S47 








7 BO 




647 




.6i 


664 


esi 


697 


714 


7a 


747 


764 


797 






M2 






863 


B80 


896 




999 




963 


979 














42062 




49095 




49197 






161 


















399 


398 




365 

366 


4B8 


504 


357 


587 


55' 


sro 


5BG 


439 
603 


455 
619 


635 




267 


651 


667 


6R4 
B46 


700 
861 


716 

87 B 


732 


749 


927 


943 


797 
959 




_269;_97S 


991 


43008 


43094 43040 


13051 


43072 


43088 


43104 






270,43136 




169 










265 






274 

277 
278 


397 

775 
44091 


473 
791 

44T 

264 


399 

965 
279 


664 


996 


377 
537 
696 

326 


39t 

870 


72: 


44059 
373 


759 
917 




.„; ... 


3 


JZ 


607 


623 


jf 


65 1 


669 


685 


700 



TABLE I. . LOGARITHMS OF NDinEKB. 



INo. 


. ! . 1 » 


.) 


_4_l_^l 6 1 7 1 S 1 9 ll 


HBO 


4(716:4473) 


44747 


4476a 


44771* 


44793 


44X09 


44aa4 d4h4o 


44855 


^fli 


4 '" 


8SB 


4i05fl 


45071 


S33 
450S6 


45103 


<J63 
45117 


^sVat'aTil 


*'°l°3 




17! 


194 


309 








371 




301 




385 


4S4 


347 


>;• 


530 


545 


Jet 


433 
576 


439 




469 


as6 


637 




667 


fiBS 


697 




738 


743 


75N 


773 


387 


7se 




SIB 


S31 




864 


87! 




909 




«B 






969 


9S4 


46000 


46015 










a 9 


46]0.l|46130 




150 


165 


1R< 


195| 310 


335 






35i 


370 


aoo 


n^ 


~330 


345 


359 


374 














464 
















i6fl 




sgs 






643 




673 


190 










746 


761 


776 


790 












864 








933 




9S3 


967 






fl97 








47056 


47070 


47085 




47114 


396 


.7139 


47144 




173 






317 






361 


397 
B98 


376 


43( 


305 


465 


480 


349 


509 


8J8 


393 


407 


299 


ie? 




5S6 




635 


640 


654 




6B3 




bI", 


713 
§57 


737' 
871 


885 


900 


914 


939 


943 


"IS 


9?3 


986 








49099 






4S073 


48087 


48101 






il03 


3S7 


00! 


vl 


830 
473 


au 


i 


E 


387 
530 


35< 


III 












639 




657 


671 




700 


acir 


III 


73B 
869 


III 


7S6 
897 


770 
911 


936 


940 


954 


968 




aoi 


996 


^9010 


*9034 


4903 f 


49053 


49066 


49080 




49106 


49133 










i7t 




306 


330 


334 








376 












860 


374 




403 


313 




433 


443 


457 


471 


485 










3ia 




ifiS 


saa 


596 




634 


638 


651 


665 














748 




776 


790 












859 


873 




900 






941 




ai; 


969 
S01D6 


50120 


996 


iooio 

147 


^°°^\ 


50087 


^"?SB 


^''aoB 


50079 


'"^39 


ll? 


379 


356 


401 


43* 


433 


«? 


46? 


4?! 


«! 


5" 






53! 


M3 








' 596 






637 


Ill 


7§fi 


79' 


678 


691 
836 


840 


718 


733 
866 


880 


759 


77a 
907 








947 


B61 








SlOU 






alt 


5105 5 


aoa 


^'TjI 


"III 


^'343 


^'ats 


13s 

fl6B 




308 


336 










375 












357 


45i 


4fi8 


481 


495 




591 


534 


54B 


561 


574 




587 






637 


640 




667 






706 


339 


730 


733 


746 




773 


786 




81! 


835 




330 


B5I 


S65 


878 


891 


?J04 


917 


950 


943 


"957 




aai 


gas 


996 


^^lll 


sioa; 


53035 
166 


''^Vll 


S3061 


53075 53088 


''33! 


334 


375 


357 
3H8 


370 


41! 


437 


aio 


4s; 


336 


1*1 


363 


835 


504 










J.69 




595 


6oi 




SM 


634 




660 


67; 


686 


699 




734 




750 


Z 


■76J 


905 


789 


930 


l\l 


956 


96. 




994 




z 


'^ 


5303353046 


^ 


S3071 


53084 




53097 


'"T" 


ly5 



TABLE I. LOGARITHMS OF NUHSMWk 



No. 


^^ 


-L. - 


L^^L_._ 


6 ! 7 


. '.,,| 


Vil 


z« 


SS8 


5317; 


'S318l 
567 


"ii 


saaii 


47! 


491 
618 


377 
104 
631 


53303 


344 

346 


7Si 


79< 


6SI 
B07 
933 


694 

946 

54070 


7« 


71! 


733 
857 

9sa 


870 
54 1 30 


717 


769 
895 


049 


3B; 


170 


Jto? 


aao 


33' 


345 


357 


a7( 


383 


370 

394 


a so 


407 


419 






"456 


469 




*9' 


506 






S31 










593 






6ao 


643 


3M 


614 




679 


691 




716 


738 


741 


753 


76S 




777 


790 






827 


B39 




864 


876 




314 


900 


91 ji 






949 


963 


974 


986 


998 




3)fi 
3>9 


»J0!13 

a67 




11047 
169 


ao! 


437 


"S06 
449 


31096 


330 
353 
47a 


606 


351 
376 
497 


360 


630 


641 


G54I e66 


~678 


,691 


703 


715 


737 


739 


361 


7S1 


76a 


775' r«7 




















89s| 907 


91< 








967 




303 


991 




5601 s 16037 










56086 


5609B 


864 






134 Hfl 








19* 




317 








953 365 






















396 








443 
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467 
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633 




656 


667 


679 
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J^ 


708 
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77a 




797 
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^70 
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g33 


844 


855 


867 


879 


891 
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371 


937 
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996 




»7019 


57031 


1704a 


37a 
3;a 


S70S1 
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57O66 




i?089 


57101 


57110 
999 
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136 


364 


376 


374 


a87 


a9< 


4^6 


■ 43f 


44^ 


461 


473 


484 


496 


SO7 


376 












176 
















617 






69. 


703 




J 36 








761 


779 


78J 


795 


807 










379 


864 




887 










944 




967 




97a 


990 


^^^ 


18013 


58034 


I^^ 


5B047 


58018 


58070 


5 8081 


a§i isoga 




115 137 




149 




179 






a^a 


306 


Hi 


339I S40 
343] 354 
416] 4 67 


365 

478 


377 


z 


a 99 


397 
410 


309 
535 








169] 580 










696 


647 




6.19 


670 




692 


704 




Tib 


737 


749 




387 


771 


7fia 






816 








861 


873 








906 


917 




939 








984 


3flg Q95 


59006 




i90']S 


59040 


59051 


59063 


59073 


59084 


59095 


39019106 


118 


lag 


14D 


111 


162 


173 


184 


195 


3D7 


391I 318 


as 9 












291 






39'i 3i9 


4S0 


^el 


47: 


lYi 


494 


506 


517 


417 


139 










19^ 


601 










395 660 


671 










736 


737 


748 


739 


396 ??0 




791 


BOl 


813 






84 6 


857 














934 




916 


966 


97? 


39R 9Ba 
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60010 6ooai 
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:i»fl 60097 


^ 


^Vz 
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153 


^ 
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_J_ 


:, 


4 


^ 


6 


,1.1. 


400:6oao6_60!H 7 


60311 


60239 


60949 


60360 


6027; 


60282!60293 60304 . 


"i 


49* 


43a 


44! 


347 
455 


461 


477 


487 


!m 


SO9: S20 1 




i3l 






563 


574 




595 




61 7; 637 






649 


660 


670 


681 


6p-2 


703 


713 


794! 73* 




746 


756 


767 


77" 


7'i'. 


799 




631 




H06 




863 


974 










927 


938' 949 


407 


9*9 


970 


9§l 








61013 


6108* 


61045 61 OSl 




61066 


61077 


610S7 


61098 




119 




140 


1*1 , 16a 


409 


17-1 


163 


-^ 


ao« 


2IJ 


215 


236 




257I 26a 


*[* 


490 


389 




4Jfi 


436 


i 


34! 


563 


3631 374 1 
469 479 1 

574! 584 1 




sgj 






647 


637 






669 


679^ 690 


;is 


JOO 


711 


III 


731 


743 


752 


763 
SfiH 


77'i 

878 


784] 794 
888 899 


416 






930 


941 


951 






983 










63034 


6101 s 


63055 




63076 


630866-10971 107 II 








136 


149 




170 








419 








353 




273 








i 


335 


«; 


~346 


439 


4 69 


li 


387 
593 


IS 

603 


*°\ 


E 








655 






685 


696 


706 


716 


796 




7a7 


747 




767 


77a 


7S8 


79s 


808 














870 








910 


921 


931 




941 




961 






999 


63003 


63012 




63033 




63048 




63063 


63073 




53094 










4as 




lis 


16* 


175 












236 






a*6 




376 






306 


317 


327 


337 


430 


347 


357 


367 


377 


3B7 


"397 


407 


417 


498 


438 




44 B 




468 


47fi 




♦98 




518 




538 








56b 


579 




599 


609 




629 




433 


749 


659 


669 
769 


679 


689 
789 


699 
790 




719 
819 


729 


739 




849 




669 






899 


90! 












959 


969 


979 




998 




6401 i 






437 


S4D4I 


61058 
1*7 


S406S 


64078 


'"b? 


64098 


J°l 




527 


137 
337 


*as 




3*6 


366 




386 


996 


301 


311 


321 




44^ 


1*1 


45! 


363 


375 
473 


483 


395 
493 


*M 


51! 


"' 


533 






553 


56B 








601 






631 








660 




680 


689 


699 


709 


719 






738 


74S 


758 






7«7 


707 


807 


616 




445 


836 


846 


953 


968 


972 


Hi 


992 


65002 


65011 


924 
6*091 




65031 




65050 


65060 








099 
196 










187 




tii 


167 


176 


181 






^■'g 


335 


ai4 


344 




263 


273 






309 


ai2 


4SO 


3-11 


331 


341 


3*0 




369 


~379 


~389 


"Igi 


40 s 


tsi 




427 


437 


447 


S*' 


466 
562 


475 

571 


*ai 




600 


4SG 6.0 






63! 


648 


658 


667 


677 




696 




'," 


bIi 


7Si 


830 


839 


753 
849 


763 


773 

868 


789 

877 


799 
887 








916 


92* 


935 






963 






4i7 








66030 


66030 


S60" 


66049 


B60S8 


6606B 


66O77 


«- 


660S7 
181 


096 


!oe 


115 


Jz 


229 


143 


1 


257 


173 
966 
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460 


66376 66383 66aUS 


66304 


e63H 


66333 


6633 1 


6634366351 66361 || 




4fil 
*6z 


370 
4«4 


Ti 


::^ 


III 


soa 


sn 


III 


436 


539' 549 








S67 


m 


















flsi 


661 


«;i 


680 


esg 


699 




717 


797! 736 






745 




704 
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466 


839 




■11 


867 










91a' 933 




46; 




941 


960 


960 


969 


978 






67006 67013 






67oa5'67oa4 


67... 


67osa 


67069 6J07I 


67080 67089 


099' >0B 




469 


l'7 




10. 












191! 901 




470 
111 


ao' 


311 


z 


937 


339 


348 


~s? 


974 

367 


376| III 










4„ 












468, 477 




47a 


486 


495 


m 












560 


ss» 




4T4 






..« 


605 








64 3 




660 








67<1 


6., 


697 


706 


715 




733 


743 


753 






761 


770 


77» 




797 


806 




825 


834 






47? 


653 


861 


.70 


879 






906 


916 




934 




478 






,£', 


970 

68061 


979 

68070 


6807! 


997 
68088 


68006 
097 


6801 5 68031 
















isg 
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187 
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S69 




987 996 






JOS 




393 










36B 


377 386 






















467 476 




4" 


574 


58! 


593 


601 


530 


539 
619 


638 


III 


646' 655 






664 


673 






699 




717 


796 


735 7<4 




4fi7 
48S 


sJ: 


76J 


J71 
860 


790 
869 


789 
878 


797 


706 
895 


815 


913 939 




J1B9 




940 






_966 


975 


984 


993 


Sgo02'69011 






M^ 


69038 


69M7 


M040 


6903 5 


69064 


69073 


69083 


090. 099 




491 




117 


136 










170 


179 


188 




4gi 








121 








958 


367 


37s 






























373 






39g 




417 












49s 


461 








496 






5 '13 




539 




4g6 

49« 




819 


566 


749 


738 


767 


775 
86i 


609 
697 


618 

79; 


637 




1";^ 


89! 


906 










"^ 


~966| 975 11 




SOI 




9B3 


7000170010 


70018 




70036 


70044 


7OO53!7006» II 






70070 


70079 


088 096 


















1S7 






igi 




ao! 










so* 




33S 


360 1169 
346 35i 


978 
364 


9S6 


3" 


Z I". 


406 




S06 








449 




46; 










ao8 


586 


595 


eoa! 6?2 




699 


638 


646 


655 


663 




Log 


673 




689' 697 


706 


714 




531 


?40 


749 




: sio 


7S7 
819 


766 


774 

esg 


IT. 


791 
876 


885 


^ 


B17 


910 


9^9 




iii 


7101; 


935 

7ioao 


71039 
19f 


953 

71037 

206 


961 

13G 


969 
7IOiJ 


978 
71063 


940 


7107! 


71003 
088 

173 

95J 






a6j 




















517 


517 


Hi 




374 


To 


475 


39! 


493 


5i| 
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, 


^ 


a 
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« :L-, .11 


li«0 


7634* 


;a35<t76as8 


76365 






7638B 


-639576403 


76410 


i 


«9a 
S67 


B 


IS 


5ft9 


'1 


i 


;" 


i 


477 


B 


i!l4 


716 


649 
793 


730 


664 
738 


-U 


678 
75J 


686 
760 


643 

768 


JOl 

775 


709 

783 


SS6 


790 


797 


805 










841 




856 




B64 


871 


879 


686 






908 






930 






94 S 


953 






975 


989 


989 


997 




! BBS 


77013 


77oi9;77036 


77014 


77041 


77C4B 


770S6 


77063 


77070 


078 


1 A90 


08 S 


093 


100 


107 


115 


193 


139 


137 


144 


151 






166 






188 




903 




317 


915 






940 




954 


963 












59a 


ao5 








33S 




349 


3*7 




371 


*94 
S9S 


4" 


38b 
4S9 


4 66 


47< 


481 


*[] 


419 
495 




4S7 


517 


896 






539 








5G8 


576 


583 








605 


fiia 












SS6 




iM 


670 






69J 




7Cfi 


714 


711 






f_SB9 


7*3 


7*0 


7S7 


76* 


771 




7B6 


793 


Bo: 


808 








830 












873 


8 BO 


60) 


960 


967 


974 


909 
981 


98B 


991 


7800- 


931 


78017 






7soa2 


7S039 




78053 






075 




089 


097 
















147 






168 


1 eos 


176 


1B3 


190 












933 




sa« 


347 


9S4 


969 


369 


376 






997 






1 eoj 


319 


336 


3S3 


340 


347 




363 










390 


399 










433 




447 


4J5 


' 609 




469 


_476 




490 


497 








SJ6 


. 610 


533 


540 


547 


554 


561 


569 


576 


S83 


S90 


597 


mi 














647 










675 


6fa 


6S9 


696 






718 


795 


731 


739 


;;: 


746 


7sa 


760 
903 


767 
909 


916 


'ii 


789 
8S9 


796 
937 




810 


6IG 


9S9 


965 




979 


9S6 






79007 


790K 


79031 




79039 


79036 




79050 




79064 


071 






093 






















169 


619 


169 


176 


183 


19( 


19; 


90 


911 


918 


595 


1^1 


6iO 


339 


946 


953 


960 


967 


974 


~991 


988 


~995 


309 


flat 


309 




393 




337 


-■>44 




358 






ei9 


379 


386 


















«ia 


















505 










5 39 


539 




553 


560 
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603 


609 
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63D 


637 
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685 
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790 




737 
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796 
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948 
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318 


395 
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S3? 


III 
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Til 
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Jf 
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^ 
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5M 
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9 
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80679 
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s 
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z 
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949 


"e 
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"070 
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°^ 
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137 


an 
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345 
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~a9S 
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33S 


045 
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385 
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«] 
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sw 


SU 
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"4 


"! 
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737 
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M* 
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875 
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899 
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908 
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M8 
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83053 


lai 
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133 


z 
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•« 
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969 


376 
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387 
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666 
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419 
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517 
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465 
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66B 
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^49 
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67a 
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IS 
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633 


"5 


?n 


718 


659 


730 








750 
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763 


769 
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789 


795 
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B7a 




885 
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eao 












969 






988 




saosg 
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06S 


072 
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*^ow 
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83040 


830« 


83053 


678 






136 










168 
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167 
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306 






334 








690 


r^ 
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370 


3715 


~aaa 


389 


"396 


303 




6B1 


ais 
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373 


eafl 


378 




391 


398 






417 




439 


436 ; 
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448 


"i 
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"' 


474 
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487 
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556 


563 


6es 


569 


















636 
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670 


677 


683 


689 
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7a7 
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7*6 










771 








797 








689 


saa 
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841 


847 


BS3 


J|60 


866 


873 


879 
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-^ 


891 


897 






916 


933 










946 




960 


967 


973 




















84oay 


84036 


84043 






8406. 


067 
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073 
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130 


694 


136 
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a 80 


a» 
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aao 
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473 
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1 


2 


9 


4 


5 


6 


7 


8 


. 


700 


84910 


84516 84522'84528|845d5 


84541 


84547 


84559 


64559 64556 | 


701 


572 


578 


584 590 


597 


603 


609 


615 


621 


628 




702 


634 


640 


646 652 


658 


665 


671 


677 


683 


689 




703 


696 


702 


708 714 


720 


726 


733 


739 


745 


751 




704 


757 


763 


770 776 


782 


788 


794 


800 


807 


813 




70S 


819 


825 


831 837 


844 


850 


856 


862 


868 


874 




706 


680 


887 


899, 899 


905 


911 


917 


924 


930 


936 




1 707 


942 


94« 954 


960 


967 


973 


979 


985 


991 


997 




7O6 85O03';85OO9'85O16'85C22'83038 


85034 


85040 85046 


85052 


85058 




.709 


065 


071 077 083 089 


095 


101 107 


114 


130 




710 


126 


132 138 144 


150 


156 


163 


169 


175 


181 




711 


187 


193 199 


205 


211 


217 


224 


230 


386 


343 




712 


248 


254 


260 


266 


272 


278 


285 


291 


397 


808 




713 


309 


315 


• 321 


327 


833 


339 


345 


352 


958 


364 




; 714 


370 


376 


382 388 


394 


400 


406 


412 


418 


435 




! 715 


431 


437 


443 449 


455 


461 


467 


473 


479 


485 




; 716 


491 


497 


503 509 


516 


532 


528 


534 


540 


946 




' 717 


552 


558 


564 


570 


576 


582 


588 


594 


600 


606 




; 718 


612 


618 


625 


631 


637 


643 


649 


655 


661 


667 




. 719 


673 


679 


685 


691 


697 


703 


709 


715 


721 


737 




1 720 


733 


739 


745 


751 


757 


763 


769 


775 


761 


788 




' 721 


794 


800 


806 


812 


818 


824 


830 


896 


842 


648 




; 722 


854 


860 


866 


872 


878 


884 


890 


896 


902 


908 




1 723 


914 


920 


926 


932 


938 


944 


950 


956 


962 


968 




724 


974 


980 


986 


992 


998 


86004 


86010 


86016 


860QSr 


86038 




725 


86034 


86040 


8604686052 


86058 


064 


070 


076 


083 


088 




726 


094 


100 


106 


112 


118 


124 


130 


186 


141 


147 




1 727 


153 


159 


165 


171 


177 


183 


189 


195 


301 


807 




! 728 


213 


219 


225 


231 


237 


243 


249 


255 


86ri 


367 




! 729 


» 273 


279 


285 


291 


297 


303 


808 


814 


830 


836 




' 730 


> 332 


338 


344 


350 


356 


362 


368 


874 


880 


886 




731 


992 


398 


404 


410 


415 


421 


427 


483 


4^9 


445 




732 


451 


457 


4«3 


469 


475 


481 


487 


493 


499 


604 




733 


510 


516 


522 


528 


534 


540 


546 


5"52 


558 


564 




734 


570 


576 


581 


587 


593 


599 


605 


611 


617 


623 




735 


629 


635 


641 


646 


652 


658 


664 


670 


676 


682 




736 


688 


694 


700 


705 


711 


717 


723 


729 


735 


741 




737 

1 


747 


753 


759 


764 


770 


776 


782 


788 


794 


800 




738 


806 


812 


817 


823 


829 


835 


841 


847 


853 


859 




! 739 


864 


870 


876 


882 


88« 


894 


900 


906 


911 


917 




740 


923 


929 


935 


941 


947 


953 


958 


964 


970 


976 




741 


982 


988 


994 


999 


87005 


87011 


87017 


87023 


87029 


87035 




742 


87040 


87046187052 


87058 


064 


070 


075 


061 


087 


093 




743 


099 


105 


1.11 


" 116 


122 


128 


134 


140 


146 


151 




744 


157 


163 


169 


175 


181 


1«6 


192 


198 


204 


310 




745 


216 


221 


227 


233 


239 


245 


251 


256 


262 


368 




746 


274 


280 


286 


291 


297 


303 


309 


315 


320 


326 




747 


339 


338 


344 


349 


355 


361 


3«7 


373 


379 


384 




748 


390 


396 


402 


408 


413 


419 


425 


481 


437 


442 




749 


448 


454 


460 


466 


471 


477 


483 


469 


495 


500 




750 


506 


512 


518 


523 


529 


535 


541 


547 


552 


558 




751 


564 


570 


576 


581 


587 


593 


599 


604 


610 


616 




752 


622 


628 


633 


639 


645 


651 


656 


662 


668 


674 




753 


679 


685 


691 


697 


703 


708 


714 


720 


726 


731 




754 


737 


743 


749 


754 


760 


766 


772 


777 


783 


789 




755 


795 


800 


806 


812 


818 


823 


829 


835 


841 


846 




756 


852 


858 


864 


869 


875 


881 


887 


892 


898 


904 




757 


910 


915 


921 


927 


933 


938 


944 


950 


955 


961 




758 


967 


973 


978 


984 


990 


996 


88001 


88OO7 


88018 


88018 


1 


759 


88024 


88030 


88036 


88041 


88047 


88053 


058 


064 070 


076 



TABLE I. .LOGARITUM9 OF- NUMBERS. 



405 



No. 
760 





1 


2 


3 


4 • 


5 


6 


7 


8 


9 




88081 


88087 


88093 


88098 


88104 


88110,88116 


88131 88I27 


88133 




761 


188 


144 


150 


156 


161 


167 


173 


178 


184 


190 




763 


195 


301 


307 


313 


318 


234 


330 


235 


341 


347 




763 


352 


358 


364 


370 


375 


281 


387 


393 


398 


304 




764 


309 


315 


331 


336 


333 


338 


343 


349 


355 


360 




765 


366 


-373 


377 


383 


389 


395 


400 


406 


413 


417 




766 


433 


439 


434 


440 


446 


451 


457 


463 


468 


474 




767 


480 


485 


491 


497 


503 


508 


513 


519 


535 


530 




768 


536 


543 


547 


553 


559 


564 


570 


576 


58^1 


587 




769 


593 


598 


604 


610 


615 


631 


627 


633 638 

• 


643 




770 


649 


655 


660 


666 


672 


677 


683 


689^ 694 
745^ 75tO\ 


700 




771 


705 


711 


717 


733 


728 


734 


739 


756 




77a 


763 


767 


773 


779 


784 


790 


795 


801 


8O7 


813 




773 


818 


824 


839 


835 


840 


846 


852 


857 


863 


868 




774 


874 


880 


885 


891 


897 


903 


908 


913 


919 


935 




775 


930 


936 


941 


947 


953 


958 


964 


969 


975 


981 




776 


986 


992 


997 


89003 


89009 


89014 


89020 


89035 89031 


89037 




777 


89043 


89048 


89053 


059 


064 


070 


076 


081 


087 


093 




778 


098 


104 


109 


115 


120 


136 


131 


137 


143 


148 




779 


154 


159 


165 


170 


176 


183 


187 


193 


198 


304 




780 


309 


.215 


321 


236 


232 


337 


243 


348 


354 


360 




781 


365 


271 


276 


282 


287 


293 


298 


304 


310 


315 




782 


331 


326 


333 


337 


843 


348 


354 


360 


365 


371 




783 


876 


382 


387 


393 


398 


404 


409 


415 


421 


436 




784 


433 


437 


443 


448 


454 


459 


465 


470 476 


481 




785 


487 


492 


498 


504 


509 


515 


520 


536] 


531 


537 




786 


542 


548 


553 


559 


564 


570 


575 


581 


586 


593 




787 


597 


603 


609 


6)4 


630 


625 


6»1 


636 


643 


647 




788 


653 


658 


664 


669 


675 


680 


686 


691 


697 


703 




789 


708 


713 


719 


724 


730 


735 


741 


746 
801 


752, 757 




790 


763 


768 


774 


779 


785 


790 


796 


807 


813 




791 


818 


823 


839 


834 


840 


845 


851 


856 


863 


867 




792 


873 


878 


883 


889 


894 


900 


905 


911 


916 


933 




793 


937 


933 


938 


944 


949 


955 


960 


966 


971 


977 




794 


982 


988 


993 


998 


90004 


90009 


90015 


90030 90036| 


90031 


% 


795 


90037 


90042 


90048 


90053 


059 


064 


069 


07 5J 


080 


086 




796 


091 


097 


103 


108 


113 


119 


124 


139 


135 


140 




797 


146 


151 


157 


162 


168 


173 


179 


184 


189 


195 




798 


300 


206 


31) 


217 


323 


227 


233 


338 


344 


349 




799 


355 


360 


366 


271 


376 


282 


287 


393 


398 


304 




800 


' 309 


314 


320 


325 


331 


336 


342 


347 


353 


358 




801 


363 


369 


374 


380 


385 


390 


396 


40) 


407 


413 




803 


417 


433 


438 


434 


439 


445 


450 


455 


461 


466 




803 


472 


477 


483 


488 


493 


499 


504 


509 


515 


530 




804 


526 


531 


536 


542 


547 


553 


558 


563 


569 


574 




805 


580 


585 


590 


596 


601 


607 


612 


617 


1 633 


638 




806 


634 


639 


644 


650 


655 


660 


666 


671 


677 


683 




807 


687 


693 


698 


703 


709 


714 


720 


735 


730 


736 




808 


741 


747 


753 


757 


763 


768 


773 


779 


784 


789 




809 


795 


800 


806 


811 


816 


822 


827 


833 


838 


843 




810 


849 


854 


859 


865 


870 


875 


881 


886 


891 


897 




811 


903 


907 


913 


918 


934 


929 


934 


940 


945 


950 


* 


813 


956 


961 


966 


972 


977 


983 


988 


993 


998 


91004 




813 


91009 


91014 


91020 


91025 


91030 


91036 


91041 


91046 91053 


057 




814 


062 


068 


073 


078 


084 


089 


094 


100 


105 


110 




815 


116 


131 


136 


132 


137 


143 


148 


153 


158 


164 




816 


169 


174 


180 


185 


190 


196 


301 


306 


313- 


317 




817 


333 


238 


333 


338 


343 


349 


354 


359 


365 


370 




618 


375 


381 


286 


291 


397 


303 


307 


313 


818 


333 




819 


338 


334 


339 


344 


350 


355 360 


365 


871 


376 














» 1 




1 1 




«■■■■■ 


■^■■^ 


■^i^VH 
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. 
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TABLE I. LOGAItlTHMS OF NUMBERS. 



No. 





_!_ 


■^ 


a 


,1.1. 






™ 


487 


9136?' 

499 
54 S 


iii 


91397 


508 


566 


S7a 


377 


477 


587 










603 


609 




619 


S34 


630 


635 


640 
















670 


677 


689 












703 






719 






73S 




745 




i 


s 


7Sfi 


761 
866 


871 


S7t 


777 
"3 


783 
834 
887 


787 


793 


798 




Tia 


908 


913 


918 


934 


939 


934 


939 


944 


95U 


955 












976 


9S1 


986 


991 


997 




92007 






MO 12 














93049 








i 




1 


073 
U7 


B36 


1B9 


195 


asa 


i05 


Hi 


163 




837 


a7J 


378 






390 




304 


309 




319 




s; 


376 


330 


387 


393 


397 


-1 


407 


361 


41I 






z 


480 


433 
336 


i 


495 

347 


553 

6oa 


305 
557 


614 


ii 
6,9 


46! 
571 


III 








639 














67S 


681 




845 




691 


698 


701 




711 


716 


"3 


717 


733 




B-16 








75] 






768 


773 




783 




849 


78! 


793 


850 


III 


809 
860 


lit 


S19 
870 


875 


881 






_B4g 


/SI 


BM 


9QI 


900 


911 


_^ 


9-Jl 




933 


937 








947 








Jo% 




978 




9BS 






9Ba 






9300B 








93039 




93039 




833 








osg 




06! 


07s 










i^; 


ii; 


30! 


307 


E 


166 


171 
37; 


B 


333 
383 


136 
33i 


193 
293 




851 


34! 


3S< 


3°i 


:;: 


36! 


37< 




s 


339 
B89 


»; 




IS 


"1; 


to' 


iU 


465 


531 


536 


~T, 


536 


ii 


S46 




869 












376 




5B6 




596 




sea 
















636 








HSl 




656 


661 




671 








693 






B65 


7oa 


7S7 


?13 
762 


76; 


Ja3 


797 
777 


733 
783 


737 
787 


JM 


747 
797 




867 
86S 


BV- 


807 
857 


se' 


86? 


87' 


837 


883 


837 


S9a 


84 7 
697 




1 §fi9 


903 


907 




917 


915 




933 






947 




871 
873 


'rl 


957 
940O7 


963 


967 

94017 


''B 


94037 

077 


94ol3 


987 

91037 

086 


94C43 

091 


997 

94047 

D96 




873 


\Vs 


106 


lei 


lee 


171 


176 


\l\ 


136 




\',l 
























24J 














370 






38a 


290 






877 


349 


III 


359 


36^ 


369 


374 


379 


3M 


389 


III 




879 


399 


404 




414 


419 


434 


439 


433 


43 S 


443 





TABLE I. LOGABITHM8 OF NUMBERS. 



fOT 



No. 





1 >■ 


3 


3 


4 


5 


6 


h 


8 


!■«• 


880 


94448;94453,94458 94463 


94468 


94473 


94478|94483 


94488 94493 


881 


498 


503 


507 


513 


517 


522 


527 


532 


537 


542 


883 


547 


553 


557 


563 


567 


571 


576 


581 


5B6 


> 591 


883 


596 


i 601 


606 


611 


616 


621 


626 


630 


635 


: 640 


884 


645 


650 


655 


j 660 


665 


670 


675 


680 


685 


689 


98» 


694 


699 


704 


1 709 


714 


719 


734 


729 


734 


738 


886 


f43 


748 


753 


I 758 


763 


768 


773 


778 


783 


787 


887 


793 


797 


803 


807 


812 


817 


822 


827 


832 


836 


888 


841 


846 


851 


856 


861 


866 


871 


876 


880 


885 


889 


890 


895 


900 


905 


910 


915 


919 


924 


929 


934 


090 


939 


944 


949 


954 


959 


963 


968 


973 


978 


983 


891 


988 


993 


998 


95003 


95007 


95012 


95017 


95022 


95027 


95032 


893 


95036 


95041 


95046 


051 


056 


061 


066 


071 


075 


080 


893 


085 


090 


095 


100 


105 


109 


114 


119 


124 


129 


894 


134 


139 


143 


148 


153 


158 


163 


168 


173 


177 


895 


183 


187 


193 


197 


203 


307 


911 


216 


221 


326 


896 


331 


336 


340 


245 


350 


355 


260 


265 


270 


374 


897 


379 


384 


389 


394 


299 


303 


308 


313 


318 


333 


898 


338 


333 


337 


342 


347 


353 


357 


361 


366 


371 


899 
900 


376 


381 


386 


390 


395 


400 


405 


410 


415 


419 


434 


429 


434 


439 


444 


448 


453 


458 


463 


468 


901 


473 


477 


483 


487 


492 


497 


501 


506 


511 


516 


90a 


531 


535 


530 


535 


540 


545 


550 


554 


559 


564 


908 


569 


574 


578 


583 


588 


593 


598 


602 


607 


613 


904 


617 


623 


626 


631 


636 


641 


646 


650 


655 


660 


905 


665 


670 


674 


679 


684 


689 


694 


698 


703 


708 


906 


713 


718 


722 


727 


732 


737 


742 


746 


751 


756 


907 


761 


766 


770 


775 


780 


785 


789 


794 


799 


804 


908 


809 


813 


818 


833 


838 


832 


837 


842 


847 


852 


909 


856 


861 


866 


871 


875 


880 


885 


890 


895 


899 


910 


904 


909 


914 


918 


933 


938 


938 


938 


942 


947 


911 


953 


957 


961 


966 


971 


976 


980 


985 


990 


995 


913 


999 


96004 


96009 


96014 


96019 


96033 


96028 


96033 


96038 


96043 


913 


96047 


053 


057 


061 


066 


071 


076 


080 


085 


090 


914 


095 


099 


104 


109 


114 


118 


123 


128 


133 


137 


915 


143 


147 


152 


156 


161 


166 


171 


175 


180 


185 


916 


190 


194 


199 


304 


209 


313 


218 


333 


227 


333 


917 


337 


343 


346 


351 


356 


361 


265 


370 


375 


380 ■ 


918 


384 


389 


394 


398 


303 


308 


313 


317 


332 


327 


919 
930 


339 


336 


341 


346 


350 


355 


360 


365 


369 


374 


379 


384 


388 


393 


398 


403 


407 


413 


417 


431 


931 


436 


43; 


435 


440 


445 


450 


454 


459 


464 


46^ 


923 


473 


478 


483 


487 


493 


497 


501 


506 


511 


515 


933 


530 


535 


530 


534 


539 


544 


548 


553 


558 


563 


934 


567 


573 


577 


581 


586 


591 


595 


,600 


605 


609 


935 


614 


619 


634 


638 


633 


638 


642 


647 


652 


656 


936 


661 


666 


670 


675 


680 


685 


689 


694 


699 


703 


937 


708 


713 


717 


733 


737 


731 


736 


741 


745 


750 


938 


75{» 


759 


764 


769 


774 


778 


783 


788 


792 


797 


939 


809 


806 


811 


816 


830 


825 


830 


834 


839 


844 


930 


848 


853 


858 


862 


867 


872 


876 


881 


886 


890 


931 


895 


900 


904 


909 


914 


918 


923 


938 


932 


937 


933 


943 


946 


951 


956 


960 


965 


970 


974 


979 


984 


933 


986 


993 


997 


97002 


97007 


97011 


97016 


97031 


97025 


97030 


934 


97P85 


97039 


97044 


049 


053 


058 


063 


067 


072 


077 


935 


08 i 


086 


090 


095 


100 


104 


109 


114 


118 


133 


Si3^ 


138 


133 


137 


142 


146 


151 


155 


160 


165 


169 


.937 


174 


179 


183 


188 


193 


197 


302 


306 


311 


316 


.9*8 


330 


325 


330 


334 


339 


343 


348 


353 


357 


362 


.939 


367 


371 


376 


380 


385 


390 


394 


399 


304 


308 



S O 4 



408 



TABLE I. LOGARITHMS OF NUMBERS* 



I No. 





1 


. 1 


3 


4 


» 1 


6 


7 


8 


. » 


940 97313 < 


97317 


97333973^7 


97331 


97836 


97340 


97345 


9735097854 | 


941 


359 


364 


368 


373 


377 


383 


387 


391 


396 


400 


943 


405 


410 


414 


419 


434 


438 


433 


437 


443 


447 


943 


451 


456 


460 


465 


470 


474 


479 


483 


486 


493 


944 


497 


503 


506 


511 


516 


530 


535 


539 


534 


539 


94* 


543 


548 


553* 

1 


557 


563 


566 


571 


575 


S80 


585 


946 


589 


594 


598 


603 


607 


613 


617 


631 


636 


680 


947 


635 


640 


644 


649 


653 


658 


663 


667 


673 


676 


948 


681 


6S5 


690 


695 


699 


704 


708 


713 


717 


733 


949 


737 


731 


736 


740 


745 


749 


754 


759 


763 


768 


950 


773 


777 


783 


786 


791 


795 


800 


80* 


809 


818 


951 


818 


823 


837 


832 


836 


841 


845 


650 


655 


659 


953 


864 


868 


873 


877 


883 


886 


891 


896 


900 


905 


953 


909 


914 


918 


933 


938 


933 


937 


941 


946 


950 


954 


955 


959 


964 


• 968 


973 


978 


983 


987 


991 


996 


955 


98000 


98005 


98009 


98014 


98019 


98033 


98038 


98033 


98087 


98041 


956 


046 


050 


055 


059 


064 


068 


079 


078 


083 


087 


957 


091 


096 


100 


105 


109 


114 


118 


133 


137 


183 


959 


1»7 


141 


146 


150 


155 


159 


164 


168 


173 


177 


959 


183 


186 


191 


195 


300 


> 304 


309 


314 


318 


338 


960 


337 


333 


336 


341 


345 


350 


354 


359 


363 


368 


961 


373 


377 


381 


' 386 


390 


395 


399 


304 


808 


818 


963 


318 


333 


337 


331 


336 


340 


345 


349 


354 


858 


963 


363 


367 


373 


376 


381 


385 


390 


894 


399 


408 


964 


408 


413 


417 


431 


436 


430 


435 


439 


444 


448 


965 


453 


457 


463 


466 


471 


475 


480 


484 


489 


498 


966 


498 


503 


507 


511 


516 


530 


535 


539 


534 


588 


967 


543 


547 


553 


556 


561 


565 


570 


574 


579 


588 


968 


588 


593 


597 


601 


605 


610 


614 


619 


638 


638 


969 


633 


637 


641 


646 


650 


655 


659 


664 


668 


678 


970 


677 


683 


686 


691 


695 


700 


704 


709 


713 


717 


971 


733 


736 


731 


735 


740 


744 


749 


75a 


758 


76S 


972 


767 


771 


776 


780 


784 


789 


793 


798 


803 


8O7 


973 


811 


816 


820 


825 


! 829 


834 


838 


843 


847 


851 
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III. A Table of Logarithmical Sines and Tangents, to every 
degree and minute of the Quadrant; tlienaturm radius being 
Ten thousand millions^ and the logarithmical radius 10. 

From which the secants and versed sines are readily found ; 
for, 

The cosine subtracted from 20, leaves the secant, and the 
sine subtracted from 20, leaves the co-secant (p. 1 SI.) 

Also, 

If from double the sine of the half of any given Arc, you 
subtract the nimiber 9*69897, the remainder will ^be the 
versed sine of that arc (p. 181.) 



ifili Sine 



o Degrees. 



0.00000 
l!d.46373 
26.76476 
3|6.94085 
47.06579 
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10.00000 
10.00000 
10.00000 



10.00000 6.94085 
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7.36682 12.63318 



7.41797 



12.58203 
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9.99998 
9*99998 



7*94086 
7*95510 
7*96889 
7*98225 
7*99522 
8.00781 
8.02004 



8.03192 9.99997;8.03194 
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TABLE V. ]| 


ReTraction in aliiludc, oTllie heavenly bodiei. 
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TABLE VIII. 

The niwui right ascensions and declinations of 36 principal fiited stars, from 
the Nautical Almanac (1818), corrected to the beginning ofthey«ar 1833. 

. The stars marked with an asterisk * are used to find the longitude at sea. 
(See pages 337 >nd 338.) 



Names of the 



stars. 



7 Fegasi 

a Arietis* 
a CeU 

Aldebaran * 

Capella 



Rigel 

fi Tauri 

a Orion 

Sinus 

Castor 



Frocyon 
Pollux ♦ 
a Hydra 

Regulus * 
fi Leonis 
fi Virginis 



Spica Virginis * 
Arcturus 

JJ.Libr- \ 

a Cor. Borealis. 



Serpends 
Antares * 
Herculis 
Opliiuchi 
I^yrae 



o* > Aquil« * 
> o Capricomi < 



a Cygni 
a Aquarii 

Fomalhaut * 
a Pegasi • 
a Andromedse 



Mag. 



2 
2*8 
3 
1 
1 



1 
3 
1 
1 
3 



1*3 

3 

3 

1 
1*3 

3 



1 
1 
6 
3 
3*3 



3 
1 
3 
3 
1 



3 

1*2 
3*4 

3 

3 



1-2 

3 
1-2 

2 

2 



Mean right 

ascension in 

ttmew 



h ' " 

O* 4* 4*69 
1*57' 9*43 
3*53*58*78 
4*35*43*88 
5* 3*33*09 



5* 5*59*01 
5*15* 3*66 
5*45*32*11 
5.37.17.98 

7*33*13*50 



7 •29*58*67 
7"34*24*54 
9*18*50*31 
9*58*53 '86 
11*39*58*38 
11*41*35*07 



13*15*49*42 
14* 7*33*59 
14*40*51*31 
14*41» 2*74 
15*37* 9*09 



15 •35*30*24 
16*1 8*30*24 
17* 6*31*98 
17*26*40*38 
18*30*54*64 



19*37 '47 '69 
19*42* 3*70 
19*46*33*99 
20* 7*46*24 
20* 8*1012 



20*35*21 '81 
21 •56*58*14 

22*47*47'28 
22*55*53*91 
23*59*12*22 



Annual 

TarL* 

ation. 



3*08 
3*35 
3*13 
3*43 
4*41 



3*88 
8*78 
3*35 
3*64 
3*85 

3*15 

3*69 

2*95 

3*31 

3*07 

3*13 



3*14* 

3*73 

3*39 

3*29 

3*53 



2*94 
3*66 
2*73 

.2*77 

2*03 



2*85 
2*93 
2*95 
3*33 
3*33 



2*04 
3*09 
3*34 
2*98 
3*08 



Dfriination. 



o / i» 

14*11*40*80 N. 
33*37* 0.09 N. 
3*33* 3*00 N. 
16* 8*36-39 N. 
45*48*30-67 N. 



8*34*49*84 S. 
38*36*50*80 N. 

7*31 '56*68 N. 
16*38*39*64 S. 
33*16* 9*73 N. 



5*40*38*88 N. 
38*36*51*58 N. 

7*58 •27 '53 S. 
13*50* 1*41 N. 
15*34* 1*99 N. 

3*47* 9*00 N. 



10*13*41*55 S. 
30* 6*50*09 N. 
15*14*55*54 5. 
15*17*39*40 S. 
37*19*13*15 N. 



7*59*35-30 N. 
36* 1*33*40 S. 
14*36* 5.76 N. 
13*4 1*53 -23 N. 
38*37*26*52 N. 



10*11*14*82 N. 

8.34*22*24 N. 

5*58*13*03 N. 
13* 3.58-20 S. 
13* 5*15* 10 S. 

44*38*56*69 N. 
1*10*45*29 S. 
30*33*47*60 S. 
14*15* 3*24 N. 
28* 6*29*75 N. 



Annual 



+ 30*30 
+ 17*40 

+ 14*75 
+ 7*95 

+ 4*57 



+ 
+ 
+ 



4*93 
3*83 

1*37 
4*36 
7*06 



— 8*54 

— 8»00 
+ 15*19 

— 17*33 
—30*04 
-30-33 



+ 18*95 

— 18*99. 
+ 15*30' 
+ 15*20 

— 13*49 



— 11*73 
+ 8*62 

— 4*48 

— 3*10 
+ 3*00 



+ 8*38 
+ 9*06 

+ 8-57 
— 10*80 
-10*80 



+ 12*63 

-17*37 
— 19*10 
+ 19*43 
+ 19*99 



THE END. 
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